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Preface

About geometric integration

This book is about simulating dynamical systems, especially conservative sys-
tems such as arise in celestial mechanics and molecular models. We think of the
integrator as the beating heart of any dynamical simulation, the scheme which
replaces a differential equation in continuous time by a difference equation defin-
ing approximate snapshots of the solution at discrete timesteps. As computers
grow in power, approximate solutions are computed over ever-longer time inter-
vals, and the integrator may be iterated many millions or even billions of times; in
such cases, the qualitative properties of the integrator itself can become critical to
the success of a simulation. Geometric integrators are methods that exactly (i.e.
up to rounding errors) conserve qualitative properties associated to the solutions
of the dynamical system under study.

The increase in the use of simulation in applications has mirrored rising
interest in the theory of dynamical systems. Many of the recent developments in
mathematics have followed from the appreciation of the fundamentally chaotic
nature of physical systems, a consequence of nonlinearities present in even the
simplest useful models. In a chaotic system the individual trajectories are by def-
inition inherently unpredictable in the exact sense: solutions depend sensitively
on the initial data. In some ways, this observation has limited the scope and
usefulness of results obtainable from mathematical theory. Most of the common
techniques rely on local approximation and perturbation expansions, methods best
suited for understanding problems which are “almost linear,” while the new math-
ematics that would be needed to answer even the most basic questions regarding
chaotic systems is still in its infancy. In the absence of a useful general theoreti-
cal method for analyzing complex nonlinear phenomena, simulation is increasingly
pushed to the fore. It provides one of the few broadly applicable and practical
means of shedding light on the behavior of complex nonlinear systems, and is
now a standard tool in everything from materials modeling to bioengineering,
from atomic theory to cosmology.
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As models grow in complexity and dimension, and the demands placed on
simulation have risen, the need for more sophisticated numerical methods and
analytic techniques also grows. Longer time interval simulations require more
stable methods. Larger problems call for more efficient schemes, tailored to a
particular application or family of applications. And more intricate modeling of
delicate behaviors or properties requires corresponding improvements in the res-
olution of those properties during simulation.

In writing this book for a broad audience of scientists, we have attempted
to limit the introduction of technical detail, but in some places this cannot be
avoided. The calculations are generally included for the benefit of students. We
hope that appreciation of the general principles will not be lost in following the
details of arguments. In the words of John Von Neumann, “One expects a math-
ematical theorem or a mathematical theory not only to describe and classify in a
simple and elegant way numerous and a priori disparate special cases. One also
expects elegance in its architectural, structural make-up. . .. If the deductions are
lengthy or complicated there should be some simple general principle involved,
which explains the complications and details, reduces the apparent arbitrariness
to a few simple guiding motivations.” If there is one such guiding principle un-
derlying our work it is this: classical mechanics — on which all physical models
are based — also provides the proper foundation for numerical simulation of those
systems. We will attempt to show in this book that practical, efficient methods
for simulating conservative systems can be realized by making judicious use of
the methods of classical mechanics.

An emphasis on methods

In this book we address ourselves primarily to the following pair of questions:

Which properties should be fundamental to an integration method for a (conser-
vative) model?

How can we design and implement schemes that respect physical principles
regardless of timestep or traditional accuracy considerations?

Although our interest is always ultimately in the methods themselves and in
quantifying the relative differences among them, we will find that in attempting
to answer the above questions, we are drawn far afield from the usual domain
of the numerical analyst. The first question will lead us into the field of me-
chanics so that we may appreciate something of the nature of those structures
and symmetries that underlie physical models and contribute to their long-term
evolution. The second question will take us outside even the areas that have tra-
ditionally been investigated by mathematicians, since the special forms of force
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functions, presence of constraints, relationships among the variables, or efficiency
considerations dictate to a large extent the features of appropriate (i.e. practical)
methods used in applications.

It is important to emphasize that our treatment is not comprehensive; we
have made a selection from the literature which comprises — in our view — the
most important material from the standpoint of practical application.

Beginning with the idea of splitting we will show how many simple but effective
integrators can be generated by using a few building blocks. The same techniques
can be used to derive more sophisticated schemes. For example, explicit higher-
order methods have a very natural derivation in the case of canonical mechanical
systems developed in terms of the “kinetic4potential” form of the energy.

We survey recent work on methods for constrained systems and consider var-
ious approaches to the simulation of rigid body systems, methods which offer
an efficient and — in many cases — demonstrably superior geometric alternative
to more widespread schemes. Variable stepsize geometric integrators will be in-
troduced based on a rescaling of the time variable. Methods for mixed systems
possessing both rapidly and slowly varying degrees of freedom — or weak and
strong forces — also call for the construction of specialized schemes. In all cases,
our aim will be to present the ideas in as general a form as is prudent, highlighting
instances where a given technique might be of use in other applications. Molec-
ular dynamics applications are an important source of challenging problems for
geometric integration, so we devote some time to their particular characteristics.
Conservative partial differential equations introduce many new issues for the de-
velopment of geometric integrators, a topic we touch on in the final chapter of
the book.

How to use this book

This book is intended, first, as a text for a course in computational mechanics or
as a tool for self-instruction, and, second, as a basic reference for researchers and
educators — regardless of discipline — interested in using and developing geometric
integrators. The book should serve as a bridge from traditional training in the
sciences to the recent research literature in the field of geometric integration. By
emphasizing mathematical and computational issues and illustrating the various
concepts and techniques with carefully developed model problems, it is hoped
that the book can appeal to a wide audience, including mathematicians unfamiliar
with modeling issues, and physicists, chemists, and engineers wishing to gain a
better understanding of the mathematical underpinnings of existing methods or
in developing effective methods for new applications.

The book assumes only that the reader has had undergraduate coursework in
linear algebra and differential equations. At several points we introduce, but do
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not thoroughly develop, topics from dynamical systems. A good introductory text
in dynamical systems is the book of VERHULST [197]. We develop — in Chapters
2 and 3 — most of the necessary preliminaries of numerical analysis and classical
mechanics from the ground up, however the reader should be aware that the
treatment provided here of the required background material is necessarily brief;
only those elements that are essential to our later study of geometric integrators
are given. For an introduction to numerical analysis, the reader is referred to
the classic books of ATKINSON [11], BURDEN AND FAIRES [37], and DAHLQUIST AND
BJORK [48]. The book of GEAR [70] can provide a useful introduction to the
numerical solution of differential equations. The books of HAIRER, N@RSETT AND
WANNER [82] and HAIRER AND WANNER [84] can serve as references for obtaining
a more complete picture of the mathematical issues associated with construction
of methods and error analysis for ordinary differential equations. ISERLES [91] has
written an integrated text that introduces numerical methods for both ordinary
and partial differential equations.

First published at the end of the 19th century, ROUTH's Dynamics of a System
of Rigid Bodies (Elementary Part)' remains a marvelous introduction to classi-
cal mechanics and provides a wealth of examples and exercises for the student
(many of which could now be revisited with the aid of the modern computa-
tional techniques developed in this book). For a more systematic treatment to
Hamiltonian classical mechanics the reader is referred to the following texts:
LANDAU AND LIFSHITZ [105], MARION [121], GOLDSTEIN [73], and ArRnoOLD [7], all
of which are well-worn occupants of our bookshelves. These books are quite var-
ied in their use of notation and even in the way in which they motivate and
explain identical material, but we have found all of them to be helpful on various
occasions. If only one book is to be consulted, the elegant book of LANCZOs [104]
is remarkable both in terms of its readability and its breadth, owing partly to the
absence of detailed proofs. A modern rigorous treatment of classical mechanics
may be found in MARSDEN AND RATIU [124], a book which also contains a number
of useful examples and notes on history and applications.

The book by SANZ-SERNA AND CALVO [172] was the first to cover symplectic
integration methods and applications to classical mechanics and is still an excel-
lent introduction to the subject. The more recent book by HAIRER, LUBICH, AND
WANNER [80] covers a wide range of topics from geometric integration and should
be very useful as an additional reference.

In a graduate course in applied mathematics or computational physics, it
is probable that much of the material of Chapters 1-3 could be skipped or
skimmed, depending on the backgrounds of the students and the interests of
the teacher. Some caution should be exercised here. In particular, it is essential

1Reprinted in 1960 as a Dover Edition.
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that the student understand the concepts of convergence and order of conver-
gence for a numerical method, the definition of the flow map, first integrals, and
at least the condition for a symplectic map in terms of the Jacobian of the flow
map.

Molecular dynamics provides a rich source of problems for geometric inte-
gration, and we often draw on examples from this field for motivation and for
evaluation of concepts and methods. Here again, it is likely that the reader may,
on occasion, wish for a more detailed description of the problems or of typical ap-
proaches used by chemists and physicists. One reference stands out in this area
for clarity of presentation and breadth: ALLEN AND TILDESLEY [4]. More recent
books of FRANKEL AND SMIT [66] and ScHLICK [174] help to fill in the picture.

Exercises included at the end of each chapter are intended to be demanding
but not overwhelming; some of the multi-part problems could be assigned as
projects, especially those involving the use of computers.

Computer software

This book primarily emphasizes the mathematical properties of algorithms for
solving differential equations. In later chapters, we will often see the methods
introduced and analyzed as abstract maps of phase space. This approach, while
essential to understanding and generalizing the methods, has the tendency to
obscure both the intuitive basis for the theory and the ultimate importance of
the subject. We would like emphasize that the student must implement and test
numerical methods in order to gain a full understanding of the subject.

While any programming language and graphics package could, in principle,
be employed, the need for flexibility in the coding and testing of methods and
the need to be able to work easily with scientific functions of vectors and matri-
ces makes a specialized, interpreted language system for mathematics the best
environment for problem solving.

At the time of this writing, there are several widely distributed commercial
software packages that support the simplified design and testing of algorithms,
including the commercial packages MATLAB, MAPLE, and MATHEMATICA.
Of these, the authors prefer the user interface and programming structure of
MATLAB, but this is largely a matter of taste and any of the three mentioned
systems would be suitable. These packages are all available to students at heavily
discounted prices and run on a variety of computer platforms.

For a student on a severe budget, there are several widely available free alter-
natives to the commercial packages. These options include, notably, OCTAVE,
which is distributed under the Free Software Foundation’s GNU Public License.
Our experience with this software is that it is adequate for most study purposes,
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although the commercial alternatives are generally superior with regard to ease-
of-use, documentation, and reliability.

We will occasionally describe algorithms in this text, but we will attempt
to avoid system-specific details, so the student is expected to supplement the
mathematical study with study of the the user's guide for the software system
they are using, in particular the appropriate sections on programming.

Notation

Let us summarize some basic notation used throughout the book. Dependent
variables, such as positions g and velocities v are elements of a Euclidean space
RY where d > 1 is the appropriate dimension. More specifically, we will always
identify dependent variables with column vectors. When two column vectors u €
R¥, v € R' are given we may write (u, v)T for the column vector in R¥*/ obtained
by concatenating the two vectors. The transpose is there to remind us that the
result is again a column vector. We will often need to refer to a set indexed by a
parameter for which we write {a; }+cp, where P is the index set. As a short-hand,
we will write {a;} if the index set is clear from the context.

The set of k x k matrices with real coefficients is R**¥ and capital bold-face
letter are used to denote matrices, e.g., A, B € R¥*K. The k-dimensional identity
is I or I as a short-hand if the dimension is clear from the context.

A vector-valued function F : R" — R™ will be assumed to map column
vectors of dimension n to column vectors of dimension m. The vector of partial
derivatives of a scalar-valued function f(q) is identified with a row vector in RY
and is denoted by f4(q) or, equivalently, by 0f /0q (q). Hence the Jacobian matrix
of a vector-valued function F(q) is identified with the m x n matrix Fg(q).

The scalar product, inner product, or dot product of two column vectors a
and bin RY is denoted by (a, b) or a-b, or, simply, a’ b, where a’ is the transpose
of a. The cross product of a and b is denoted a x b. We will frequently use

ab=ax b,

where a € R3*3 is a skew-symmetric matrix related to the vector a = (a1, ap,
T
az)" by

0 —as do
a—= das 0 —di
—a 0

The norm of a vector a is defined by

lall = (a a)"/2.
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A real-valued function f defined on an interval / of the real line is said to be
square-integrable if [, f(x)?dx is bounded. In that case we say that f lies in the
function space L, on the interval /. We say that the Lo-norm of f is

Il = ([ f(x)zdx)% ,

and we define the Lo-inner product of two square integrable functions f and g
by

(F.9) = [F(0g(x)dx

The gradient V4V/(q) of a scalar-valued differentiable function V(q) is defined
by

. V(g+eu)—V(q)
(VoV(a) u) = i € '
where the equality is to hold for all vectors u of the same dimension as q. This
definition leads to the relation

VaV(a) = Vy(a)",

and, hence, the gradient V4V/(q) is a column vector.

The time derivative of a function g(t) will normally be denoted by dq/dt(t),
but whenever it is more convenient we may instead use the short-hand q(t). If
clear from the context, we will also frequently drop the argument in functions and
write, for example, @ instead of ¢(t), or F instead of F(q). The same conventions
apply to higher-order derivatives.

If a variable u depends on several independent variables such as time t and
space x, then the partial derivatives are often denoted by u; and uy, respectively.

Given two maps ¥; : R” — R"” and ¥, : R" — R"” with compatible range and
domain, we define their composition ¥, o ¥y by

W2 0 W1] (2) = W2(V¥1(2)),
for all z € R". The inverse of a one-to-one map ¥ is denoted by ¥~1. Hence
vilow=id,

where id(z) = z the identity map.

Finally the Landau-order notation O(At) is used to denote a quantity that
goes to zero as rapidly as At goes to zero. More generally, we will write g(At) =
O(AtP) if g(At)/AtP is bounded as At — 0 but g(At)/At9 is unbounded if

q > p.
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Introduction

This book is about numerical methods for use in simulating dynamical phenom-
ena governed by conservative processes. In this chapter, we review a few basic
principles regarding conservative models. In general, we are concerned here with
initial value problems for systems of ordinary differential equations (ODEs) of the
form
%z: f(z), z(ty) = 2°,

where z : R — RK. The basic questions encountered early on in a first course
on ODEs concern existence and uniqueness of solutions, a topic addressed, for
example, by Picard’s theorem. Discussion then turns to various techniques for
analytically solving the differential equations when f has a prescribed form. In
particular, the scalar case kK = 1 is an instance of a separable differential equa-
tion and such models are in principle solvable in quadratures (i.e. by evaluating
certain integrals and solving certain algebraic equations). Linear systems are ex-
actly solvable after determination of the eigenvalues and eigenvectors (or gen-
eralized eigenvectors, in the degenerate case). Beyond these and a few other
special cases, most models are not exactly integrable. In this book we are mostly
interested in complex models that do not admit exact solutions.

The emphasis of this book is on the particular models which are formulated
naturally as conservative systems of ODEs, most importantly Hamiltonian sys-
tems. As a general rule, mechanical systems resulting from physical principles are
Hamiltonian until (usually for prudent modeling purposes) subjected to simplifying
reductions or truncations. For example, in typical fluid dynamics applications, the
incorporation of diffusive effects due to friction with a boundary plays an essential
role in the modeling. However, in many situations, the conservative paradigm can
be retained and remains the most appropriate foundation for the construction of
models, since it is in no small measure due to properties such as conservation of
energy and angular momentum that matter behaves as it does.

The existence of Kepler's laws which approximately describe the motion of
the planets in the solar system are reflections of the conservative nature of
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gravitational dynamics. The celebrated Kolmogorov—Arnold—Moser theory which
discusses the local stability of nonlinear dynamical systems in the vicinity of cer-
tain critical points applies only to conservative systems. Even dissipative systems
typically retain certain conservation laws (for example conservation of mass in
fluid dynamics), and many of the ideas developed in this book are still applicable
to such problems.

1.1 N-body problems

Conservative dynamical systems most often originate through application of
Newton's second law which describes the motion of a body in an applied force
field. In a classical N-body system (Fig. 1.1), several point masses are involved
and the forces acting on any one body arise from the presence of neighboring
bodies or some external field.

Figure 1.1 An N-body system.

Let the /th body be assigned a mass m;, an instantaneous position g; (with
respect to some appropriate reference frame), and a velocity v;, i =1, ..., N. Let
F; represent the force acting on body / (due, for example, to interactions with
the other particles). We assume that the force can be obtained as the negative
gradient of a potential energy function V' with respect to the /th particle position
q, i.e.

Fi=-V4V(qi g2, ....qn).

The N-point particles then move according to Newton's equations of motion

d
—q; =V, 1.1
g;9 =V (1.1)
d

m,—v,-:I—',, /:1,2 ..... N. (1.2)

dt
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N-body problems can be naturally formulated to describe motion in any
Euclidean space RY, v > 0, i.e. with g;, v;, and F; all in RY. Such a system
is said to have vN degrees of freedom. We will say that the phase space of an
N-body problem is the 2vN-dimensional set consisting of all possible positions
q=1(q1. 9 ....qy)" and velocities v = (vi, v, ..., vy)' of the particles. Under
mild smoothness assumptions on the potential energy function V, there exists,
at least locally through any point (g%, v°) of phase space, a unique trajectory of
the mechanical system: a solution of the equations (1.1)—(1.2) subject to the
initial conditions q(0) = q°, v(0) = v°. At a critical point q = @, all of the
forces acting on the particles in the system vanish; hence the trajectory through
(g, 0) reduces to a single point.

The total energy associated to the mechanical system (1.1)—(1.2) is the sum
of kinetic and potential terms

1 N
E(q,v) = Ezm/HV/HQ +V(q).
=1

It is easy to see that the energy is constant along a trajectory, since

d N N
EE = Z miv;j - V,‘ + qui\/(q) . q,'
i=1 i=1

N 1 N
:;m,v,-<mﬁ)—;ﬁwv,~:0.

1

(Refer to the preface for details on the notation used in this derivation and later in
the book.) A system with an energy function constant along solutions is referred
to as a conservative system.

1.2 Problems and applications

Let us briefly survey a few of the most important recurring N-body applications.
Examples of these problems, along with a number of other types of models, are
developed in more detail in various places in the book.

The historical origin of the N-body problem lies in gravitational modeling,
and these problems remain of substantial current interest. Simulations are being
conducted on a wide variety of astronomical systems, including planetary systems
(for understanding both their formation and their long-term stability), systems
of interacting stars or binaries, galaxies, and globular clusters. Closely related
problems arise in semi-classical studies of atomic systems. As an example, the
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three-body gravitational problem involving bodies of unequal mass has the po-
tential energy

Gmyimo Gmoms Gmims
llar — ao| g2 — qs| llgr — g3’

V(gi, @2, q3) =

where G is the universal gravitational constant. Such a three-body problem has
no general, analytical solution, so simulation is needed to enhance understand-
ing, sometimes in conjunction with partial theoretical analysis, for example to
determine the stability of certain configurations of the bodies. Chaotic solutions
of the three-body problem may include arbitrarily close approaches of the bod-
ies, in which case the singularity in the potential may cause significant difficulty
for numerical simulation and some sort of regularizing transformations of time
and/or coordinates are needed. We will return to consider some of these issues
in one of the book's later chapters.

Classical mechanics is also the basis of many molecular models in chemistry,
physics, and biology, including those commonly used for studying liquids and
gases, materials, proteins, nucleic acids, and other polymers. In these applications,
V' is composed of a sum of several heterogeneous nonlinear contributions based
on the distances between pairs of particles, varying both in functional form and in
relative intensity. These terms may be “local” (“short-range”) meaning that they
effectively involve only contributions from nearby particles, or they may be “long-
range.” A commonly treated system with only local interactions is the simplified
model of a gas or liquid, consisting of N identical atoms of a certain prescribed
mass, interacting in a Lennard—Jones pair potential

HGEE [(f)m -2 (fﬂ (13)

The total potential energy is

V= > wLilla - gl). (1.4)

1<i<j<N

Note that such models are always simplifications of vastly more complex quantum-
mechanical models. The parameters ¢ and 7 of the Lennard—Jones potential pro-
vide a fit to experiment, but would depend on the temperature and pressure at
which the simulation is performed. Strictly speaking, the pair interactions be-
tween atoms would include all pairs, no matter how distant, but since the energy
decays like r=°, the forces are generally found to be so small outside of some
critical radius that the potential can simply be cut off beyond this distance. In
practice, this is usually done by introducing a smooth transition of the potential
energy function to a constant value.
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Regardless of what other potentials may be present, the presence of the
Lennard—Jones potential ensures that the particle forces are ultimately strongly
repulsive at short range. These repulsive forces are a very important aspect of
molecular systems. The potential will be singular where particle positions overlap,
but otherwise, the potential is smooth and the solution is globally defined: solu-
tions started away from singularities can be extended without bound in t. Thus
molecular systems do not undergo the extreme collisions encountered in strictly
Coulombic problems such as gravitation.

Still other classes of conservative systems arise through discretization of par-
tial differential equations. A semi-linear wave equation of the form

Utt:Uxx_f(U), LI:LI(X, t),

is conservative under certain prescriptions of boundary and initial data. If we
assume, for example, that solutions are defined on the interval [0, L] and are
periodic with period L, then the energy functional is

E[u]:/OL But—i-; B2+ F(u)| dx,

where F(u) = [y f(s)ds. The equations of motion could be written in the
“Newton-like” form

ve = —6,V[u], U = v,

where V[u] = fo [ u2 + F(u)} dx represents the potential energy, and 9,,, termed
the variational derivative, is the analogue of the gradient appearing in the
Newtonian equations of motion,

Glu+edu] — G[u]

(84G[ul. 8u) = lim ; , (1.5)

where G is a functional, like the potential energy V/, that assigns a real number to
functions u(x) and the equality holds for all sufficiently regular periodic functions
ou(x), i.e. du(x) = du(x+L). This definition is formally equivalent to the defining
relation for the gradient mentioned in the preface with (.,.) replaced by the L,
inner product,

(u,v) = /OL u(x)v(x)dx.

Note that §,G[u] is itself a function of x.
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The simplest centered finite difference spatial discretization takes the form,
fori=1,2,..., N,

d

g

d Ui—1 — 2U; + Ujy1

dt = Ax2 - ).

where u; =~ u(iAx,t), Ax = L/N, and the periodic boundary condition leads
to the definitions ug = up, Unyy1 = up. This is in the form of a standard N-
body system in one dimension with positions u = (u1, o, ..., uN)T, velocities
v=(v1,va,...,vy)", and potential

N ) N2 N
\/(u):Z(%) +;F(u/)-

i=1

1.3 Constrained dynamics

In the setting of modern applications, we will need to consider generalizations of
the traditional N-body problem in which the basic modeling unit is not the point
particle moving in Euclidean space but an object moving in some constrained
space.

For instance, in molecular dynamics, the bond stretch between two atoms is
typically modeled by a spring with rest length L > 0, say

(64
Via(ar, @) = 5 (o — a2l — L)*,

where g1 and g, are the positions of the atoms and « is a positive parameter.
When « is large, the vibrational frequency is also large, while the variation in the
length of the stretch from L will typically be small. It is then common practice to
replace one or more of these bonds by rigid length constraints, i.e. to introduce
a constraint of the form

a1 — @o||* = L2

If enough constraints among a set of particles are imposed simultaneously, the
group becomes completely rigid. Such rigid bodies have very interesting dynamical
properties in and of themselves. For example, in molecular dynamics, it is standard
practice to replace small polyatomic molecules (for example, H,O) by rigid bodies.
As another illustration, while it may be appropriate to treat the bodies in the
solar system as point masses for many purposes, in more delicate situations,
the nonspherical rigid body structure of the planets may need to be taken into
consideration.
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Let us begin by extending Newton's equations for particle motion to the
constrained case. Imagine a particle of mass m moving on a constraint surface
defined as the zero set of some smooth function g. At any time, the particle
is acted on by two types of forces: applied forces defined in the usual way by a
potential energy function V/, and constraint forces which act in such a way as to
make the particle lie on the constraint surface. Although we do not in general
know anything about the directionality of the applied force, we may take as our
starting point the principle of D’Alembert. the constraint force acts along the
normal direction to the constraint surface, i.e. along the direction of the gradient
to the function g at the point of contact (Fig. 1.2).

g9(q) =0

/s

9 = A\Vq9(q)

Figure 1.2 D’'Alembert’'s Principle: the constraint force acts in the
normal direction to the constraint surface at the point of contact.

Thus, if we denote the constraint forces by Fy, we have
Fg Il Vq9(a),
or
Fg =AVq9(a).

where X is a scalar.
Using Newton's second law, the equations of motion then take the form

mv = —=VqV(q) + AVq9(q), (1.6)
g=v, (1.7)
g(q) = 0. (1.8)

The parameter A is an unknown which is uniquely determined by the condition
that q(t) satisfy (1.8) at all points on the trajectory and that the trajectory
be smooth. Specifically, if we differentiate the equation g(q(t)) = 0 twice with
respect to time, we find first

%g(q) =Vq9(a) -4 =Vq9(q)-v =0, (1.9)



8 INTRODUCTION

and, then

d? _
729(a) = (V. gaq(@)v) + m 'Vq9(a) - [-V4V (@) + AVqa(q)] =0,  (1.10)
where gqq(q) represents the Hessian matrix of g. Provided that V49(q) # 0, the
equation (1.10) has a unique solution A = A(q, v)
M@, v) = o (2 (Vag(a). VoV (@) ~ (v, gaala)) )
V)= ——— = , — (v, v) ).
IVqg(q)|2 \m*"* I 9

Equations (1.6)—(1.8) are a special case of the constrained Euler-Lagrange
equations. As a simple illustration, we mention the example of a bead (of mass m)
moving in gravity in two dimensions (coordinates (x, z)) along a wire described by
the curve [ : z = f(x). The constraint is g(x, z) := z — f(x), and the equations
of motion take the form

mx = —Af'(x), (1.11)
mz=—mg+ A\, (1.12)
z = f(x). (1.13)

Here g represents the earth's gravitational constant.

As a second illustration, consider the spherical pendulum consisting of a bob
of mass m suspended from a fixed point on a rigid massless rod of length L > 0.
We formulate the problem in cartesian coordinates (x, y, z) with energy

1
EFe — (524 y24 52 maz.
2m(X +y°+2%) 4+ mgz
and equations of motion

mx = 2XXx,

my = 2\y,

mz = —mg+ 2\z,
0=x>+y>+2°2—L°

1.4 Exercises

1. Scalar nonlinear models. Consider a single-degree-of-freedom problem of the
form

mv = —¢'(q).
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a. Write the energy function E(q, v) for the above system and verify that
it is conserved along trajectories of the system.

b. Set the energy function to a constant value, say Ep, and show that
the resulting equation can be solved for v as a function of g, subject
to a choice of the sign of v. Using this, together with the differential
equations, show that the equations of motion reduce to a first-order
differential equation for g of the form

g= ﬂ#(fn) (Eo ~ 0(a)).

(Observe that this equation is separable, and hence the solution can in
principle be recovered by integration.)

Discuss first the case v # 0 and continue with an investigation of the
solution behavior in the vicinity of v = 0.

2. Morse oscillator. (See problem 1 above.) The Morse oscillator is a one-
degree-of-freedom conservative system consisting of a single particle of unit
mass moving in the potential ¢(q) = D(1 — e7P9)2. In the following set
D=1land B =1.

a. Sketch the graph of ¢ as a function of g.

b. Sketch several of the level curves (E(q, v) = Eo, Ep fixed) of the energy
function. In particular, observe that the system has bounded trajectories
for E < E.. What is E.7 What can be said about an orbit with energy
E=E.?

c. Sketch the graphs of several solution curves as functions of t. [Hint: the
velocity field can be sketched by using the result of problem 1b.]

3. Pendulum. The planar version of the pendulum is described by the equations

mX = 2XX,
my = —mg + 2\y,
0=x>+y%— L2

Introduce coordinates x = Lsinf, y = —L cos 8 and show that the equations
of motion can be reduced to a single second-order differential equation for 6
which is in the form of a nonlinear oscillator.
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Bead-on-wire. Consider the “bead-on-wire” problem (1.11)—(1.13). Show
that the equations of motion can be reduced to a second-order unconstrained

differential equation for x of the form

- , g+ f”(X)Xz
X= T g

Variational derivative. Using the definition (1.5) of the variational derivative
and integration by parts, verify that

6,V [u]l = —uxx + F'(u),

for

V[y] = /OL Eug + F(u)} dx.



_2_

Numerical methods

In this chapter, we introduce the concepts of accuracy and stability for a numerical
method approximating the solution of an ordinary differential equation initial value
problem
d 0 K

Ez:f(z), z(ty) = z° € R". (2.1)
Here z(t) represents the solution at a particular time t; z = z(t) thus defines
a parameterized trajectory. We assume that trajectories are defined for all initial
values z0 € R” and for all times t > tq. For simplicity, we typically take to = 0.
One also often uses the notation z(t; z°) to distinguish the trajectory to a given
initial value z9.

It is an important feature of the initial value problems we consider, that the
solution value at any given point on the trajectory determines the solution at
all later points on the trajectory, through integration of an appropriate initial
value problem. In effect, the solutions z(t; z%) of the differential equation define
a mapping, or rather a one-parametric family of mappings, {®:}+>0, which take
initial data to later points along trajectories, i.e.

@.(2°) = z(t; 29, 2% e RX.

We term the map @; : R — RK the flow map of the given system (see
Fig. 2.1).

Figure 2.1 The flow map. The existence of a trajectory through each point
of phase space (left) implies the existence of a flow map @; taking points of
phase space to their evolution through t units of time (right).

11
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In general, the flow map has the following property: if we solve the differential
equations from a given initial point z% up to a time t;, then solve from the
resulting point forward t> units of time, the effect is the same as solving the
equations with initial value z® up to time t; + t». In terms of the mapping,
&y o dy, = Py Such a family of mappings is sometimes referred to as a
one-parametric semigroup.t

Given a differential equation and an initial value, a discrete version of a tra-
jectory of the system could be obtained by taking snapshots of the solution at
equally spaced points in time tp, t1 = to + At, to = t1 + At,.... The idea of
most numerical methods for solving the initial value problem is to provide a simple
rule for computing approximations to a discrete trajectory. Assume that this is
done by a sequential iterative procedure: starting at tp, and given the initial value
z(tg) = z%, we compute, via some equation or system of equations, an approx-
imation z% to z(t1), then, by the same means, z2 ~ z(t,), etc. In this way, as
much of the solution as desired can be obtained. This computational paradigm
was understood by Euler, and was used — long before the advent of computers —
as a means of studying the theoretical properties of differential equations. The
framework was refined and applied to track the motion of charged particles and
planets in the first decades of this century, and molded into a practical, effective
tool in various fields of science and engineering during the computer revolution
of the 1950s and 1960s.

Even the simplest general timestepping methods can, in principle, be used for
a wide variety of dynamics simulations, but shortcomings soon become evident in
simulations of large, nonlinear dynamical systems. Standard error analysis can be
used to demonstrate that a certain numerical method converges in the limit of a
small timestep, but in any simulation the ability to take small timesteps is in direct
conflict with the cost of a timestep and the need to perform integrations on time
intervals long enough to elicit relevant macroscopic behavior. Moreover, even
the seemingly elementary supposition that accuracy should be the foundation for
analyzing methods is in question in many modern simulations, since, as we have
noted in the introduction, accuracy of a particular trajectory may not be directly
relevant to simulations of chaotic systems on long time intervals.

In this chapter, we will discuss some elementary properties of timestepping
schemes for ordinary differential equations, including the notions of accuracy and
stability, and we discuss the application of various schemes to some simple classes
of differential equations, notably linear conservative models.

Yn typical applications we consider in this book, the trajectories can be viewed as defined not
only for all t > 0 but also for all negative times, and the flow maps form a one-parametric
group (see problem 7 in the Exercises).
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2.1 One-step methods

Given a discrete trajectory up to time t,, there are, in general, few restrictions
on the way in which the next approximation z"*1 is computed. For example, it
might be based on a formula involving the previous computed points along the
discrete trajectory, on the derivative of the solution at previous points, or on the
values of higher derivatives of the solution at the previous timestep. A common
choice is to base the next approximation only on the / previously computed points
Z"HL Zn=1+2  z" and the corresponding values of the derivative at those
points, z"~HL zn=I+2 37 (where z' = f(2')). A linear multistep method
is defined by a linear recurrence relation involving these data together with the
associated values at the subsequent time point, z"*1 and z™t!.

We will be primarily concerned with the case / = 1, generalized one-step
methods. By iterating the flow map, we know that we obtain a series of snapshots
of the true trajectory

z° ¢At(zo), ®pt 0 ‘DAt(ZO)v ce

or, compactly, {®3,(z°)}52,, where the composition power @}, is the identity if
n =0 and is otherwise the n-fold composition of @; with itself. For a one-step
method, the approximating trajectory can be viewed as the iteration of another
mapping ¥a; : RK — R of the underlying space, so that

2" = V(). (2.2)

The mapping Wa; is generally nonlinear, will depend on the function f and/or its
derivatives, and may be quite complicated — perhaps even defined implicitly as the
solution of some nonlinear algebraic system. Because one-step methods generate
a mapping of the phase space, they can be studied with the same techniques
and concepts that one employs for understanding the flow map itself. To benefit
from this natural correspondence, we will primarily focus on one-step methods
throughout this book.

2.1.1 Derivation of one-step methods

One-step methods can be derived in various ways. One way is to first integrate
both sides of (2.1) on a small interval [t, t + At], obtaining

z(t+ At) — z(t) = OAt f(z(t+T))dT.

The right-hand side can then be replaced by a suitable quadrature formula re-
sulting in an approximation of the form

z(t+ At) ~ z(t) + i bif(z(t + 7)),
=1
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for an appropriate set of weights {b;} and quadrature points {7;}. In Euler’s
method, the quadrature rule used is just
At
f(z(t +7))dT = Atf(z(t)) + O(AL?).

The implicit Euler method, on the other hand, is obtained by replacing the value
of f at the left endpoint of the interval with its value at the right endpoint. The
term implicit here refers to the fact that a nonlinear system of equations must
be solved to advance the step. The trapezoidal rule is based on

/OAt f(z(t+71))dT = %At [F(z(t)) + f(z(t + At))] + O(AL?),

and the implicit midpoint method is defined by

/At F(z(t+7))dT = Atf (z(t) LGl At)) L oM.
0 2

In each case, the associated one-step methods are obtained by using the truncated
approximation formula to relate subsequent points z” and z™*! along a discrete
trajectory.

ELEMENTARY ONE-STEP METHODS FOR %z = f(2)

Euler's method Implicit Euler
Z" =z + Atf(2") Z" = 2"+ Atf(z"Y)
Trapezoidal rule Implicit midpoint

2+l — n + % [f(z”) + f(zn—&-l)} 2N+l — n + At (z"+2z"+1)

This can of course be generalized to design more accurate approximations, as we
shall shortly see.

Let us show in detail how we would apply such methods to treat a second-
order system of differential equations

id=9(q),
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such as arises from Newton's second law. We begin by writing the differential
equations in a first-order form

q=v,
v=g9(q).

Next, we identify the pair of dependent variables (or vectors of dependent vari-
ables) with a new vector z, and define a vector field f(z) by pairing the right-hand
sides of each equation

o ()l

We can then apply any of the numerical methods given to the equation z = f(z).
Thus Euler's method for the second-order system becomes

q" =q"+ Aty
vl = v 1 Atg(q").

2.1.2 Error analysis

Error analysis for a one-step method such as those discussed above centers on
two issues: (i) the accuracy of the one-step approximation, as determined by
comparison of the Taylor series expansions of true solutions and the numerical
approximation in a timestep, and (ii) the accumulation of the error during compu-
tation of a discrete trajectory. The errors due to round-off in the computations
(to which all floating point calculations are subject) are typically assumed to
be much smaller than the errors due to the introduction of the approximation
scheme, and are simply ignored.

We will use the term local error for the difference between the exact and
approximate solutions on a single timestep of size At, say starting from a point
Z along some particular trajectory. Let us denote the local error at this point
by le(At; Z) (see Fig. 2.2). Using Taylor series, we can obtain an expansion in
powers of At of the form

le(At; Z) = Cpr1(2)AtPTY + Cpin(2)AtPT2 4 .

The integer p is termed the order of the method. Below we give the leading
terms of the local error for the elementary one-step methods introduced earlier.
We use the notation z(K) to denote the kth derivative of z(t) at z(t) = Z.
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[ [ [
t t t

Figure 2.2 Local errors in numerical integration.

LOCAL ERROR FOR ELEMENTARY ONE-STEP METHODS

Euler's method Implicit Euler

le(At; z) = —32At% + O(At3) le(At; 2) = 32At% + O(AE3)

Trapezoidal rule Implicit midpoint

le(At; 2) = 52303 + O(AtY)  le(At; 2) = 52OA8 + O(At?)

To make sense of these formulas, observe that any derivative of a trajectory
z(t) at the point where z(t) = Z could be rewritten as a function just of Z itself
by using the differential equations. For example

z(t) =f(2),

and
. d _ PN
Z(t) = Ef(Z(t))lz(t) =z = f'(2)f(2),

where f’ denotes the Jacobian matrix of f. In this way, the leading terms in the
local error given above can be viewed as products of a coefficient function of a
point Z with a power of At.

At the first integration step, the local error introduced is le(At; z°). At the
next step, the relevant term is le(At; z'). A similar error is introduced at each
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step of the method. The issue then becomes how these errors accumulate over
a certain time interval [0, T]. The form that the global error development takes
depends on the type of method involved. A global error bound for Euler's method,
for example, is easy to obtain under the assumption that f obeys a Lipschitz
condition in an appropriate open set D C R¥ containing the exact solution

1 F(u) = F(v)|| < Llju—v|, uniformly for all u,v € D, (2.3)

where L is a positive constant. The following theorem then tells us that the
largest error in the numerical solution is proportional to the stepsize.

Theorem 1 Under the assumption (2.3), and provided the exact solution is
twice continuously differentiable, then the error for Euler’'s method admits a
bound of the form

Iz(t)) — 2| < K (etnL - 1) At < K (eTL - 1) At, n=1,2,....N, (2.4

where K is independent of the integration interval T and the stepsize At =
T/N. 0

Proof. We first construct a recurrence relation for the numerical error defined by
e =z(t,) — z".

We make use of the Taylor expansion of the solution on the one hand and of the
numerical method on the other, then regroup terms

e — (2(ty) + Dtz(ty) + %AtZZ(T)) (2" + DtF(2")
= (z(t,) + Atf(z(ty)) + %Atzz('r)) — (2" + Atf(2"))
= (2(t) — 2") + AH(F(2(t)) — F(z")) + %At22(7),

T € [tn, thr1]. Next we take norms, apply the triangle inequality, and use the
Lipschitz condition (2.3) to obtain

1 5
le™ < llz(tn) = 2"l + Dt F(2(tn)) = F(2")]| + 5 AL 2(7)|
1
< (Lt AtL)|le”| + A% 2(T)].

Since the solution is twice continuously differentiable, we may bound Z(T) on
[0, T] by a constant M. Observe that a linear recurrence relation of the form

dn+1 < Can +D
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satisfies the bound a, < C"ap + &<=LD. The bound (2.4) with K = M follows
by applying this result to the case at hand. In particular, we set a, = |e"|,
C =1+ AtL, D= At?M/2 and observe that a° = 0 as well as

(14 AtL)" < e"Bth

a

It is important to note several features of this bound, which is representative of
the types of error bounds obtainable for numerical difference equations. First, the
positive constant L may be quite large (it can be obtained as the norm of the
Jacobian matrix f’ of f). The error bound thus grows exponentially in time and
will quickly have little to tell us quantitatively about the numerical solution.

Fixing the length of the time interval, T, the error inequality does provide us
with a precise upper bound on the error and suggests that the error is reduced in
proportion to the reduction of the stepsize. In practical applications, such a linear
scaling relationship between the timestep and error is usually observed, even if
the scaling factor is generally found to be rather smaller (but still exponential in
T) in comparison with that given by the bound (Ke'®).

2.2 Numerical example: the Lennard—Jones oscillator

In many situations, the error will exhibit a nonuniform growth, due to abrupt
changes in the dynamics. Let us illustrate this phenomenon by examining the
growth of error when Euler's method is applied to a Lennard—Jones oscillator

g=1v,
v=—¢'(q),

where o(q) = g712 —2q7°. It is clear that the potential will rise rapidly without

bound for g — 0, thus solutions of the system must be bounded away from g = 0
if the energy E = v?/2+p(q) is to remain constant along trajectories. Moreover,
it can be shown that the solutions are bounded for £E < 0 and unbounded for
E > 0. A trajectory is shown on the left in Fig. 2.3. On the right in the same
figure, the energy error is plotted as a function of time, for a sample trajectory
with stepsize At = 0.001.

For studying examples such as this one, it is often useful to keep in mind a
local propagation relation of the form

le™ || < (1 + Ata(ty))||e”]| + At2b(t,) + O(AL3). (2.5)
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Figure 2.3 Solution curves in the gv-plane (left) and energy error (right)
for Euler's method applied to the Lennard—Jones oscillator.

The functions a = a(t) and b = b(t) depend on a particular trajectory of the
system. Such an estimate would hold for any first-order method. For Euler’s
method, we have

a(ta) = | (z(t)],
b(t) = max = [2(r)

Te[tnythrl]

’

where z = z(t) represents the particular trajectory of interest, and f’ denotes the
Jacobian matrix of f. A proof is developed in the exercises of this chapter. While
still only a bound, (2.5) indicates that increase in the error in Euler’'s method at a
timestep arises from two sources: the sensitivity of the solution to perturbations
in the initial data (measured by a(t)) and the local smoothness of the solution
(measured by b(t)).

Let us examine the bound (2.5) in the case of a nonlinear oscillator. In terms
of the variables g and v = ¢, the vector field has the expression

flz) = [—w"/(q)] '

We can write the 2 x 2 Jacobian matrix of f as

fl(z) =

0 1
—¢"(q) 0"

The 2-norm of a matrix A is the square root of the magnitude of the largest
eigenvalue of AT A, which for our Jacobian matrix is just max{1, |¢”(q)|}. On
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the other hand, the second derivative of a solution z = z(t) can be evaluated in
terms of the vector field, i.e.

zzm:

12(8)] = /(@ (a(D)) + (@ (a(t)2v(t)2.

We can use the energy relation %VQ—Hp(q) = E to replace the latter expression by
one involving g only. Summarizing, the two numbers a(t) and b(t) which govern
the potential growth of errors in the bound (2.5) are

a(t) = max{1, o' (a(t))1}.
(1) = 5@ (a(0)? + 206 (a(D))P(E — p(a(0))

If we graph these two numbers against time along a trajectory, we observe
fluctuations in a, b and the error as shown in Fig. 2.4. Both a and b increase
rapidly as g approaches the singularity at ¢ = 0. The graphs indicate that the
largest growth in the error is well correlated with the increase in a and b.

This example highlights an important issue for numerical simulation: the need
to incorporate adaptivity in the timestep when solving problems for which the
solution exhibits a varying degree of smoothness on the relevant time interval.
We will return to this issue in Chapter 9.

/
-
7

hence

2.3 Higher-order methods

The Euler method is a first-order integrator, meaning that it has global error pro-
portional to the stepsize. Higher-order methods have global error which satisfies
a higher power law in the stepsize.

Suppose that a given one-step method W is such that, at some given point
Z of phase space, Wa+(Z) approximates the solution z(At, Z) through Z for small
At. The quality of this local approximation can be measured by comparing the
Taylor series expansions of Wa;(Z) and z(At, Z) in terms of At. The order of the
numerical one-step method is then defined as the largest integer p > 1 such that
coefficients of the stepsize powers At’, i = 1,...,p, are identical in the Taylor
series expansions or, in other words,

[|Wae(2) — z(At, 2)|| < CAtPTE,

for all Z in the domain of interest, where C > 0 is an appropriate constant.
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Figure 2.4 Comparison of the variation in coefficients a and b with the
evolution of the error.

Let us assume that our vector field satisfies the Lipschitz condition (2.3). For
many classes of one-step methods, including the Runge—Kutta methods consid-
ered in the next subsection, it is then possible to show that the map Wx; itself
obeys a Lipschitz condition of the form:

Wae(z1) = Var(z)l| < (L + LAYz — 2], L>L.

Using an argument very similar to that used to prove the convergence of
Euler's method (see, for example, [82] for details) one then finds that over a
fixed time interval, the approximation of the flow by timesteps of size At will be
accurate to within O(AtP), i.e.,

W (2°) — z(nit, 2%) [| < K (el —1)AtP,  1<n<N, (26)

where K > 0 is an appropriate constant.
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As mentioned above, the practical value of this type of estimate is severely
limited by the presence of the exponential term involving the time interval, by the
involvement of the Lipschitz constant which can be exceedingly large at certain
points during the course of integration, and by the fact that the estimate does not
take into account any structure of the map Wa;, such as whether it is expanding
or contracting. Nonetheless, the global error bound is useful on shorter time
intervals.

Using relation (2.6) and the leading terms in the local error expansions for
various methods worked out earlier, we can conclude that the Euler and implicit
Euler methods are first-order accurate, while the trapezoidal rule and implicit
midpoint methods are of second order.

2.4 Runge—Kutta methods

All of the methods discussed so far are special cases of Runge—Kutta methods.
The class of general s-stage Runge—Kutta methods is given below.

RUNGE-KUTTA METHODS FOR %z =f(z2)

s
2" =24 Atz bif(Z;),
i=1

where, fori=1,2,...,s,

s
Z,' =Zz" + Atz a,-J-f(ZJ').
Jj=1

The number of stages s and the constant coefficients {b;}, {a;j} completely
characterize a Runge—Kutta method. In general, such a method is implicit and
leads to a nonlinear system in the s internal stage variables Z;. In some cases
the formulas are layered in such a way that the first stage variable Z; is given
explicitly in terms of z", then Z5 is determined from z" and Zq, etc.

An example of a fourth-order explicit Runge—Kutta method is given next.
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A FOURTH-ORDER RUNGE—KUTTA METHOD (RK-4)

Zl = Zn, (27)
1

Z5 :Zn—i-EAtf(Zl), (2.8)
1

Z3=27"+ EAtf(Z2), (2.9)

Z4:Zn+Aff(Z3), (210)

Zai1 = 20+ S F(Z)) +26(22) +2F(Zs) + F(Z2)]. (2.11)

To see that this method has fourth order, one views (2.7)—(2.11) as defining a
function 2™ = Wy ,(z"). We take the difference of this function with the solution
z(At; z"™) through z", then expand this difference in a Taylor series about At = 0.
After some simplification, it will be found that the constant through fourth-
order terms of this expansion in powers of At vanish identically, and we are left
with

Zz™ — z(At; 2") = Cs(2")At® + O(ALY),

where the coefficient function Cs(z) depends on the vector field f and its deriva-
tives. Since the method introduces a local error of size proportional to At® at
each step, it will exhibit fourth-order global accuracy.

In some cases the increased order of accuracy associated with a particular
higher-order explicit Runge—Kutta method may provide a better approximation of
the solution, but this increased accuracy must be balanced against the increased
work involved in computing the timestep. Moreover, in very long-term simulations
or at large stepsizes, nonphysical effects generally become apparent, such as
energy drift or artificial dissipation.

This is well illustrated by reconsidering the Lennard—Jones oscillator solved
earlier with Euler's method. The graph of solutions obtained using the fourth-
order Runge—Kutta method given above is shown in Fig. 2.5 along with the
energy error. It is immediately clear that the error is much smaller in magnitude,
by a factor of more than ten, despite a much increased timestep of At = 0.1.
But note, too, that the energy error grows in a similar way, in jumps associated
to the approach of g to the singularity at the origin. If the simulation is car-
ried out on a much longer time interval (but still very short in relation to an
actual molecular dynamics simulation), the error steadily accumulates (Fig. 2.6,
left) until the numerical solution bears little relation to the true orbit. Another
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Figure 2.5 Solution curves in the gv-plane (left) and energy error (right)
for the fourth-order Runge—Kutta method applied to the Lennard—Jones
oscillator.

important observation to be made from (2.6) is that the drift in the energy error
(right panel) can be very small compared with the error being introduced in the
solution itself. Qualitatively, the picture for Euler's method and the picture for
the fourth-order Runge—Kutta method are quite similar: steady drift is observed
in the energy and in the solution trajectories, eventually rendering the results of
numerical computation useless.
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Figure 2.6 Solution curves in the gv-plane (left) and energy error (right)
for the fourth-order Runge—Kutta method applied to the Lennard—Jones
oscillator on a time interval [0, 5000].
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2.5 Partitioned Runge—Kutta methods

Yet another approach to approximating the solution trajectory is based on using
different approximation formulas for different components of the solution. For
example, we will often treat canonical Hamiltonian systems in this book which
admit a natural dichotomy between positions and momenta. Partitioned Runge—
Kutta (PRK) methods exploit this dichotomy by using different sets of quadrature
rules for each subset of the variables. If the system can be written in the form
%u = g(u,v), %v = h(u, v), then the associated Partitioned Runge-Kutta
method of s stages uses two sets of coefficients ({b;}, {3;}) and ({b;}, {aij}),
and computes the timestep as follows:

d

_ Ldy,
PARTITIONED RUNGE-KUTTA METHODS FOR zu = g(u, v); 7zv = h(u, v)

S
u™t = u" + At big(U, V),
=1

S
A Atz bih(U;, V),
i=1

where, fori =1,2,..., s,
S
Ui=u"+ At 39U Vi),
i=1

)
Vi=v"+AtY a;hU;, V).
=1

These methods are often used for treating mechanically derived problems of
the form:

d2
qu = -VqV(q),

with u = g and v = %q, in which setting they are typically referred to as
Runge—Kutta—Nystrom (RKN) methods.
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One example of this type of Partitioned Runge—Kutta method is the method
below

gt =q" + Atv", (2.12)
My = Mv" — AtV ,V(g™). (2.13)

This method is very similar to Euler's method, except that the vector field is
evaluated in one component at time level n 4+ 1 and in the other at time level
n. It is immediately obvious that we could as well have proposed the alternative
method

gt =q" + Atv™T (2.14)
My = Mv" — AtV 4V (q"). (2.15)

Both of these methods are explicit and first-order accurate. We call these meth-
ods collectively the Asymmetrical Euler methods. To distinguish these two schemes,
we refer to the first (2.12)—(2.13) as Asymmetrical Euler-A and the second as
Asymmetrical Euler-B (or, briefly, Euler-A and Euler-B).

Another Partitioned Runge—Kutta method is the Stérmer—Verlet method for
Newton's equations (¢ = v, Mv = —V4V(q)), defined as follows:

STORMER=VERLET METHOD
g™ = q" + Atv"2, (2.16)
Mv™s = My" — %vq\/(q”), (2.17)
My = Myte — %qu(qnﬂ). (2.18)

Evidently, the scheme is fully explicit, since we can evaluate successively the
formula (2.17), then (2.16) and finally (2.18) without solving any nonlinear sys-
tem. Note further that the discretization can be solved in terms of the half-step
velocites v"~3, v*3 | etc., resulting in

qn+1 — qn + Atvn—i—%'
My 3 = Mv™ 2 — AtV V(q").

One can altogether eliminate the velocities from the Stérmer—Verlet method
to obtain the following two-step method in the coordinates only

qn+1 _ 2qn + qn+1
At?

This formulation is often called the leapfrog method. Both the leapfrog and the

Stormer—Verlet formulation can be shown to be second-order accurate.

M

= -V V(@). (2.19)
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2.6 Stability and eigenvalues

2 2

1 1
> >

0 0
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q q

Figure 2.7 Numerical solution of the harmonic oscillator obtained using
Euler's method (left) and the Euler-B method (right).

If we graph a solution of the harmonic oscillator ¢ = v; v = —qg we should
see a circle in the phase plane (the gv-plane). On the other hand, if we apply
a numerical method and compute discrete points with the method, there is no
reason to expect that these would lie on a circle. Numerical solutions obtained
using two different methods are shown in Fig. 2.7, graphed along with the circle
that would represent the exact solution for the chosen initial condition. Observe
that the solutions spiral out in the case of the first method (left) and that they
appear to lie on an ellipse in the case of the second method (right). The method
used to produce the illustration on the left is Euler's method, while the scheme
used on the right is the Euler-B method (2.14)—(2.15) we encountered in the
previous section.

While neither method exactly replicates the circular orbits, it seems clear that
there is an important qualitative difference between the two schemes. The ter-
minology we use to discuss this distinction is asymptotic stability. In this section,
we show that the long-term asymptotic dynamics of numerical methods can be
thoroughly understood in the case of the harmonic oscillator, or, more generally,
any linear mechanical system.

Write the equation for the harmonic oscillator in the form

d
EZ = Az,

where
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The solution at any time can be defined by a matrix (the fundamental solution
matrix), R(t)

w

1 .
0 0 o coswt sinwt
2(t;27) = R(1)z", R(t) = l—wsinwt coswt 1 ’

which has the eigenvalues u; » = e*™t, both of which lie on the unit circle. It is
also easy to verify that the determinant of R(t) is equal to one.

The Euler’'s method approximation leads to the mapping
—Atw? 1

2 = R(AE)Z", k(m):[ L At]

where the propagation matrix R(At) has the eigenvalues
Ao =1+ iAtw.

The growth of error through the powers [R]" is determined by the powers of the
eigenvalues of that matrix. A numerical method is asymptotically stable if the
growth of the solution for a linear model problem is asymptotically bounded. A
sufficient condition for asymptotic stability is that the eigenvalues of the method
are (i) in the unit disk in the complex plane, and (ii) simple (not repeated) if on the
unit circle. Since the eigenvalues of Euler's method are both of modulus greater
than one, their powers grow exponentially fast and the method is unstable.

Note that the asymptotic instability of Euler's method does not contradict
the convergence of the method, since fixing any time interval [0, T] and simulta-
neously driving the number of steps N to infinity as At — 0 so that NAt =T,
we have

lim (A2)V = lim (1 +iAtw)V = T + O(AL).
N—oo N—oco

In some cases, it is possible to show that the eigenvalues of a numerical
method applied to the harmonic oscillator also lie on the unit circle in the complex
plane. Applying the Stormer—Verlet method to the harmonic oscillator results in
the propagator

R(At) = (2.20)

At2 2
L 2w 2,2 At2 2
—Ath (1 _ At4w ) 1— At2w

which has eigenvalues

- 1 1
Mo=1-p?+ \/2u2(§u2 —1), u? = Em%ﬂ_
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Note that A Ao = 1 for all values of @ > 0 implying that the determinant of
R(At) is equal to one. Furthermore, for u? < 2, the eigenvalues are complex,
and

- 1

Arol? = (1= ) +20°(1 - Sp*) = 1.
For u? > 2, the eigenvalues are real and one has modulus greater than unity.
Thus the Stormer—Verlet rule has a stability condition of the form

At?w? < 4, (2.21)

when applied to the harmonic oscillator.

As we vary the stepsize At from zero, the eigenvalues of the Stérmer—Verlet
method move around the unit circle until At = 2/w, at which timestep both
eigenvalues are at —1. For larger stepsizes, one eigenvalue heads toward the
origin along the negative real axis, while the other goes off to infinity.

Im A ImA Im A

(@) (b) (©)

Figure 2.8 Comparison of eigenvalue curves (bold, marked by arrows) for
(a) the true propagator, (b) Euler's method, and (c) the Stormer—Verlet
method.

The eigenvalues for the propagators obtained by using Euler's method and
the Stérmer—Verlet method are diagrammed in Fig. 2.8(b) and (c). Compare
these curves (marked by arrows) with the eigenvalues of the exact propagator
(Fig. 2.8(a). It is more useful to visualize the stability properties of the different
methods as curves in three-dimensional space, parameterized by adding a dimen-
sion of time (or timestep). For the true propagator, these eigenvalue curves are
helices on the cylinder of radius one (see Fig. 2.9). Numerical methods like Eu-
ler's method (or the fourth-order Runge—Kutta method) have eigenvalue curves
that leave the cylinder, even for small At, whereas for certain other methods such
as Euler-B (see Exercises) and Stormer—Verlet, the eigenvalues remain on the
surface of the cylinder. until At = 2/w. The curves for Euler and Stérmer—Verlet
are also shown in Fig. 2.9. In Chapter 5, we will see that this desirable linear sta-
bility property can be viewed as the elementary consequence of certain general
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geometric principles respected by the Stérmer—Verlet and Euler-B methods. In
the case considered here, these geometric principles reduce to the fact that the
determinant of the matrices R(t) and R(At), respectively, are equal to one.

Stéormer—Verlet

=
o

timestep At

[y

Figure 2.9 Eigenvalue curves as functions of time or timestep. The eigen-
values of the exact propagator for the harmonic oscillator are helices on the
unit cylinder, whereas the eigenvalues of Euler's method immediately leave
the cylinder. Those of Stormer—Verlet remain on the cylinder until At = 2/w.

We can easily extend this discussion to a 2N-dimensional linear system of
differential equations of the form

d

9 g= 2.22
;4= (2.22)
4,_ _k (2.23)
at’ = "9 '

We assume that K is an N x N constant symmetric matrix. (In general, if this
system arose from Newton's laws of motion in linear forces, or through a process
of linearization of a nonlinear mechanical system, we might expect to find mass
coefficients multiplying the accelerations in the second equation, but we ignore
these for simplicity.)

The behavior of solutions to a linear system such as this one over time is
determined by the eigenvalue—eigenvector structure of the matrix K. Recall that
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an eigenvalue—eigenvector pair for a symmetric N x N matrix K consists of a
(real) scalar A and a nonzero N-vector v, related by the equation

Kv = \v.

Furthermore the eigenvectors form a complete basis in RV. Denote the eigenvalue—
eigenvector pairs by (A\j,v;), i = 1,..., N. The eigenvectors can be viewed as
the columns of a matrix V with the property

KV = [KVl, KV2 ..... KV/\/] = [>\1V1,>\2V2 ..... >\/\/V/\/] = VA,

where A is a diagonal matrix with the eigenvalues on the diagonal. Since the
columns of V are linearly independent, the matrix V is nonsingular, so we may
premultiply both sides of the above equation by V~! to obtain

VKV = A,

and we say that the matrix K is diagonalizable.

Returning to the linear mechanical system, the behavior of solutions is now
easily analyzed. Starting from the linear differential equations (2.22-2.23), we
make the nonsingular changes of variables

q(t) =Vu(t),
and
v(t) =Vw(t),
resulting in the equations
d

EVU =Vw,

d
—Vw=—-KVu.
dt

After premultiplying each equation by V1, we arrive at
iu =w

dt

d

—w=-V'KVu=—Au.
dt

Because A is diagonal, we see that the system of 2N equations reduces to N
decoupled 2 x 2 systems of the form

Ui =w;, (2.24)

— W = —>\,‘LI,'. (2.25)
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The eigenvalues A; are real, since K is symmetric. If the matrix K is, moreover,
positive definite, then the X\; are all positive, and the decoupled systems are
harmonic oscillators.

The numerical analysis of this system proceeds along similar lines. We apply
a discretization method to (2.22)—(2.23), then use the same set of linear trans-
formations to decouple the variables. In the end, we find that the stability of the
numerical method on the linear system is determined by the stability of the same
method when applied to each of the oscillators (2.24)—(2.25).

Thus, for a linear mechanical system with potential V = %qTKq, with K a
symmetric positive definite matrix, the harmonic stability condition such as that
for the Stérmer—Verlet method (2.21) must be applied with w? replaced by each
of the eigenvalues of the matrix K. For large systems, the number of eigenvalues
and different components or modes of the solution will be similarly large, but for
the asymptotic stability of the numerical solution, the restriction on the timestep
for all of the components is determined by the timestep restriction for the fastest
mode of the system.

Much recent research in numerical methods for differential equations is aimed
at developing new classes of methods which allow the slow modes to be propa-
gated more efficiently in the presence of such high-frequency components, and
we introduce some such schemes in Chapter 10.

2.7 Exercises

1. Euler's method. Assume that the vector field f is continuously differentiable
and a given solution z = z(t) is twice continuously differentiable. Assume
the convergence of Euler's method, then use this to prove the following error
growth relation for Euler's method

le™ | < (1+ Ata(ta))e"]| + At?b(ta) + O(ALY),

where
a(tn) = If'(z(ta))Il.
1
b(tn) = _max  Sllz(r)]|

2. Asymmetrical Euler: order of accuracy. Show that the Euler-B method
(2.14)—(2.15) is a Partitioned Runge—Kutta method by defining all of the
relevant coefficients. Show that this method introduces an error proportional
to At? in one step when applied to a general one-degree-of-freedom problem
and find the leading term in the local error expansion for this method.
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3. Asymmetrical Euler: stability. Determine the stability condition for the Euler-
A method using the technique of Section 2.6, and graph the eigenvalues when
applied to the harmonic oscillator. Compare with the corresponding stability
conditions of the Stormer—Verlet and Euler methods.

4. Stability: the pendulum. Consider the planar pendulum described by
6= —% sing,

where g is the earth's gravitational constant and L the length of the pen-
dulum. Using a linearization of this equation, determine the stepsize stability
restriction for the Euler-B method applied to integrate the system near the
hanging-down configuration (6 = 0).

Note: In general, the stability of the discrete linearized problem at a critical
point does not automatically imply the stability of the corresponding nonlinear
equations. In order to say something about the latter, more powerful methods
such as the KAM theory must typically be invoked (see, for example, [197]).

5. Boundary of the stability region. We have seen that for Atw < 2, the eigenval-
ues of the Stérmer—Verlet method applied to the Harmonic oscillator are both
on the unit circle and are distinct. The special case Atw = 2 is interesting,
since it represents the boundary of the stability region. Is the Stormer—Verlet
method stable when applied to the Harmonic oscillator (in the sense that
the numerical solution is bounded asymptotically for all n) when Atw = 27
Explain.

6. Linear spring-mass system. Consider a linear system in 1D consisting of N-
point particles with nonuniform masses m;, with the /,j particle pair joined
by a zero rest-length spring (spring constant k;;).

a. Show that the total potential energy can be written V = %qTKq, where
K is a symmetric, positive semi-definite matrix, then show that the equa-
tions of motion are in the form of an N-body system

2

d
M-—q=-K
'tzq qv

where M is a diagonal matrix.
b. Introduce a scaling g; = /m;q; and show that in the new variables, the
equations can be written

d? ~

Wﬁ = —-Kq,

where K is symmetric and positive semi-definite.



34

NUMERICAL METHODS

Consider the special case of a homogeneous nearest neighbor spring sys-
tem with both boundaries fixed at the origin, N unit masses, and uniform
spring constant k. Write out the solution in this case. Hint: The N x N
matrix A = (a;;) with

-2, =]
ajj = 1, |I'—j|:l
0, else
has eigenvalues
A = —2(1 4 cos(6k)),

and corresponding eigenvectors u, with components

lej:Sin(_ij), jzl,...,N,

WhereGk:N”—f:l,kzl,Q,...,N.

Determine the numerical stability restriction for using Euler's method
and the Stormer—Verlet method to solve this linear spring-mass system,
as a relation involving N and At.

7. Flow maps and numerical methods. A set ¢ together with an associative

product relation * is called a group if (i) ¢ is closed under %, i.e. g1,9» € ¥
implies g1 * go € ¢, (ii) ¢ contains an identity element e such that e *x g =
g*e = g, and (iii) for any element g € ¥ there is an inverse element g~! € ¥
such that g* g

-1 -1

=g txg=e.

Suppose that a given differential equation

%z =f(2)
admits solutions defined for infinite time in both the positive and negative
directions. Show that the flow maps {®:},.r defined as the mappings
which take points Z to points t units in time later along the solution
passing through Zz constitute a one-parametric group, where the group
operation * is a composition of maps and

wt1+t2 = ¢f2 © ¢t1'

Consider now the set & which consists of all the mappings defined by
applying Euler's method with timesteps At > 0. Does ¢ constitute a
one-parametric group in the above sense with At taking the role of
time t7
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8. Computer project with one-step methods. In this exercise you will write a
small computer program to test a numerical method for solving ¢ = v,
v=—¢'(q), q(0) = ¢°, v(0) = v°. Refer to the preface for a discussion of
computer software.

a. Write a module eulerstep that takes as input:
e an arbitrary function ¢ : R — R,
e real scalars g", v, At,

and computes the result of taking a single step with Euler's method
applied to the differential equation.

b. Write a computer program stepper which takes as inputs:

e an arbitrary function ¢ : R — R,
e real scalars ¢°, v, At,
e integer N,

e the name of a module (such as eulerstep) which implements a
one-step method for the differential equation.

Then solve the system ¢ = v, v = —¢’(q) by taking N steps with Euler’s
method starting from ¢°, v°. The program should produce as output a
pair of (N + 1) one-dimensional arrays @, V consisting of the beginning
and ending of positions and velocities and all intermediate steps.

c. Write modules eulerAstep, eulerBstep, stormerstep and rké4step
with similar inputs and outputs to the module eulerstep but imple-
menting a single timestep of the Euler-A, Euler-B, Stormer—Verlet, and
fourth-order Runge—Kutta methods of the text.

d. Experiment with the various methods using the stepper routine. Exam-
ine the energy conservation of the various methods, when applied to a
Morse oscillator with unit coefficients, ¢©(q) = (1 — exp(—q))?.
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Hamailtonian mechanics

In this chapter we introduce the Hamiltonian formulation of classical mechanics.
The elementary properties of Newton's equations such as the conservation of
energy or momentum can be explained without much difficulty by the use of
nothing more than the chain rule of calculus, but it turns out that there is another,
deeper level of structure that relates to the properties of bundles of trajectories
emanating from a set of initial conditions. The most useful tool for describing
the solutions is the flow map already introduced in the previous chapter.

For any differential equation z = f(z), recall that we denote the solution
through a given initial condition z° by z(t;z%). Assuming that this solution is
globally defined, we may fix a value of t, and consider the trajectories starting
from any arbitrary point z° in phase space. The flow map @; is the mapping from
initial points z° to final points z(t; z°) along trajectories, thus

z(t; 2°) = &(2°).

For conservative mechanical systems, it turns out that the flow map inherits
certain global qualitative or geometric properties which are, in a very real sense,
as fundamental as any of the physical laws which characterize our understanding
of the properties of matter. An example of such a qualitative property is the con-
servation of the volume of a set of points of phase space under their simultaneous
time evolution. Another example is found in the stringent restrictions placed on
the asymptotic behavior of solutions of Hamiltonian systems near equilibrium
points. In this chapter, we explore the geometric properties which are the conse-
quences of Hamiltonian mechanics. This treatment is necessarily restricted; the
reader is referred to the preface for suggestions for further reading.

3.1 Canonical and noncanonical Hamiltonian systems

Let us begin our discussion by recalling Newton's equations (1.1)—(1.2) for N
particles moving in R3. To compactify the notation, we introduce the diagonal

36
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mass matrix M € R3NVX3N gych that
Mv = (mvy, ..., myvn) .

We also eliminate the particle velocities and write (1.1)—(1.2) as a second-order
differential equation

M = F(q) (3.1)

in the vector of particle coordinates

The force F is given by the negative gradient of a potential energy function with
respect to position

F(q) :==—-VqV(a).

The Hamiltonian formulation of Newtonian mechanics reduces (3.1) back to
a system of first-order equations, but instead of including the particle velocities
it relies on the vector of linear momenta p € R3N defined by

p:= Mqg.

There are obviously many ways to rewrite second-order equations as systems
of first-order equations. A priori, there is no reason why one approach should have
a significant advantage over another. The observation of Hamilton was that the
differential equations defining both position and momentum are obtained by dual
operations on the same total energy function.

For Newtonian mechanics, the differential equations take the following form:

HAMILTONIAN FORM OF NEWTONIAN MECHANICS

d -1
d
ap =—-VqV(a). (3.3)

The equations (3.2)—(3.3) are termed a Hamiltonian system with Hamiltonian
(or energy)

Tpag—1
p' M p
—F— +V(a),

H(g.p) = ——
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which is a first integral (constant of motion), i.e.

%H(q(t), p(t)) = p(t)" M~*p(t) + 4(t) V4V (a(t)) =0,

along solutions (q(t), p(t)) of (3.2)—(3.3).

It is easy and useful to generalize equations (3.2)—(3.3). Given a phase
space RY x R? of arbitrary (even) dimension 2d > 2 and an arbitrary (smooth)
Hamiltonian function H : RY x RY — R, the corresponding canonical Hamiltonian
equations of motion are

%q = +V,pH(aq. p), (3.4)
%p = —VqH(a.p). (3.5)

It now becomes evident that the change of variables to positions and momenta
has uncovered a symmetry in their function (or, rather, an antisymmetry, since we
also have a change of sign). We will see shortly that this antisymmetry, together
with the smoothness of the solutions with respect to perturbation of the initial
data, has important ramifications for the flow map of the system.

When discussing Hamiltonian systems, it is often convenient to use the
notation

z:=(q.p"
with g, p € RY, z € R29 and to introduce the 2d x 2d canonical structure matrix

J,

J::[ 0 +lg (3.6)

-1y 0

Then the Hamiltonian system (3.4)—(3.5) can be rewritten in compact form:

HAMILTONIAN SYSTEM

%z — JV,H(2). (3.7)

The term “canonical’ is reserved for Hamiltonian systems on an even
dimensional Euclidean space with J as in (3.6), but Hamiltonian systems can
be generalized in various ways without altering the discussion of their geometric
properties in any essential way. For example, we may allow J to be an arbitrary
invertible constant skew-symmetric matrix (with J7 = —J). Still more generally,
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we may allow, under suitable restrictions, the structure matrix itself to depend
on the phase space variable z, i.e. J = J(z), or the phase space may be replaced
by an appropriate smooth, even-dimensional manifold.?

The system (3.7) is an example of an autonomous differential equation, mean-
ing that the vector field is formally independent of time. Time-dependent or
non-autonomous Hamiltonian systems with H = H(z, t) also arise frequently in
applications. The equations of motion are then given by

d

—z=JV,H(z,t).

7= JV.H(z. 1)

In most cases, the special structures associated to autonomous Hamiltonian sys-
tems are easily extended to non-autonomous systems.

3.2 Examples of Hamiltonian systems

In this section, we survey some of the many types of Hamiltonian systems that
arise in the physical sciences. It is our experience that having a feel for the types
of applications which may arise is important to understanding both the theoretical
and numerical issues associated with their study.

3.2.1 Linear systems

A canonical flinear Hamiltonian system is defined by a quadratic Hamiltonian
H = %ZTLZ, where L is a symmetric 2d x 2d matrix and J a structure matrix
of type (3.6). The equations of motion are thus

d

i JLz. (3.8)

A matrix of the form A = JL with L symmetric is typically referred to as a
Hamiltonian matrix. For example, the harmonic oscillator is a one-degree-of-
freedom linear Hamiltonian system with

2.0
L= " ,
0 1
and z = (q,p)".
The solution of a linear Hamiltonian system is formally computable in terms
of the eigenvalues and eigenvectors of the matrix A = JL. (In practice, the

computation of the eigenstructure may be quite involved, so the solution is often
propagated instead by an appropriate numerical method.) It is interesting to

We will consider such constrained Hamiltonian systems beginning in Chapter 7.
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Figure 3.1 If )\ is an eigenvalue of a Hamiltonian matrix, then so are X,
—X, and —X.

consider some of the properties of this eigenstructure. Since A = JL is real, it
follows that the eigenvalues occur in complex conjugate pairs. Moreover, if A is
an eigenvalue of A, it follows that X is also an eigenvalue of AT = LT JT = —LJ,
ie.

—LJu=)u

for some u. Let v = Ju, then we have
—Lv=2XJ"1y,

and, after premultiplying by J
—JLv = Jv.

This means that —X\ is also an eigenvalue of A (with eigenvector Ju). Summa-
rizing, if X is an eigenvalue of a Hamiltonian matrix, then so are X, —\, and, by
extension, —A. A Hamiltonian matrix therefore has a symmetric spectrum with
respect to both coordinate axes of the complex plane (Fig. 3.1).

3.2.2 Single-degree-of-freedom problems

Anharmonic one-degree-of-freedom oscillators with Hamiltonians of the form
H(q, p) = p2+(,0(q) are also of interest. In the previous chapters we encountered
the Lennard—Jones oscillator, with potential

=[5 2(2)]
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As another example, the plane pendulum can be described in terms of the angle
g made with the vertical axis by the Hamiltonian

H= %pz — %cosq,
where L is the length of the pendulum and g the gravitational constant.

The phase portrait of a planar system qualitatively summarizes the global
dynamics by depicting a few representative orbits in the g, p domain. These
orbits can obviously be identified with pieces of the curves defined by the equa-
tion H(qg, p) = constant, thus we may view the orbits as level curves of the
Hamiltonian function. The graph of the surface E = H(q, p) in (q, p, E)-space
characterizes the dynamics of a single-degree-of-freedom system. In particular,
the equilibria are associated with critical points on this surface: local minima cor-
respond to stable equilibria, while saddle points correspond to unstable equilibria.
In Fig. 3.2, we show the graph of E = H(q, p) together with the phase portrait
(level curves of H) for the Lennard—Jones oscillator (¢ = 0.25, 7 = 1) and the
pendulum (g/L =1).
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Figure 3.2 Energy surfaces for one-degree-of-freedom problems, and phase
portraits. Left, Lennard—Jones oscillator. Right, plane pendulum.

3.2.3 Central forces

Next, consider the three-degree-of-freedom nonlinear system describing the motion
of a body of unit mass in R3, i.e. ¢ = (g1, g, g3)7, with a potential energy of
interaction given by ¢ = ¢(r) where r represents the distance from the body to
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the origin. This is an instance of a central-force problem. If ¢(r) = —1/r, then
we have the Kepler problem with Hamiltonian

1
\ G2+ G5+ a3

The level sets of constant energy are five dimensional surfaces (!), hence nontriv-
ial to visualize, but, as we shall see in Section 3.3, a complete description of the
dynamics of the system is still easily obtained by using some additional properties
of the equations.

1
H=5(p +p3 +p3) - (3.9)

3.2.4 Charged particle in a magnetic field

Up to normalization of certain constants, the Kepler problem can be viewed as
a model of gravitational dynamics. It also represents, qualitatively, the classical
model of an electron in the field of a positively charged fixed nucleus. It is inter-
esting to consider in this context a generalization in which the electron moves not
only under the Coulombic potential, but also in an applied (constant) magnetic
field. If b = (b1, b2, b3)T is a vector representing such a field, the equations of
motion for the particle are found to take the form
mi= -7+ bxq, (3.10)
lqll®
where m is the mass of the particle, 7y is a positive constant, and X is the usual
cross product of vectors.
Defining the momenta in the usual way, we have the first-order system

da-L (3.11)
at = mP '

d q 1

Cp=—y— _ —pxb. 3.12
7P WHq”3 o (3.12)

Here g, and p are assumed to be vectors in R3. It is easy to show that this is not
a canonical Hamiltonian system, since, if it were, we would have to have

1 q 1
VoH = —p, VgH =v—5 + —p X b,
P m I lgll®  m

and equality of mixed partials would be violated. However, a Hamiltonian descrip-
tion (3.7) does follow if we define instead

0o I
J—[_I B]
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where b is the skew symmetric matrix defined by

[0 —b b
b= b3 0 —bq
—by by 0
taking as Hamiltonian?
1 Y
H(a,p) = 5=IIpl* = —.
2m lall

3.2.5 Lagrange’s equation

Given a Lagrangian function L(g, ), Lagrange's equation of motion is

O Val(a,4) ~ VL (q,q) = 0. (3.13)

This equation is the Euler—Lagrange equation minimizing the action integral

t;
ﬁMzt L(q(t), a(t))dt.
0
For more details see [7, 8, 73]. Lagrange's equation (3.13) is second order in time.
It is reduced to a system of first-order equations by introducing the conjugate
momenta

p="Val(a.q). (3.14)

We require that this relation defines a one-to-one map between p and g for fixed
q. It can be shown (see problem 1 in the Exercises) that the equation (3.14)
together with the reformulation

p="Vql(q.4) (3.15)
of Lagrange’s equation (3.13) are canonical with Hamiltonian
H(ga.p)=p-q—L(q.4q). (3.16)

For example, take a particle of unit mass moving in a central field. The
Lagrangian is

1

\ @+ 93 + a3

2The charged particle in a magnetic field is described here as a noncanonical Hamiltonian system.
It is interesting to note that a canonical formulation of this system is also possible by modifying
the definition of the momentum; see [122].

1, . . .
L=§ﬁ+é+@+
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Note the change in sign compared with the Hamiltonian (3.9). The conjugate
momenta is

p=4q,
as expected.
The charged particle in a magnetic field has Lagrangian

m,. . vl
L= Zlldl* + =+ 5q" ba. (3.17)
2 lall 2

According to (3.14), the conjugate momenta is
1.
p=mq—zbq. (3.18)

This definition of p is different from the one used in Section 3.2.4! In Problem 1 in
the Exercises you will be asked to derive the associated Hamiltonian and to verify
the canonical equations of motion (3.32)—(3.33). This example emphasizes the
point that the Hamiltonian formulation of a problem need not be unique and that
there is a certain freedom in the choice of the Hamiltonian H and the structure
matrix J.

3.2.6 N-body problem

Finally, let us return to the homogeneous system of N bodies moving in R3
with masses m;, i1 =1,..., N, interacting through a particle—particle interaction
potential (pair-potential) ¢(r), with r the distance between two particles. The
corresponding canonical equations of motion are

d 1

d Gt = P (3.19)

D = — Z (p (r/_]) qJ) ' [ — 1, 2 ----- N, (320)
T

where r;j = ||gi — qj||; the Hamiltonian function is

N
— %Z ||p/ + Z Z (p(ru)

i=1 j=i+1

||2

3.3 First integrals

A first integral, constant of motion, or conserved quantity of a general differential
equation is a function G : R? — R which is constant along all solution curves
z(t; z%) of the system, i.e.

G(z(t;:2%)) = G(2°),
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for all z0 € R?? and all t € R. We say that having a first integral is a “geomet-
ric property” of a system of differential equations because its existence implies
that the solutions are at least partly described by the geometry of the lower-
dimensional manifolds {z € R?>? | G(z) = constant}.

What are the conditions that ensure that a particular function G is a first
integral for a canonical Hamiltonian system (3.7)? Assume that z(t) is a solution
curve of (3.7), then

9 6(e(1)) = V26(2(1) - 2(1)
= [V G(z(t)]" 2(t)
= [V.G(2(t)]" IV H(z(1)).
If this quantity is to vanish for every trajectory z(t; z°) with initial conditions

chosen from some open set in phase space, we must have that the Poisson
bracket of G and H, defined by

(G, H}(2) == [V.G(2)]" IV H(2),
vanishes identically, i.e.
{G,H}(z) =0.

This is a necessary and sufficient condition for G to be a first integral of a
Hamiltonian system with Hamiltonian H.

More generally, the time evolution of an arbitrary, smooth function G : R2¢ —
R along a solution of a canonical system with Hamiltonian H is given by

d
—26(2) = {G. H}(2).

For example, take G(g, p) := q;, then
d 3]
——q; =149, H}(q,p) = =—H(q.p),
g9 = tai. H}(a. p) o (q.p)

as we would expect.
The Poisson bracket is a bilinear, antisymmetric operation.® This means that,
for functions F, G, H : R?Y — R, and scalars o, 8

{F,aG +BH} =a{F, G} + B{F, H},
and
{F,G} =—{G, F}.

3The Poisson bracket also satisfies the Jacobi identity {{F,G,}, H} + {{H,F}, G} +
{{G, H}, F} = 0 [149, 124]. This identity is automatically satisfied for all constant structure
matrices J.
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Note that the latter identity implies linearity in the first argument as well. More-
over, {F, F} = —{F, F}, hence {F, F} = 0, i.e. the Poisson bracket of a function
with itself vanishes identically.

We have already seen that the Hamiltonian (or energy) H of a Hamiltonian
system is a first integral. Using the Poisson bracket notation, this statement
reduces to the observation {H, H} = 0.

Example 1 The Kepler problem in R? possesses an interesting and nontrivial integral
invariant structure. First, the energy,

1 11 1
H=zp'p— — ==

=Pl + P +13) - ———.
2 lall 2 =7 @+ B+ a4

is a constant of motion. Moreover, one easily verifies that the components of the
angular momentum vector,

m
m=qxp=|m
ms

are conserved quantities. For example

{my, H} = {qps — q3po. H}
oM oM on on
*0p,  Ops | C0qy " 0gs
= psp> — p2p3 — @32/ llall® + q2a3/llql®

=0.
Since, for any vectors a and b, we have
a-(axb)=0, b-(ax b)=0,

it follows that g and p lie permanently in the plane perpendicular to m (see Fig. 3.3).
For simplicity, it is typically assumed that this plane of motion is oriented such that m
points in the gs direction, in which case we have p; = 0, implying g3 is constant along
trajectories, and the more traditional planar Kepler problem results with Hamiltonian
reduced to

1 1
H==

(P +P3) — ——-
2 V@i + a3

This is a system with two degrees of freedom and two first integrals; energy H
and the third component of the angular momentum vector m. Hence any bounded
motion is restricted to a two-dimensional surface which is diffeomorph to a torus.
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Furthermore, the special form of the Kepler force field creates an additional vector,
namely the Runge—Lenz vector

e=pxm- 1
llqll
which is constant along solution curves (see problem 2 in the Exercises). This invari-

ance implies that the bounded trajectories of the Kepler problem are closed in the
(a1, G2)-plane [7]. H

Figure 3.3 Significance of the angular momentum in the Kepler problem:
orbits lie in the plane perpendicular to m = q x p.

Angular momentum m = g x p is a first integral for any particle moving under a
central force field (see problem 2 in the Exercises), i.e. with Hamiltonian of the
form

1
H=2p"p+e(lal).

thus all such systems have planar motion.

In general, each first integral reduces the number of degrees of freedom by one
as an intersection of invariant manifolds. The Kepler problem is an example of an
integrable Hamiltonian system, meaning, intuitively, that the system possesses an
independent first integral G; for each of its degrees of freedom. The solutions of
an integrable system of d degrees of freedom are then restricted to d-dimensional
level sets

Mc={(q.p) €eR?*?: Gi(q.p)=c, i=1,...,d}.

If these level sets are compact sets (i.e. closed and bounded), then they can be
viewed as d-dimensional tori, i.e. the level sets can be transformed by a smooth
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(and smoothly invertible) mapping to a set of the form T = S x S x S1... x St
(d times), where S! is the circle.* Upon introducing angle variables ¢ to describe
the tori and identifying each torus by its action | € RY [7, 8], the integrable
system can be transformed to the canonical system

=0, d=vV,s(),

with Hamiltonian S(I). Thus integrable systems have regular quasi-periodic
solutions with frequency w = V,5(I).

Most systems do not possess a full complement of first integrals. The few
first integrals that are typically present can be of substantial physical and practical
importance. In complex nonlinear systems, they sometimes provide a simple way
of distinguishing plausible trajectories from nonphysical ones or of assessing the
quality of an approximation.

Example 2 The equations of motion (3.19)—(3.20) of N particles interacting through
a distance-dependent pair-potential ¢(r) admit total linear momentum piot = > _; pj
and total angular momentum myo = > ; q; x p; as first integrals. For example:

d d (s
g Prot = ZE”" = ZZ—%:’)(G/ -q)=0,

i

since rjj = rj;. O

In molecular applications, periodic boundary conditions are often introduced as
a modeling device. In this case, the total linear momentum remains a conserved
quantity, but the total angular momentum is sacrificed.

3.4 The flow map and variational equations

Each Hamiltonian system gives rise to a family of flow maps parameterized by
time t. Contrary to the previously used notation @;, we denote the flow map
from now on by @; 4 to indicate its dependence on the Hamiltonian H. As we
have mentioned in the previous chapter, the family of flow maps is closed under
the composition operation, i.e. forany t =71, t =7

(D‘rl,H © ¢7'2,H = ¢7'2,H © q)‘rl,H = ¢Tl+T2,H'

The flow map @q 1y at t = 0 is the identity map (abbreviated id). Every flow map
evidently has an inverse in the family, since

Q_tHo®Pry=PoHy=id

*Some additional technical assumptions have to be made [7, 8].
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The one-parameter family of time t flow maps of a Hamiltonian system thus
defines a commutative group.

Example 3 Consider a particle of mass m that is moving in R® without any force
acting on it. The corresponding Hamiltonian is the kinetic energy of the particle and
the flow map is given by

+ T
@ 1(q.p) = {q pmp] .

Example 4 For the linear Hamiltonian system (3.8), the flow map @, 4 is given by a
matrix exponential

&, y(z) = exp(tJL) z.

Let us consider in detail the example of the harmonic oscillator

d._
dtq =p,
d 2
Ep = —w=q.
The first step is to introduce new coordinates z := S~'z, z = (q,p)", with
S - 1/y/w 0
o 0 Vw |-
In these new coordinates the matrix
0 1
JL— [_w2 O}

gets transformed to

SlJLS::[ 0 “}.
—w 0

The corresponding transformed linear system

d._
dtq = wp,
d._ ..
dl‘p = q,
2=(G,p)", generates the flow map

@1 = exp(tSTLILS),
coswt  sinwt
—sinwt coswt |’
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We obtain the flow map @, 4 by transforming @t,H back to the variable z = SZ. Thus

&, y(z) = exp(tJL)z
= SdA’tstflz

_|1/yw O coswt sinwt | [ vw 0 ,
o 0 Vw | | —sinwt coswt 0 1/Vw

[ coswt  wlsinwt

T |wsinwt sinwt

Hence the flow of the harmonic oscillator is described by a product of three matrices:
a scaling, a rotation, and the inverse scaling. ]

Hamiltonian systems with bounded smooth Hamiltonian function H admit smooth
flow maps. The inverse map d);b = @_; 4y is also smooth. A map which is
smooth, invertible, and whose inverse map is also smooth is called a diffeomor-
phism.

Even when the potential energy is not smooth (for example, when it has
singular points) we can still often define a flow map subject to a suitable domain
restriction. For example, for an N-body system subject to a pair potential @
with a singularity at r = 0, ultimately repulsive at short range (lim,— o+ @(r) =
+00), we can define a global flow map on the complement of the singular set
{(q1.q2. ..., qn)lqi = qj, some i,j, i # j}.

In general, the flow map cannot be written down explicitly but can only be
approximated numerically. We will take up this task in the following chapters.

The flow map notation allows us to emphasize solution properties that are
shared by bundles of trajectories. For example, instead of considering a single
initial point z°, we can look at a neighborhood U C R27 of initial points near the
given z% and can ask how this whole set of initial conditions is transported by the
flow map, i.e. we can discuss the transformed sets

Ut =D y(U), (3.21)
={zeR?: z =0, 4(2) with 2 €U},

t > 0. This point of view will allow us to better understand some of the qualitative
properties of Hamiltonian equations of motion.

A first step in this direction is to investigate the solution behavior of a system
near a given trajectory z(t; z%) via linearization of the system along z(t; z°). Let
z(t; 2°) denote another solution with an almost identical initial condition, i.e.
70 =~ Z% Then it is often of interest to know how this small difference
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in the initial conditions is propagated in time. Of course, the answer is obtained
by simply comparing the two solution curves, i.e.

6z(t) == z(t; 2°) — z(t; 2%).

However, if only z(t; z%) is explicitly known, then an approximation for §z(t) can
be obtained via Taylor series expansion of the flow map in §z°

0z(t) = d’t,H(ZO) - d’t,H(ZO)
= ¢t,H(zo + 520) - q)t,H(ZO)

~ 3tIJt,H(zO) 62°.

0z
This motivates the definition of the time-dependent vector
0
£(t) = 5 001(2%) 62" (3.22)
We can differentiate with respect to time making use of
d 0
2(t) = £001(2(0) = IV H(@,1(2(0)) = IV H(2(2))
to obtain
d 0 0 0
EE(t) 3t 87 — &, 1(2°)62°
_ 09 0
= 3z {atd’t H(z )] 62°
_ 0 0 0
= o [IV:H@ (%)) 62
0
— I (2()) [ 5, 00n(2%) 62"
= JH,(z(t)) &(t).

Hence we have derived a linear time-dependent differential equation in £ € R2,
called the variational equations along a solution z(t) = z(t; z%):

VARIATIONAL EQUATIONS

d
8= JH(2(0) € (3.23)

Note that the quality of the approximation 6z(t) ~ £(t) depends on the
smallness of 6z° and will only be valid, in general, over relatively short time
intervals. However, the variational equations are important in their own right as
we will see in the following section.
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In the particular situation that z(t; z°) is an equilibrium solution z(t; z°) =
7z = 79, the variational equations (3.23) reduce to the time-independent linear
system

d -
EE = JHZZ(Z) £

For the Newtonian mechanical system (3.2)—(3.3) with equilibrium Z = (g, 0),
the variational equations about z = Z are

-1
%g: [—VO(- M ]5_
aq(@) 0

The study of this linear system often allows one to understand the behavior of
solutions of the nonlinear system in the vicinity of the equilibrium point. For
example, if the matrix V4q(§) is positive definite, the equilibrium point g will be
stable for both the linear system and the nonlinear system.®

Let us abbreviate the Jacobian of the flow map @; 4 by F(t) € R29*29 je.

0
F(t) = ——®: n(2%).
(t) = 5 @0n(2°)
Then formula (3.22) can be written as £(t) = F(t)6z° which holds for any
vector §z°. It is then easy to verify that the matrix F(t) itself is the solution of
the matrix-valued variational equation

d

EF = JH,,(z(t)) F, (3.24)

with initial condition F(0) = loq.

3.5 Symplectic maps and Hamiltonian flow maps

This and following sections are devoted to the definition of symplecticness of a
smooth mapping ¥ : R?¢ — R?? and its implications for the solution behavior of
canonical Hamiltonian systems. The presentation in this section is divided into
three parts. We start with an algebraic definition of symplecticness and show
that the flow map @, 4 of a canonical Hamiltonian system is symplectic. In
the second part, we discuss the implications on the solution behavior for single-
degree-of-freedom systems. Finally, in the third part, we give another derivation

5Another frequent application of the variational equations occurs in the context of periodic
solutions. A solution {z(t)}:cr is called periodic if there exists a constant 7 > 0 such that
z(t) = z(t + T). In this case the variational equations reduce to a T-periodic time-dependent
linear differential equation and its properties can be analyzed using Floquet theory [76].
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of symplecticness, making clear its geometric interpretation in arbitrary finite
dimensions.

A smooth map W on the phase space R2? is called a symplectic map with
respect to the (constant and invertible) structure matrix J if its Jacobian ¥,(z)
satisfies:

SYMPLECTICNESS OF A MAP

W, ()], (2) = J, (3.25)

for all z in the domain of definition of W. In case J in (3.25), given by (3.6),
one sees the term “canonical map” used as a synonym for the term “symplectic
map.”

For a linear transformation W(z) = Bz, the condition of symplecticness
reduces to BT J™1B = J~1 and B is referred to as a symplectic matrix.

Example 5 Consider the Hénon map ¥, , : R? — R? defined by

p
wa,b(Qv P) = |:1 + bg + ap2:| )

a, b # 0 parameters. To check that this map is canonical, we compute the Jacobian
matrix

0 0 1
Ewa,b(z) - |:b 23p:| '
of W, . Then a straightforward calculation yields
b L 0 b ][0 —-1][0 1 .
e | e | I R

(Here J is the 2 x 2 canonical symplectic structure matrix.) Hence the Hénon map is
symplectic for b = —1. O

Example 6 Often, a non-linear change of position in coordinates from g to g is
prescribed by

G = h(q),
where h : Y ¢ R? — R? is a diffeomorphism (i.e. a smooth map with a smooth
inverse).
For example, consider the transformation
g = rsing,
> = rcosé

from polar (r,8) coordinates to Cartesian (qi, g2) coordinates.
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One then requires a definition of the corresponding transformed conjugate mo-
menta p such that the overall transformation ¥ from (g, p) to (§, p) is symplectic.
Such a definition is provided by

b= [he(a)] Tp.
The overall coordinate transformation ¥ is hence given by
h(q)T }
[ha(q)] " p]°

This type of symplectic transformation is sometimes called a canonical point trans-
formation [73, 124].
The Jacobian of the map ¥ is

[ hy(q) 0
WZ(Z) - |:G(qyp) [hq(q)]T:| Y

where G(q, p) is the matrix of partial derivative of the vector [h,(q)]~" p with respect
to g. It can be verified by explicit computation that

W(q.p) = [ (3.26)

v, (2) I, (2) = U7,

where J is the canonical structure matrix. A different proof for the symplecticness of
canonical point transformations will be given in Section 3.6.

For the coordinate transformation from polar to cartesian coordinates, we obtain
the expression

pr| _1|rsing cosf Dr

pol|l  r|rcosd —sinf| | ps
for the conjugate momenta p,, ps. This implies that the kinetic energy of a particle
in % with mass m transforms according to

1 1 1
5 (PP +p3) = o (pf+ ﬁpg) :

The main result of this section is contained in the following:

Theorem 1 The flow map @, of a Hamiltonian system (3.7) is symp-
lectic. O

Proof. Recall that the Jacobian of the flow map

0
F(t)y=—@
(1) 37 t,H(Z)
satisfies the variational equation (3.24) with initial condition F(0) = l»y. To

prove the proposition, we have to verify that
F(t)TJ7LF(t) = J7L.
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Since F(0) = I»4 the statement is true for t = 0. Hence we only have to show
that

d

K=o K(t) = F(t)"J71F(¢).
Indeed, we obtain

d 7,1 a7

S K=FTUF 4 [F| J7'F

= FT 7 [UHo o (2(0)Fl + [FT Hoo(2(0)JT| J2F

= FTHZZ(Z(t))F — FTHZZ(Z(t))F

=0.
O

The symplecticness of the flow map implies the existence of certain global con-
servation laws or integral invariants related to the evolution of subsets of phase
space. In particular, we will show in the following subsection that symplectic-
ness implies preservation of area for one-degree-of-freedom systems (d = 1). In
higher dimensions this invariant is replaced by the preservation of volume (d > 1).
Conservation of volume under the flow map of a canonical Hamiltonian system
follows from Liouville's Theorem [7] (see problem 7 in the Exercises), but it can
also be considered as a consequence of the symplecticness of the flow map.°

In other words, the sets Uy, t > 0, defined by (3.21) might change their shapes
significantly but they will always occupy the same volume in phase space as time
t increases. The existence of this integral invariant implies severe and important
restrictions on the possible solution behavior of Hamiltonian dynamical systems.
As we will see throughout this book, preservation of the symplectic structure
under numerical discretization is often a very desirable property for long-term
approximate integration of Hamiltonian systems.

3.5.1 One-degree-of-freedom systems

Let ¥ : R — R? be a symplectic map in the plane. We write the Jacobian ¥,(z)

as
a b
V,(z)= lc d] :
Using this in (3.25), we obtain the equivalent condition

ad —bc=1.

6Symplecticness also implies the existence of other integral invariants for d > 1. Thus the
concept of symplecticness is a stronger property than conservation of volume.
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However, this is the same as saying
det[¥,(2)] = 1.

Thus, for planar maps ¥, the condition of symplecticness (3.25) is that the
determinant of the Jacobian W,(z) is everywhere equal to one.

What is the implication of this for the behavior of the map ¥? Let R be
a bounded subset of phase space. The oriented area’” a(R) is defined by the
integral

a(R) :/qudp.

Let R denote the image of R under ¥, i.e. R = W(R). Then, following the
standard rules for changing variables in an integral

Thus a symplectic map of the plane is area preserving.
The implications of symplecticness for the behavior of maps in higher dimen-
sions are taken up in the following section.

3.5.2 The symplectic structure of phase space

We now turn to the general situation and discuss the symplectic structure
associated to 2d-dimensional phase space. The book of LANDAU AND LIFSHITZ
[105] gives a clear explanation of the symplectic structure. A more advanced and
mathematically precise treatment will be found in the book of ArRnOLD [7].

Let us start with some notation from differential geometry. A two-form on
R2 is a skew-symmetric bilinear function Q(¢,n) with arguments £ and 7 in
R29. Bilinearity means that the function is linear in each of its two arguments

"The area of R is given by the absolute value of a(R). The sign of a(R) depends on the
orientation of R.
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QEm=+&n,-& n,
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x

Figure 3.4 The two-form Q for d = 1 is the oriented area of the parallelo-
gram described by a pair of vectors in R?, i.e. it is the transverse coordinate
of the cross product of the pair of vectors viewed as embedded in R3.

separately, and skew-symmetry means

Q& n) =—-n. ).

for any &, n.
The symplectic structure matrix
. 0 +14
T=10, o

introduces the symplectic two-form € on the phase space R29
Q¢ n)=€¢J"n, Ener (3.27)

Let us give a geometric interpretation of the two-form Q. For d =1, Q(&,m) is
the oriented area of the parallelogram spanned by the two vectors £ and 7 in R2.
This is easily verified since, for d =1

¢TI g =6m — &, E=(&.8)" . n=(m.m)" €rR?

The orientation of area refers to the fact that (&, n) is either equal to the area
spanned by £ and i or is equal to the negative of this area. Viewing the two planar
vectors as embedded in R3, the two-form  is nothing but the z-coordinate of
the cross product of the two vectors (Fig. 3.4).

For d > 1, we project ¢ € R?? and n € R?? down on to the (g;, p;)-coordinate
planes, i =1, ..., d. Denote the corresponding vectors in R? by €(i), 77(') respec-
tively, i=1,..., d. Then (&, m) is equivalent to the sum of the oriented areas
of the parallelograms spanned by the pair of vectors ¢() and n(). To be precise,



58 HAMILTONIAN MECHANICS

if we now denote by €2y the standard two-form of a pair of vectors in the plane,
define

d
Q& m) = (" 7).
i=1

In fact, this is synonymous with saying
Q. =¢"J"n,

where J refers to the symplectic structure matrix in R29.

Next we consider the integral of 2 over a smooth two-dimensional surface
S C R?? of phase space. We can view such a two-surface as being described?®
by a smooth mapping o from an open subset R of the (u, v)-plane into phase
space R?? such that the partial derivatives o,(u, v) and a,(u, v) are linearly
independent vectors for all (u, v) € R. We define the integral of the two-form Q
over the surface S by

/Q::/ Q(oydu,o,dv)
S R
= / aZJilavdudv;
R

the last integral is to be understood as the usual integral of the function f :=
a'uTJflcrv over R C R?. To give a geometric interpretation to the integral, we
separate the mapping o into d components o1, 0>, ..., 04, with a; taking values
in the (pj, gj)-coordinate plane. Denote the image of R under a; by S; C R?.
To interpret the integral of Q over the surface S, we first partition R into a
mesh of small rectangles with dimensions Au x Av. Such a partition results
in corresponding partitions of each of the map images (the coordinate plane
projections of the surface) into small curved regions (see Fig. 3.5). For a fine
enough partition, the “rectangle images” are approximated by parallelograms (see
Fig. 3.6) spanned by the vectors

¢0) = o JAu € R?, () = o Av € R%.

The integral of the two-form €2 is now approximated by the sum of the oriented
areas of these parallelograms. The integral of 2 over S is then taken to be the
limiting value of this sum as the diameter of the underlying mesh imposed on R
tends uniformly to zero. In other words

/SQ =Y a(s),

with a(S;) being the oriented area of S; C R?.

8In general, the surface must be divided into a collection of overlapping regions called charts, in
each of which a local parameterization is defined [7].
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Figure 3.5 A surface is defined by a parameterization: a collection of d
mappings from a parameter space in the uv-plane to the canonical (g;, p;)-
coordinate planes. A rectangular mesh in parameter space induces a curved
mesh in the coordinate planes.

Now consider how the symplectic two-form 2 changes under a coordinate
transformation ¥ : R29 — R2?. We define the transformed differential form ¥*Q
by

vrQ (5: "7) =Q (WZ(Z)E: Wz(z)'fl)-

In other words, W*Q(€,m) is equal to Q(€, ) where €, 7 are the transports of
the vectors £ and m, respectively, under the linearization (Jacobian matrix) of ¥.
A transformation ¥ is called symplectic, if

UvrQ=Q,
or, equivalently

v, (2) I, (2) = U7, (3.28)
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Figure 3.6 For a small rectangular patch in parameter space, the image
under the parameterization is a small region that is approximated by a paral-
lelogram whose oriented area is computed in the usual way. The integral of
the two-form over a two-surface is then obtained as the limit, for decreasing
meshwidth in parameter space, of the sum of the induced two-forms.

which is the definition we gave before. In other words, symplectic maps leave
the symplectic two-form € invariant. Thus, for d = 1, a map ¥ is symplectic
if the parallelogram spanned by £ and i has the same area as the parallelogram
spanned by the two vectors ¥,(z)§ and W,(z)n. This implies that, for d =1, a
symplectic map conserves area.

More generally, this important integral invariance can be written as

/Q::/W*Q
S S

= / QW,o,du,W,o,dv)
R
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= / Q(a,du,&,dv)
R

:/_Q,
S

where S :=W¥(S) and & :=Woo : R — S is a parameterization of S. For d > 1,
this formula implies the conservation of a sum of oriented areas of projections of
S on to the (gj, pj)-coordinate planes, i.e.

>oalS) = alS).

1 1

We refer to this quantity as the symplectic area.

We have already mentioned that the flows of Hamiltonian systems preserve
volume in phase space. In fact, it can be shown that conservation of the symplec-
tic two-form 2 alone implies that the sum over all distinct k-tuples 1 < i1 < I <
... < Ix < d of oriented volumes of projections of a 2k-dimensional submanifold
on to the (pj,, P, .-+ Pi. Qi+ iy - - - Gi, )-coordinate system is also conserved
under the map [7]; as a special case (k = d), this implies the conservation of
phase space volume.

We also mention that, although our geometric interpretation above relied on
the fact that J was the canonical structure matrix, a corresponding geometric
property would hold locally for any Hamiltonian system. This is a consequence of
Darboux's theorem [7, §].

3.6 Differential forms and the wedge product

The definition (3.28) is not always the most convenient approach to check the
symplecticness of a given map W. This is true in particular if the map is given
implicitly or the definition involves additional variables that could, in principle, be
eliminated. In those cases, it is best to use implicit differentiation combined with
a definition of symplecticness in terms of differential one- and two-forms. We
develop the necessary mathematical material in this section.

Recall from calculus that if £ : R™ — R is a smooth function, then its
directional derivative along a vector £ € R™, denoted here by df(§), is given by

of of or
df(§) = 7151 + —& 4+ —E&m,

16) 822 aZm
where the partial derivatives of f are computed at a fixed location z € R™. It is
clear from the definition that df(§) is linear in £ The linear functional df(.) is
called the differential of f at z and is an example of a differential one-form.
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A particularly simple class of differentials is provided by the coordinate func-
tions f(z) = z and

dzi(§) = &,
i=1,..., m. Indeed, the differentials dz; can be used as a basis for representing
any other differential df since
of of of
df(§) = a—zldzl(f) + 6—220'22(5) Tt adzm(f):
and, consequently
of of of
df = —d —d R ¢
oz zZ1 + 52, Zo + + oz Zm

To summarize, the set of all differentials at a point z € R™ forms a linear space
with the differentials dz; as a basis.
We now apply a coordinate transformation ¥ : R™ — R and define

as well as the transformed function
f(z) =f(2) = f(W(2)).

Denoting the ith component of the transformation ¥ by W', ie. 2; = W/(z), the
standard chain rule implies

~ of oW/ of oW/ of oW/
df = ——d ——d ——d
;azj o2 Zl+;azj 62,72 +;62162m zm:
of owl of ow2 of ownm
- = dz 4+ — 2 dzi4 e dz:
02, 2~ 0z % " 83, 2« 8z, TV g, 2 g9
which we rewrite as
. Of f of
df = o2, dz; + EE dz, + + 52, dzm
in the new basis
. ow/

To compactify the notation, we introduce the column vector of differential one-
forms

dz=(dzn,dz, ..., dzm)T,
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with the property that dz(€) = £ and hence
df =f,-dz.

The transformation rule (3.29) becomes
dz =V,(z)dz,

and, consequently
dz2(§) = V,(z) dz(§) = ¥,(2) €.

Let us now come back to symplectic transformations and a splitting of vari-
ables z = (q,p) € R29 with associated one-forms dq;, dp;, i =1,..., d. Given
any two vectors €, 1 € R?9, the symplectic two-form Q is defined by

Q¢ n)=¢"J1n.

Using the ordering of the two vectors £ and m into a sequence of projections
¢0) 1) ¢ R2 down on to the (gj, p;)-coordinate planes, as introduced in the
previous section, it is straightforward to verify that

Q&) = ZQo(E(’), 7)) = Z [dpi(€)dai(n) — dai(§)dpi(m)],

where, by definition, dg;(§) = $§i), dpi(§) = 5&0 etc. This suggests to introduce
the wedge product of two differentials df and dg via

(df Ndg)(€.m) = dg(§)df(n) — df(§)dg(n),

and, in particular, to write

Q :qu,-/\dp,-.

!

Using vector notation, we shorten this to
Q=dqgAdp.
Conservation of symplecticness, under a transformation

a=v'(q,p),
p=v(q, p)

reduces now to the statement that

dé A dp = dq A dp, (3.30)
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where

dg =Wi(q,p)dq+Wi(q,p)dp,
dg =W;(q, p)dqg +¥;(q, p)dp.
We will prove this result below.

One can immediately verify several algebraic properties of the wedge product
which prove useful in calculations:

PROPERTIES OF THE WEDGE PRODUCT

Let da, db, dc, be k-vectors of differential one-forms on R, then
the following properties hold.

1. Skew-symmetry
dandb=—dbAda.
2. Bilinearity: for any a, 8 € R
da AN (adb+Bdc) =adaA db+pBdandc.

3. Rule of matrix multiplication (as a consequence of Property 2 and
the definition)

da A (Adb) = (AT da) A db,

for any k x k matrix A. (See Problem 9 in the Exercises.)

Note that Properties 1 and 3 of the wedge product imply that, if A is a
symmetric matrix, then

da A (Ada) = 0.

We now prove (3.30). We first verify that

1
dgAdp= E(J_ldz) Adz.
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Indeed, we have

d
(J7'dz) A dz = [dzj Adzgyi — dzgyi A dzj]

i=1
d
=>_[dai A dpi — dp; 1 dg]
= 12:dlq A dp.
Hence (3.30) is equivalent to
(J7rd2)Adz = (U tdz) A dz, (3.31)
where
dz =V,(z)dz.
Applying the rule of matrix multiplication, we obtain
(J71dz) A dz = (I W,(2)dz) A (W, (2)dz),
= (W.(2)" 7 W, (2)dz) A dz,
and symplecticness of the map V¥, i.e.
v,(2) ) W,(2) = Jt

implies (3.31).

As indicated in the introduction, the wedge product notation can be combined
with implicit differentiation which makes it a powerful tool to verify symplecticness
of an implicitly given transformation W. As an illustration, let us come back to
the canonical point transformation

G = h(q),
hq(Q)Tﬁ =p,
as already discussed in Example 6. Implicit differentiation yields

dq = hq(q)dq,
hq(a)" dp + ) _ pihgeda = dp,
i

where h'(q) denotes the ith component of the transformation h(q). Taking
wedge products with dp and dgq, respectively, leads to

dg A dp = (hg(a)da) A dp = dq A (he(q)"dp).,
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and, since
> da A (pilyg(a)da) =Y bi [dg A (hyy(a)da)| =
li i
to

dq Adp=dqA (hq(q)Tdﬁ +3° ﬁihquq> = da A (hg(q)7 dp),
i

respectively. This implies

dd A dp = dg A (hq(q)Tdﬁ) = dq A dp,

as desired.
We will encounter more applications of this basic procedure in the following

chapter.

3.7 Exercises

1. Lagrange's equation.

a.

Assume that equation (3.14) defines, for each fixed g, a one-to-one map
between the conjugate momenta p and the velocities g. Let us write the
inverse relation as ¢ = v(p, g). Use this map in the Hamiltonian (3.16)
to evaluate V4H and V,H. The result shows that the Lagrange equation
(3.13) is equivalent to a canonical Hamiltonian system (3.4)—(3.5).

Given the Lagrangian (3.17) verify the definition of the conjugate mo-
menta (3.18) and find an explicit expression for the Hamiltonian H in
terms of g and p only. Show that

d 1 1 -~

prl —p+ %bq (3.32)
d v 1~ 1

—p = —bp——>b'b 3.33
s Hq\|3q+ p— 4 -b'bq (3.33)

are the associated canonical equations of motion and that these equa-
tions are equivalent to (3.10).

2. Angular momentum.

a.

Show that, angular momentum m = g x p is conserved for canonical
equations with Hamiltonian

H(a.p) = 5ol + (lal).
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If in addition @(r) = —1/r (Kepler problem), verify that the Runge—Lenz
vector

e=pxm— 0

lall

is also a first integral. You may use the vector identity
ax(bxc)=b(a-c)—c(a-b).

b. Show that the canonical Equations (3.32)—(3.33) for a charged particle
in a constant magnetic field b possess the scalar quantity
pw=>b-(qgxp)

as a first integral. The preserved quantity is also called the magnetic mo-
mentum. In terms of the noncanonical Hamiltonian formulation (3.11)-
(3.12), the magnetic momentum is given by

i (ax (o loa)).

3. Integrals of the N-body problem. Show that the total linear and angular
momenta

N N
ptot:Zp/x mtot:ZQiXp/
i=1 i=1

are conserved quantities for an N-body system with distance-based pair po-
tentials (the system does not need to be homogeneous).

4. Variational equations. Consider a planar central-force problem

1
H=slpl?+ellal).  aper

a. Find the variational equations for this problem.

b. Let g* be an equilibrium point (¢’(||g*||) = 0). Determine the eigenvalues
and eigenvectors of the variational equations. [Hint: consider separately
perturbations in (i) the radial (q) direction and (ii) the tangential di-
rections.] What does the eigenstructure suggest about the behavior of
nearby solutions?

5. Canonical transformations. Consider the planar central-force problem of prob-
lem 4 and the canonical change to polar coordinates described in Example 6.
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a. Show that the momentum corresponding to the angle variable, pg, is just
the third component ms = g1 p» — gop1 of the angular momentum vector
m, and, hence, is constant along any solution.

b. Using the result of part [a], show how to reduce the planar central-force
problem to a one-degree-of-freedom problem. In particular, show that
the Kepler problem can be reduced to a one-degree-of-freedom problem
with potential energy function

(preduced(r) = ﬁ - F

Graph this potential and discuss the behavior of solutions.
Canonical transformations. Show that the map ¥, defined by

Q=qg+ep,
P=p+eF(Q)

is symplectic for € > 0, provided the Jacobian matrix of the map F : R? — RY
at @ is symmetric.

Volume preservation. The divergence of a vector field f : R — R¥ is defined
by

e
divfi=3 ——f
1

=1

Liouville's theorem [7] states that the phase flow of a divergence-free vector
field preserves volume. Show that Hamiltonian vector fields are divergence
free, i.e., div[JV;H] (z) = 0, which implies conservation of volume for Hamil-
tonian systems.

Volume preservation. The linear differential equation

Ez = Az,

z € R* and

oo w
|
oo~ o
|
o oo
= o oo
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generates a flow map that is volume preserving. Show that the flow map does
not preserve the symplectic two-form (3.27) (d = 2) for any permutation of
the variables.

9. Wedge product. Let da, db be two k-vectors of differential one-forms on
R™. Verify the rule of matrix multiplication, i.e., show that

da A (Mdb) = (M da) A db,

for any k x k matrix M. Hint: Start from

daA(Mdb) = daj A (Z m,jdbj) :
i J
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Geometric integrators

In Chapter 2, we introduced the concept of a numerical integrator as a mapping
which approximates the flow-map of a given system of differential equations. We
have also seen a few instances of how such integrators behave, demonstrating
concepts such as convergence and order of accuracy. We observed that the typical
picture is a locally accurate approximation that gradually drifts further from the
true trajectory (see Fig. 2.3, Fig. 2.5 and the left panel of Fig. 2.7); the rate
of drift can be reduced by reducing the stepsize (and thereby also increasing the
amount of computational work), but the qualitative picture does not change in
any significant way.

What stands out as remarkable, therefore, is the behavior, illustrated in the
right panel of Fig. 2.7, of the Euler-B method, which retains bounded trajectories
when applied to the harmonic oscillator. In Chapter 2, we provided an explanation
for this in the form of a linear stability analysis showing that certain methods,
including Stormer—Verlet and Euler-B, have eigenvalues on the unit circle when
applied to the harmonic oscillator (or any other oscillatory linear system), if the
stepsize is below some threshold value. The Euler-B and Stérmer—Verlet methods
(among others) possess a strong asymptotic stability property for linear systems.

It is interesting to note that a related long-term stability property extends to
nonlinear models. If we apply, for example, the Stormer—Verlet methods to the
Lennard—Jones oscillator, we obtain the results illustrated in Fig. 4.1 (compare
with Fig. 2.3 and Fig. 2.5). As in the case of the same method applied to the
harmonic oscillator, the numerical method appears to be finding solution points
on a periodic orbit not much different than the exact one. Note that it would
be quite extraordinary to imagine that the actual period itself would be exactly
resolved, so that we would expect the true and approximate solutions to drift
slowly apart with time. On the other hand, the energy returns, in each period,
to its initial value, and there is no noticeable steady accumulation of error in the
energy. This is reflected in a qualitative agreement between the numerical and
exact solutions. There is clearly some important feature of the Stormer—Verlet

70
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method, one that cannot be explained with the techniques (error analysis or linear
stability analysis) mentioned in Chapter 2.

x1074

0.5 5

energy error
o
_\
-

0.5 1 15 2 25 0 50 100
time

Figure 4.1 Solution curves in the gv-plane (left) and energy error (right)
for the Stormer-Verlet method applied to the Lennard—Jones oscillator.

If these differences were observed solely in one-degree-of-freedom systems
such as nonlinear oscillators, they would only be of academic interest, but this
is not the case. The situation becomes still more dramatic when we look at a
more complicated example. For example, we will consider in this section a simple
molecular model consisting of a system of N-point masses interacting in pair
potentials. We will see that the Stormer—Verlet method facilitates integration
on very long time intervals, when applied to this complicated multidimensional
nonlinear model problem.

In Chapter 3, we have seen some hints of a deeper theory when we dis-
cussed the structure of the flow map itself, focusing on those special properties
of Hamiltonian systems

%z = JV.H(z2), (4.1)
such as the conservation of first integrals and the symplectic structure. We have
seen that the symplectic property carries with it geometric implications regarding
the way in which the flow map acts on sets of initial conditions. For example,
the volume of a set of points in phase space is conserved by a Hamiltonian flow.
The flows of conservative systems have a nonlinear structural stability property:
solutions through points of a region of phase space cannot be squeezed together
over time into a smaller region of phase space. Observations like this one led DE
VOGELAERE in the 1950s [49] and later RUTH [166], CHANNEL [43] and FENG KANG
[57] to wonder if the structural properties of the flow map of a Hamiltonian
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system, if imposed on the numerical integrator itself, might lead to improved
behavior in simulations.
Recall that a map ¥ from R29 to R29 is said to be symplectic if

TJ—1 [a%W(z)] =J L (4.2)

[ O
—Vv
B (2)
Equivalently, if we write

=)

then the symplecticness of the map is summarized by the condition

dQ N dP = dqg A dp,

in terms of the wedge product of differential one-forms.

As in Chapter 2, we view a numerical method Wa; as a mapping from one time
level to another which, via iteration, generates discrete approximations (q", p").
Any reasonable numerical integrator applied to (4.1) will preserve the symplectic-
ness relation up to a certain error which is proportional to a power of the stepsize
At. We will term a numerical method a symplectic integrator if the symplecticness
condition

dq" Tt A dp"tt = dg" A dp” (4.3)

is preserved exactly. The problem now is to derive such symplectic integrators and
to enquire in detail about the benefits of using such methods for the simulation
of nonlinear systems.
To illustrate, let us walk through the simple one-degree-of-freedom example
of the nonlinear oscillator discretized using the Euler-B method
qn+1 — qn + Al’pn+1, (4_4)
pn+1 — pn o Atcp'(q”). (4.5)
Taking differentials of both sides of equations (4.4)—(4.5), and using the bilin-
earity of the wedge product, we have
dqn-‘rl A dpn+l —_ d(q” +Atpn+1) A dpn-l-l
— dqn/\dPnJrl +Atdpn+1 A der*l.

Now the wedge product of anything with itself is zero, so we have
dqn+1 /\ dpn+1 — dqn /\ dpn+1

= dq" A d(p" — Ate'(q"))
=dq" ANdp" — Atdq" A do'(q").
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Since do'(g") = ¢”(q")dq", the right-hand side reduces to
dq" A dp" — Atdq" A (¢"(q")dq") = dq" A dp",
and this implies that
dg"™L A dp™t = dg” A dp”,

hence Wa; is a two-dimensional symplectic map, i.e. an area-preserving map of
the plane. In this and later chapters, we will introduce more general classes of
symplectic methods for arbitrary Hamiltonian functions and show how their sym-
plecticness enhances their numerical performance.

There are many challenges that might cause this program to fail. First, it is
not a priori clear that such symplectic integrators would, in typical cases, be more
computable than the flow map itself. Fortunately, as we shall see in this and later
chapters, for many types of Hamiltonian systems we can even develop explicit
symplectic integrators whose per timestep cost is similar to that of the most
popular non-symplectic methods. Another possible problem might arise from the
following fact: the symplecticness condition is more general than the condition for
having a Hamiltonian flow map. That is, there are symplectic maps that are not
the flow map of any Hamiltonian system. Could it be that there are additional
structures in a Hamiltonian flow that give rise to important aspects of some
interesting physical phenomena or which contribute to the long-term stability of
the dynamics? This topic will be visited in Chapter 5.

Before proceeding with the development of symplectic integrators it is nat-
ural to ask first if there are other — perhaps more elementary — properties of a
Hamiltonian flow whose preservation would improve the outlook for simulation.

In particular, what of the energy integral? Isn't it reasonable to demand that
a numerical integrator for a conservative problem should retain the total energy
as a first integral? In fact, it is possible to design such schemes. Unfortunately,
these methods often exhibit disappointing numerical properties. They are gen-
erally implicit, requiring the solution of nonlinear equations at each timestep.
Moreover in typical cases, they do not demonstrate the same level of agreement
with the qualitative solution behavior that we observe using simpler and more
easily implemented symplectic methods. Nonetheless there are often good rea-
sons to maintain some integrals, such as angular momentum, during numerical
simulation and we explain how this can be done.

Another geometric property of Hamiltonian systems arising in typical appli-
cations such as the N-body problem is the so-called time-reversal symmetry. We
believe that this property can have very important ramifications for the behavior
of integrators, in many cases comparable to the effects of preserving symplectic
structure. The reversing symmetry is therefore also introduced and discussed in
this chapter.
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4.1 Symplectic maps and methods

The Euler-B method can be applied, in a modified form, to the general
Hamiltonian H(q, p) with d > 1 degrees of freedom. The equations are

g™t = q" + AtV,H(g", p"), (4.6)
pn+1 — pn _ AthH(q”, pn—i—l)_ (4_7)

By arguments similar to those mentioned in Chapter 2, this method is easily
seen to be first-order accurate. Observe that it is not possible, as it was for
the nonlinear oscillator, to solve for the variables at one time level in terms of
the previous one: the propagation requires in general the solution of a nonlinear
system for p™1. This method is implicit. For sufficiently small At, the solution
of this system is guaranteed by the implicit function theorem. Let us examine this
argument briefly, since it is typical of arguments used to justify the application
of implicit methods. Define a function F by

F(p",q" At,u) =u—p" — AtVaH(q", u).

We assume here that H is twice differentiable, so that F is differentiable in wu.
Observe that F(p”, q", 0, p") = 0, and that %(p”, q",0,p") = Iy is nonsingular.
It follows from the implicit function theorem (see Buck [35]) that we can solve
the equation

F(p",q" At,u) =0,

for u in terms of the other arguments of F whenever At is sufficiently small.
Observe that the need to solve these nonlinear equations places a local restriction
on the size of the timestep which could, in the event of rapid solution variation,
be quite stringent.

Once p™! is known, calculation of "™ from (4.6) is then completely
explicit.

The corresponding Euler-A method is given by

qn+1 — qn 4 AtV,,H(q”H,p”), (4.8)
p"tt=p" — AtV H(q"t, p"). (4.9)

It can be shown that this method is also first-order accurate.

Euler-A and Euler-B methods are canonically symplectic. Let us show this for
the Euler-B method using the wedge product notation. Taking differentials of the
numerical method vyields the implicit system of linear equations

dqn+1 _ dqn + At {Hpqdqn + prdanrl} ’ (410)
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which can be thought of as the discrete variational equations associated with
(4.6)—(4.7). For notational convenience, we have dropped the arguments in the
second-order partial Jacobian matrices Hgq, Hqp = H;q, Hpp. i.€.

9°H 92H 02H
Hyg = | =——— Hoyp = =——— Hyp= =——1.
4 (30/3(71) o <3qiapj> Lo <6Piapj>

Observe that

dq" A Hgqqdq" =0,
and

dp™ 1 A Hppdp™t =0,
because Hgq and Hpp are symmetric matrices. If we take the wedge product of
(4.10) with dp"** from the right, we find

dq™™t A dp™t = dq" A dp"tt + AtHpgdq" A dp™Tt. (4.12)
Similarly

dq" A dp"t = dq" A dp" — Atdq" A Hepdp™?,
=dq" Adp" — AtH],dg" A dp™tt, (4.13)
by taking the wedge product of (4.11) with dq"” from the left. Upon plugging
(4.13) into (4.12), we obtain the desired equality (4.3). A similar proof goes
through for the Euler-A method (4.8)—(4.9). Therefore, the general forms of the
Euler-A and Euler-B methods are canonically symplectic. Euler-A and Euler-B
are sometimes referred to collectively as the symplectic Euler methods.

We can also find second-order symplectic methods without much difficulty.
The implicit midpoint method is defined as follows

ZMl — zn AtJVH(Zn+1/2), /2 (Zn+1 +2z")/2.

This method is evidently implicit. For implementation purposes, it is useful to
write it as a composition of two “half-steps”: an implicit Euler step

zn+1/2 — 7" 4 %AtJVH(ZIH-l/Z),
followed by an explicit Euler step
zr‘l+l — Zﬂ+l/2 4 %AtJVH(Zn+1/2)_

For implicit midpoint, the equation for dz" is equivalent to

dz" + dz"t1

dz"t = dz" + AtJH,, 5
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Taking the wedge product with J=1dz"” and J~1dz"*1, respectively, from the
left, we obtain

d n d n+1
J YAz A dz" = I Yz A d2" + AtJ_lJHZZHfZ Adz"

At
=JYdz"Ndz" + 7szdzf'+1 Adz",
and

dz" + dz"t1
2

At
= J 7 dz"T I AN dZ" — 7szdz”“ Adz".

JYdz" A dZz™ = g A" A dZ" T 4+ Atd T IH,, Adz"t

Here we have made use of Property 3 of the wedge product as stated in Section
3.6 and, in particular, used that

dz" A Adz" = dz" A Adz"T =0,
for any symmetric matrix A € R2?*29_Summing up, we arrive at the equality
JdzZ" I A dZ" = g dZ" A d2",

implying symplecticness of the scheme with respect to the structure matrix J.
Observe that this argument required at no point that J be the canonical structure
matrix, only that it be constant, skew-symmetric, and invertible, thus we have
shown: the implicit midpoint method preserves any constant symplectic structure.

4.2 Construction of symplectic methods by
Hamiltonian splitting

In the above discussion, we have shown that several integrators are symplectic
when applied to integrate Hamiltonian systems. In this section, we show that
there is a simple technique that can often be used to produce good symplectic
methods.

Suppose that we can split the Hamiltonian H into the sum of kK > 2
Hamiltonians H;, i =1, ..., k, i.e.

K
H(z) =Y Hi(z),
i=1
with each Hamiltonian vector field

d
g2 JV,H(z)
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explicitly solvable. A symplectic integrator is then derived as an appropriate com-
position of the corresponding flow maps. Since each flow map is obviously sym-
plectic and any composition of symplectic maps yields a symplectic map, the
resulting numerical method is symplectic. See problem 2 in the Exercises.

As a simple example, consider a nonlinear oscillator H(q, p) = %pz + ©(q).
The energy can be decomposed into kinetic and potential terms

1
H=Hi+H>, Hp= §P2, H> = ¢(q).

Now each term is exactly integrable. The equations of motion for H; are

q=np,
p=0,

which has the flow map
(q]\  [a+tp
(0] =
L ( p ) p
Similarly, Ho has flow map
gl [ a
(0] = .
i ( p ) P w’(q)]

Each of these maps is symplectic (each is the flow map of a Hamiltonian system),
hence the map defined by

Wt = ®Ppt H, © Pt H,

is also symplectic.
We still need to show that such a composition method approximates the flow
map with at least first order.

FIRST-ORDER SPLITTING

If H= Hi+ H>+ ...+ Hg is any splitting into twice differentiable
terms, then the composition method

Upt = (DAt,Hl © d’At,Hg ©--+0 ¢At,Hk

is (at least) a first-order symplectic integrator.
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Let us walk through a proof for the case k = 2. In Chapter 5 a more detailed
result will be given. We wish to compare the flow map @a¢ y with Way. It is
enough to compare the images of an arbitrary point z° under the two maps.
Using a Taylor series expansion in powers of At and the definition of the flow
map, it is easy to show that

Opr y(2°) = 2° + Atz(0) + O(AL?)
= 2% + AtJVH(Z%) + O(At?).

We can argue in a similar way that
Opr p (2°) = 20 + AtIVH(Z2°) + O(At?),
i =1,2. And then, performing similar expansions in At, we arrive at

Wp(2°) = Barp, <¢At,H2(ZO))
= Bat 1, (2°) + ALIVH: (Dp0 1, (2°)) + O(AL)
= 2% + AtJVHo(2°) + AtJVH(2°) + O(At?)
= 2% + AtJVH(Z®) + O(At?)
= @5 1(2°) + O(AF?).

This estimate of the local error, together with the evident smoothness of the
flow map, proves that the composition method is at least first order.

The only apparent drawback of this approach is that it requires the splitting of
the given Hamiltonian into explicitly solvable subproblems. This may not always
be possible or desirable. In many cases, the system may admit a partitioning, but
without the individual terms being exactly integrable. In these cases, one may be
able to construct effective schemes by substituting another symplectic integrator
for the exact flow map at some stage. The splitting technique may in this way
simplify the development of an effective method by breaking down a complicated
problem into a series of lesser challenges.

A curious special case arises when Hy and H» are first integrals of each other,
i.e., {H1, H2}. Then the two flow maps commute (see problem 4 in the Exercises)
and the composition method is exact

Ppt,Hi+Ho, = Par,H, © Pat Hy = Pat Hy © Pat,H,-

4.2.1 Separable Hamiltonian systems

The splitting described earlier for the special case of the oscillator is applicable
to any separable Hamiltonian of the form

H(q.p) =T(p) +V(q).



4.2 CONSTRUCTION OF SYMPLECTIC METHODS 79

As we have seen in earlier chapters, such systems are ubiquitous in chemical and
physical modeling, being the standard form for N-body simulations with a flat
(i.e. Euclidean) kinetic energy metric.

As before, the form of the energy function suggests a natural splitting into
kinetic energy

Hi(p) =T (p).
and potential energy
Ha(q) :==V(q).
The differential equations corresponding to H» can be written
d
Eq = 0,
d
—p=-V,V(q).
dtp Vq (q)

These equations are completely integrable, since q is constant along solutions
and p therefore varies linearly with time. The flow map is

q
[0 p) = :
’T,V(q p) _p—TVqV(Q)_
Similarly, we can derive the flow map for the kinetic term (H;)
g+ 7V,T(p)]
d)‘r,T(q: p) = a9 pp (p) .

Now consider the composition of these two maps for 7 = At,
Upt == ®Ppr 7o Ppty.

Applying this map to a point of phase space (g"”, p”), we first compute a point
(4. p)
n

:q ,
p=p"—AtV,V(q").

Q|

Next, apply @a¢ 1 to this point, i.e.

g™t =g+ AtV,T(p),
These equations can be simplified by the elimination of the intermediate values,
to yield

qn+1 — qn + AthT(p”H),
p"tt =p" — AtV,V(q").
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This is evidently the Euler-B method introduced in the previous section specialized
to the case of a mechanical Hamiltonian. While the Euler-B method is normally
implicit, it becomes explicit when applied to this special class of Hamiltonians
due to the separation of variable dependencies.

By reversing the order in which the two maps are applied, we obtain another
composition method, @y © @ar 7, which reduces after a similar calculation to
the Euler-A method.

An interesting point that should be mentioned is that not all symplectic maps
are given by a splitting. For the general Hamiltonian, it is clear that the Euler-A
and Euler-B methods are not obtained from any splitting. It is only for the special
case of a separable Hamiltonian that these methods can be viewed in this special
way.

4.2.2 A second-order splitting method

Higher-order splitting methods are also easily constructed. We will take up this
theme in more detail in Chapter 6. For now, as an illustration, consider again the
mechanical Hamiltonian and the splitting

H = Hi + Hz + Hs,
with

H=2V@a),  H=Tk),  H=,V(a)
The associated composition method is equivalent to

Unat = Ppejov 0 Par, T o Patyo v

After simplification, it becomes clear that this integrator is nothing other than
the second-order Stormer—Verlet method (2.16)—(2.18) of Chapter 2 written in
terms of the canonical coordinates

1
p"tI2 = p" — SAtV4V(a"), (4.14)
q" = q" + AV, T(p"Y?), (4.15)
1
pn+1 — pn+1/2 _ EAtqu(qn-‘rl) (416)

Since it is a splitting method we may infer: the Stérmer—Verlet method (4.14)-
(4.16) is canonically symplectic.

Just as the implicit midpoint method turned out to be the composition of
implicit and explicit Euler steps, notice that the Stormer—Verlet method can be
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expressed as a composition of half-steps using the Euler-A and Euler-B methods,
i.e.
Ppe1v 0 ParT o Ppr 1y = Ppp 1y 0Py 170 Ppp 170 Py 1y

=Piptv 0 PinrT °PineT ©Plnry:

4.3 Time-reversal symmetry and reversible
discretizations

An important geometric property of Newton's equations of motion is related to
the invariance of a Hamiltonian H = H(q, p) under the reflection symmetry

p'_>_pr

i.e. the Hamiltonian is an even function in the momentum p. We consider the
consequences of this property for the solution behavior of the corresponding
Hamiltonian system

d
——q =V,H(q.p),

dt

%p = —VqH(q, p).
The key fact is this: if (g(t), p(t)) is a solution then also (G(t), p(t)) := (q(—t),
—p(—1t)) is.

To prove this observe that

%ﬁ(f) = —q(—t) = =VpH(a(=1), p(—t)) = V,H(4(1). p(1)),

and
9 b(t) = (1) = ~VgH(a(~1), p(~1)) = ~VqH(a(2). p(1)).

Here we used the general fact that if h(x,y) is an even function of y, then hy
is also even in y, and hy, is odd in y, meaning that h(x, —y) = he(x,y), and
hy(x, —y) = =hy(x. y).

The invariance of the Hamiltonian with respect to p — —p evidently implies
that for every solution of the Hamiltonian system, there is another solution which
traverses the same positional curve but in the opposite direction, with a negated
momentum.

Another way of saying this is that if we evolve the solution 7 units in time
forward from a given point z° = (g°, p°), then negate the momentum, evolve
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zl = z(1;2Y)

Figure 4.2 The time-reversal symmetry in a one-degree-of-freedom system.
A point z° of the phase plane is mapped 7 units forward along the trajectory,
reflected about the line p = 0, again evolved forward in time 7 units, and,
finally, reflected again about the p-axis, arriving back at the initial point z°.

the solution 7 units further, then negate the momentum again, we end up back
at our starting point z°. A system that has this property is said to be time
reversible.

In the planar case (one-degree-of-freedom case), time reversibility implies that
the phase portrait is symmetric with respect to the line p = 0, with directionality
of trajectories reversed about this axis (Fig. 4.2).

4.3.1 Time-reversible maps

Let us develop the concept of time-reversible systems in a somewhat more general
setting. Upon introducing the matrix

S =

1y 0
0 1,

the time-reversal symmetry can be rewritten as
H(z) =H(Sz), z=(a.p)".

This property of a Hamiltonian H implies an associated transformation property
for the vector field

V. H(z) = V,H(Sz)
= STV;H(Sz2),
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z = S5z, implying
JV,H(z) = JSTV;H(Sz)
=—-SJV;H(Sz),
or, with z = f(z) = JV,H(2),
f(z) = —Sf(5z2). (4.17)

We call a differential equation with this property time reversible with respect to
the involution §.

Now solving dz/dt = —Sf(Sz) is precisely equivalent to applying the com-
bination of a coordinate transformation z — Sz with a time transformation
dt/dT = —1 to the differential equation dz/dt = f(z). In other words, applying
the symmetry and simultaneously negating time does not effect the system. The
flow map therefore satisfies

d)’r,H(z) - S‘DfT,H(SZ)-

Let [dJT,H]_l denote the inverse of the mapping @, 4. Then we know that
b y= [<l>T,H]_1 for any flow map, we therefore obtain

d"r,/-/(z) =S [(DT,H]il (SZ)
We call any invertible mapping ¥ that satisfies
U(z)=Sv1l(Sz) (4.18)

time reversible under the involution S.

4.3.2 Linear-reversible maps

Now let us discuss the case where the underlying map is a linear function. We
say that

V(z)= Pz
is time reversible if the matrix P satisfies the identity
P=5SpP!s.

Since S = S, the matrix P! is a similarity transformation of P; i.e. P and
P~1 have identical eigenvalues. Thus, as for symplectic matrices, real matrices
satisfying time-reversal symmetry have an eigenvalue X if and only if also 1/,
X, and 1/X lie in the spectrum.

1A matrix S € R is called an involution if SS = I,.
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4.3.3 Time-reversible methods by symmetric compaosition
The method W3, defined by

WZt = [wat]_l
is called the adjoint method of Wa;. In other words, given a method Wa; its
adjoint method W3, is (implicitly) defined by

7N — w_At(zn—i-l)'
and

Vi (2" = z"h

From this definition we readily obtain that the adjoint of the adjoint method
is the original method, i.e. W, = [W3,]*. It is also readily verified that the local
error of Wa; and its adjoint method are of the same order with respect to the
stepsize At. A method Wy, is called symmetric if W, = Wy,, i.e., W_p; = W&tl.

As an illustration, the explicit Euler method

z"™ = 2" 4 AtIV,H(Z"),
is not symmetric. The inverse [ll/At]*1 is obtained by exchanging z” and z"*1,
i.e.

2" = 2" L AtV H(ZTTY).

Upon replacing At by —At and rearranging terms, we get the implicit Euler
method

Z"™ = 2" 4 AtV H(ZTY).

Thus the implicit Euler method is the adjoint of the explicit Euler method and
vice versa. The symplectic Euler-B method

gt = q" + Atva(qn,pnﬂ),
ptl = pn AtV H(g", p"t1y

is also not symmetric. Its adjoint is the symplectic Euler-A method
gt = q" + Atva(an,pn),
ptlt = p — Atqu(qnﬂy p").

Knowing a numerical method Wx; and its adjoint method, a symmetric method
Wa: is immediately available through the following concatenation (composition)
of the two methods

u/}At = Wzt/z o wAt/Q'
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Let us verify this statement
Wope =W p 00V neo
= (W] o W]
= [ Wi/ 0 Waeya) o
=[] .

Take the implicit Euler method as Wa;. Then lﬁAt is the concatenation of the
implicit with the explicit Euler method, i.e.

Zn+1/2 — 7"+ EJVZH(ZIH-I/Z),
2
Z"Hl = g2 EJVZH(Z”H/Q)
5 ,

which, since

ZI'I +Zn+1

2
is equivalent to the implicit midpoint method. Choosing Wa; to be the map
corresponding to the explicit Euler method, we obtain the trapezoidal rule for
Why.

Similarly, concatenation of half steps with the Euler-B method with the
Euler-A method yields the series of steps

zn+l/2 —

1
qn+1/2 _ qn + EAtva(qn, pn+1/2),
nt1/2 _ oo L n pn+1/2
p = p" — SAtVgH(a" p"t?),
qn+1 — qn+l/2 + }Atvpl_/(qn—l—l pn+1/2)
5 ' '
pmtl = pn %Atqu(q”H, pn+1/2).

After elimination of redundancy, we arrive at the generalized Stormer—Verlet/leapfrog
method

1
qn+1 =q" + §At(V,,H(q”, pn+1/2) 4+ Vp/_/(qn-l—l’ pn+1/2)),

1
pn+1/2 _ pn - EAthH(q”, pn+1/2),

1
pn+1 —p"— EAtqu(an’ pn+1/2)_
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This is an implicit second-order symplectic method which specializes to the
Stormer—Verlet method in the case of N-body systems.

It is worthwhile to note that, in both of the above examples, the concatenation
of non-symmetric first-order methods yields a symmetric method of second order.
More generally, one can prove the following:

Theorem 1 The order of a symmetric method is necessarily even. O

Proof. Suppose by way of contradiction that the order of a given symmetric
method is odd, so that the leading-order term in the local error expansion is
even. We have

WAt(Z) = d)At(Z) + C2k(z)At2k + O(At2k+l),
and
V_ne(2) = @_pe(2) + Cok(2) At + O(AEPFH),

Because of Wa¢(z) = z 4+ O(At) and a similar property of @,;, the above two
expansions immediately lead to

D_proWas (2) = 2+ Cox(2) MK + O(ALPFH, (4.19)
and
WU_pr0®p; (2) = z + Cor(2) At?F + O(ALPFT).
We can easily show the following: a smooth map F defined by
F(z) =z+¢€G(2)
is invertible for sufficiently small ¢, and
FY(z2) =z—€G(z) + O(?).
Applying this with F = W_p; o ®p, G(2) = Cox(2) and € = At?K, we find
O oW} (2) =z — Co(2) At + O(AL?<TY).

On the other hand, since @x; is self-adjoint and we have assumed the same
property for Wa;, it follows that

D_proWp; (2) = z — Cor(2)At?F + O(ALPFF).

Comparing this formula with (4.19) we conclude that C»x = 0, contradicting our
assumption that the leading term in the local error was of even order. O
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Given a time-reversible Hamiltonian system or a general differential equation

d
dt

satisfying (4.17), then a numerical method is called time reversible if

—z="f(2),

Wai(2") = SW(S2").

This definition is in accordance with (4.18). Provided the numerical method is
symmetric this definition is equivalent to

Uat(2") = SW_p(52").

However this equality is satisfied by all numerical methods we have encountered
so far when applied to a differential equation satisfying (4.17). Hence we can
conclude that symmetric methods are time-reversible. See problem 11 in the
Exercises.

4.4 First integrals

First integrals play an important role in Hamiltonian mechanics [149, 124]. We
have already seen several instances of first integrals in Chapter 3 and noted
that first integrals lead essentially to a reduction in the number of degrees of
freedom. Can this property be reproduced by a numerical method? The answer
is no in general if one looks at the class of symplectic integration methods.
However, there are a number of important exceptions and we will discuss the
most important ones in the following two subsections.

4.4.1 Preservation of first integrals by splitting methods

Splitting methods can sometimes be shown to exactly conserve certain first inte-
grals. We begin by considering the important example of an N-body system with
pairwise distance-dependent interactions

Z pi

Such a system is in the form H(q, p) = T (p)+V(q), hence the splitting technique
discussed in Section 4.2.1 is directly applicable. In particular the Stormer—Verlet
method provides an elementary time-reversible and symplectic discretization for
this problem.

On the other hand, as shown in Chapter 3, (4.20) has other properties and it
is interesting to ask if these are also conserved under discretization. Specifically,

2
”+Zz%m,w. (4.20)

=1 j=i+1
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both the total linear momentum pior = Zszl p; and the total angular momentum
Mot = Zszl g; x p; are conserved by the flow. Let p{,; and m{,; represent the
discrete forms of the linear and angular momenta; it is desirable that these be
preserved under iteration, i.e. that

n+l __ .n n+1 __ n
Piot. = Prot:  Miny = Mgy

To examine these directly, we can begin by writing out the discrete equations for
each particle

1 1/2
an+1 = an + Fjpj'.7+ / , (4.21)
ol (
pjn+1/2 RS PRa/AE T 'J (af —a), (4.22)
i#j ’f
" (,0 ( n+1
Pjn+1 = pJI'H_ / + Z Un#(anle B q/‘n+1)' (4'23)
i#j ij

Now the angular momentum can be computed directly as follows

N
mtnngl _ Z q. +1 pjn+1
j=1
N 12 (,0 ( n+1
1 n+ iy 1 1
=> a7t < (Y (T - aT)
j=1 f;éj Fij
N 1/2
=2 a g +qu x (a7 - arh),
j=1 i#)
where we have written
- "pu( n+1
Tij = n+1
Fij
Continuing
N 1/2
+
D ST AED O WL
Jj=1 J=1i#j
N 1/2
_ qu % pJn-‘r / +ZZT n+1 X an+1 _ qJn+ > qln+1)
Jj=1 J=1i#j
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Note that the second term on the right-hand side can be broken down into a sum
of pairs of terms (i < j)

7@ % @+ Tt x g
It is easy to see that 7;; = 7j;, since these coefficients depend only on the
distances between particles, thus, taking into account the antisymmetry of the
cross product, we must have

n+1 n+1 n+1 n+1 __
Tijq" " X g+ Tjiq " x g/ =0,

and

n+l _ n+1 n+1/2
mige = _a " xp

1 1/2 1/2
migt =) + —p ) Y
J

N

Upon substituting (4.22) into (4.24), a line of argumentation analogous to that
we have used above leads to

An even easier argument establishes the conservation of total linear momentum.

More generally, consider a splitting method with H = Hy + Ho + ... + Hyg,
and suppose that a given first integral F is also a first integral for each of the
Hamiltonians H;, i.e.

{F.H}=0  i=1,... k

In this case, a numerical method constructed based on a concatenation of the
flows of each of the Hamiltonians H; will also automatically preserve F. Thus
we might as well have shown the conservation of angular momentum above by
showing that the Poisson brackets of each component of mo: with T and with
V all vanish.
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Example 1 Let us consider the Kepler problem in R® with Hamiltonian

1 1
H==-p-p—+—.
2 lall
A splitting method based on the splitting into kinetic and potential energy will certainly
preserve linear and angular momentum. As a result the numerical solution will stay in
a plane as determined by the initial data. However the numerically computed positions
will not stay on a closed orbit. This is because the Runge—Lenz vector

e=pxm-— a4
lall
is a first integral of H but not of T and V individually. O

4.4.2 Implicit midpoint preserves quadratic first integrals

There are other instances of exact conservation of first integrals under symplectic
discretization. For example, the implicit midpoint method exactly preserves any
quadratic first integral of the form
zTAz
2
where A is a symmetric matrix. Let us prove this for an arbitrary differential
equation

F= +b'z

d
2= f(z)
that satisfies
d
—F=(Az+b)" f(z)=0.
dt
The implicit midpoint method yields
ZH+1/2 _ Zn+1 + z"

Ml — 0 + Atf(zn+l/2), 5

(4.25)

and we have to show that

\T 1 T
(") Az )2A2n+ + b7 2 = LH)QAZH +b72".

We multiply the first equation in (4.25) by (Az"*1/2 + b)T from the left. We
obtain

(Azn+1/2 n b)TZn+1 _ (Azn+1/2 i b)Tz” LA (Azn+1/2 n b)T p (Zn+1/2)

= (AZ”+1/2 + b)T z",
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and the desired result follows since
% (Azn)T Zn-‘rl — % (AZ’H_I)TZH.
This implies, for example, that the implicit midpoint method exactly conserves
linear and angular momentum and the total energy of a linear Hamiltonian system.
Similarly, one can show that the symplectic Euler methods and the generalized
leapfrog method preserve any first integral of the form

F=q Ap+ b’z

(See problem 9 in the Exercises.)

4.5 Case studies

The splitting technique is a remarkably versatile tool for designing symplectic
methods. It will be encountered frequently in the later chapters of this book. In
the remainder of this chapter, we give several detailed examples of how splitting
methods can be easily constructed for some special applications.

4.5.1 Application to N-body systems: a molecular dynamics
model problem

We apply the Stormer—Verlet integrator to simulate a simplified molecular system
consisting of N equal mass particles interacting pairwise via a Lennard—Jones
potential ¢ j(r) = € [(F/r)2 — 2(7/r)®]. We chose € = 0.4 and 7 = 1. In this
experiment we study the natural rearrangement of the particles over time.

In our numerical simulation we took N = 400 and placed all particles on
to a regular cartesian lattice at the points (i,/) € R?, i,j = 0,1,...,19. Next
we perturbed each of the particles from the exact lattice positions by a small
uniformly distributed random offset (magnitude no more than 0.01) so that the
resulting particle positions were near — but not exactly at — the lattice sites. We
then simulated the system using the Stormer—Verlet method. If the cartesian
lattice were a stable equilibrium structure for the Lennard—Jones system, we
would expect the particles to oscillate (chaotically) within small domains near the
lattice sites, but the cartesian lattice is not stable: the system instead rearranges
itself into a more favorable configuration which is near to a triangular lattice.
This behavior is illustrated in Fig. 4.3, where snapshots of the dynamics of a
system of 400 particles at various times are shown.

At this energy level, the particles are mostly held together by the attractive
effect of the Lennard—Jones potential, although it is possible for particles to be
ejected occasionally from the larger cluster. The triangular lattice is the local
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Figure 4.3 Snapshots of the dynamics of a 400 atom planar Lennard—Jones
system at various times between t = 0 and t = 160.

structure that minimizes the energy. The evolving cluster of particles tends to
spend a substantially greater proportion of time in the vicinity of this type of
lattice configuration. One typically observes that the evolution is not entirely
uniform: particles arrange themselves into ordered regions (sometimes referred
to as domains) surrounded by so-called lines of dislocation or grain boundaries.
The shape of each domain and of the entire system is irregular and may continue
to evolve with time, but the lattice structure will generally remain.

The structure of the lattice can be characterized by means of a so-called
order parameter. We define the order parameter as follows. For each particle, we
first define the neighbor set Z; by

Ii={#i: g —ql <A}

typically fixing A at a small multiple of the displacement 7 used in the definition
of the Lennard—Jones potential, say A = 1.37. For each pair of particles in the
neighbor set, with indices j and k, say, we define the angle ) with vertex at g;
and sides defined by u = q; — q; and v = qx — q;. The so-called Cp,, m > 1,
order parameter is defined in terms of these angles by

N
m =Y > cos(mbj).

i=1j,keZ;

The order parameter ug is maximized when the atoms are at the vertices of a
hexagonal lattice. If we graph these order parameters against time we see the
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curves shown in Fig. 4.4. Observe that, following a relaxation phase, there is
transition in both order parameters, illustrating the transition from rectangular
to hexagonal lattice configurations.

At these energies, the defects are generally not stable structures; instead they
can be observed to evolve very slowly with time, eventually disappearing from the
lattice. After 16000 steps we have arrived at very near a hexagonal lattice. The
elimination of the final defects is typically associated to ejection of a particle, as
we see in the final frame of Fig. 4.3. The ug order parameter (Fig. 4.4) continues
to rise until about t = 200, where it stabilizes around us = 4000.

T T T T T T T T T
4000
2000
0
_2000 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
time

Figure 4.4 Long-term evolution of parameters u4 and pg for the 400-atom
Lennard—Jones system.

It is now natural to ask what meaning can be assigned to the simulation
results. We will take up this issue in greater detail in Chapter 5. For now, we
employ a crude measure of the accuracy of the simulation, the energy, which we
have plotted against time in Fig. 4.5 for a relatively long simulation of 100000
timesteps (i.e. to t = 1000). Despite the presence of a large number of degrees
of freedom and a complicated (chaotic) motion, the energy fluctuates within a
narrow band around the true value.
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time

Figure 4.5 Energy vs. time for the 400-atom planar Lennard—Jones system
solved on the time interval [0, 1000].
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Whereas for the Lennard—Jones oscillator (Fig. 4.1) the behavior might be
explained as a consequence of the numerical method inheriting periodic solutions
(a desirable property, no doubt, but one that might be restricted to very low-
dimensional systems), the results here seem to indicate a more generic stability
property.

The challenges evident in this planar molecular model become much more
acute when we turn to three-dimensional problems, where the local minima pro-
liferate. For such applications, integrators exhibiting good long-term stability are
very important indeed.

4.5.2 Particle in a magnetic field

We next present a method to simulate the motion of a particle moving in a mag-
netic field. This scheme demonstrates the versatility of the splitting formalism.
As discussed in Chapter 3, a classical particle of mass m moving in a potential
field V and subject to a constant magnetic field b = (b1, by, bg)T can be modeled
as a Hamiltonian system with

_ 1 2
H = %HPH +V(q),

and symplectic structure matrix

0 —bs b
J= [_OI E’ where b= bs 0 —by
—by by 0

A splitting method can be based on the same splitting which gave the Euler-B
method in the last section. The only difference lies in the modification of the
structure matrix to incorporate the magnetic field.
Consider first the potential term H, = V/(q). Upon writing out the differential
equations z = JV H>(z) in terms of g and p we find
d

970

d
Ep - _qu(Q),

which has the solution after one timestep § = q", p = p" — AtV4V(q"). On the
other hand, the differential equations for the kinetic term Hy = ||p||?/2m are

d

_ 4.2
g;9=Pp/m, (4.26)
d 1 1.
P = bxp=—bp (4.27)
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This is a linear system and hence is integrable. In fact, the second equation can
be written

0 —W3 wo
d
d—P =02p=| ws 0 —Wwi | P,
t
—W> w1 0

2 := b/m, which has solution p(t) = exp (£2t) p(0). This exponential can be
explicitly computed using “Rodrigues’ Formula”

sin(wt) sin(wt/2) 292
=]

exp(.Qt):I—FT.Q—i-Z[

where w = y/w? 4+ w3 + w3. The solution for g is then obtained by integration,
le.

mw—mm+%41mm@mmm

1-— cos(wt)_Q sin(wt) — wt
o 3

= q(0) +% {tl + 3 22| p(0)

= 4(0) + —F(t)p(0),

where the last equation is to be understood as the defining equation for the 3 x 3

matrix F(t).
As in the canonical case, the symmetric “leapfrog splitting” method
lI/At = d)%At,V e} d)At,T o d)%At,V (428)

again yields a second-order method. The idea of using a splitting in this way to
propagate a particle in a magnetic field was suggested to one of us by J.C. SCOVEL,
therefore we feel that it is appropriate to name the scheme accordingly.

SCOVEL'S METHOD

At
p"tE = p" = VeV (q"), (4.29)
1
qn+1 =q"+ EF(At)pn+1/2' (4_30)

At

pn+1 — exp(AtQ)p”+l/2 _ >

VoV(g™). (4.31)
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Numerical experiment

Let us compare with numerical experiments Scovel's method and the symplectic
implicit midpoint method, treating the case of a particle of mass m = 1 moving
in a magnetic field b = (0,0,1)" under the influence of an attractive Coloumb
potential V = —1/||q||.

To evaluate the quality of a numerical solution to this problem, we look to
the first integrals, namely the energy H and the magnetic momentum

w=(ax (o Lona)).

(See the Exercises in Chapter 3.)

The initial conditions we used were g = (1,1,1)" and p = (0,0,0)". In
Fig. 4.6, we plot the relative error in energy and the projection of the solution
trajectory on to the (g1, g2)-plane for Scovel's method and At = 0.1.

-3

20 x 10 ' ' ' ' )
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e | B
— le) 0t
S 5 8
o S
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-5 . . . . -2 . . .

0 20 40 60 80 100 -2 -1 0 1 2
time q, coordinate

Figure 4.6 Energy and projected trajectory using Scovel's method,
At =0.1.

While Scovel's method is explicit, the implicit midpoint method requires the
solution of a nonlinear system of equations at each timestep. For this purpose,
we use the following procedure. The nonlinear equations defining the half-step in
the implicit midpoint scheme are solved by a fixed-point iteration in (qx, px)

_ At _
Gk+1=q" + — P,

2
) At At
Pit1=p" + 717 X Pr — jqu(Qk)y

for k=0,1,2,... with p° = p". The iteration is stopped once

Gk — Gk—1lloo + [Pk — Pr-1llc < €,
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Figure 4.7 (Left) Maximum error in the energy versus stepsize for the im-
plicit midpoint rule (solid) and Scovel's method (x). (Right) Precision versus
work (number of force evaluations per unit time interval) diagram for the
implicit midpoint method (solid) and Scovel's method (x).

with € = 1072, We then set

n+1/2 =

m+1/2 = Pk,

q = qk, p

and proceed with half a timestep of the explicit Euler method. This completes
one timestep with the implicit midpoint method.
In Fig. 4.7(a), we plot the maximum relative error in energy, i.e.

_ |H(z°) — H(z")|
Emax = max ——roey

as a function of the stepsize At. We see that the implicit midpoint rule is slightly
more accurate than Scovel's method. In Fig. 4.7(b), we graph the numerical
error against the number of force evaluations per unit time interval. Scovel's
method method is the clear winner. The efficiency differences between the explicit
and implicit methods generally become more pronounced in systems with higher
dimension, or with more costly force calculations. This rule of thumb might
not apply in cases where highly accurate solutions are required and higher-order
methods need to be used.

4.5.3 Weakly coupled systems

Suppose that our Hamiltonian H can be written as a sum of k decoupled terms
H; together with a coupling term Hc, i.e.

H=Hi+Ho+ ...+ He+ Hc, (4.32)
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and
{Hi, Hj} =0, (4.33)

forall/,j=1,..., k. The condition (4.33) implies that the flow map associated
with the Hamiltonian

H=Hy + Ho+ -+ Hyg
satisfies

P, =@t oPrp,0 0Py,

t

If, in addition, all the Hamiltonians H; and H. are explicitly integrable, then we
can easily obtain a splitting method from the composition of the flow maps d’t,F/
and @; p_.

As an illustration, consider the gravitational model for a pair of planets
orbiting a star. In the star-centered frame, the Hamiltonian is

1

1
H = 2 2
—2m1||P1|| +—2m2||P2||

Gmimg Gmamg Gmims
gl llazl| g1 — a2’

where G is the universal gravitational constant, and my, mp, and mg represent
the masses of the two planets and the star, respectively. We divide H into three
parts

1 Gmimeg
Hi= —|pil? — .
2y P g
1 Gmomeg
Hy = =—|p2|” — ———.
2m P21~ Ty
and
Gmim
He—— 2172
g — gl

A second-order splitting method is then given by
Var = ®ips g, © PatHitHy © Popg py,-

The Hamiltonians Hy and H> describe completely decoupled Kepler problems,
hence they can be solved in principle. The coupling term H. depends only on
position variables, so it, too, can be integrated exactly. A method of this type
was used to advantage by Wisbom AND HOLMAN [203] in a celebrated study of
the long-term dynamics of the Solar System.
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There are some subtleties here: while Kepler problems are exactly solvable
using the available integrals, not all methods are suitable for use in a timestepping
setting, where many such computations may be needed. Another aspect that will
govern the overall efficiency of the method is the extent to which the perturbation
due to the coupling term Hi» can be viewed as small compared with the Kepler
terms. If the coupling is strong, we can expect large errors to crop up at each
step of computation. More discussion of gravitational N-body problems will be
found in Chapter 9.

4.5.4 Linear/nonlinear splitting

There are many phenomena which are described, in zeroth-order approximation,
by a quadratic Hamiltonian. For example, we might have

1+ 1
H=5p"M~p+2a"Kq+eHn(a.p),

where € can be viewed as a small perturbation parameter. For these problems
it is often useful to employ a splitting technique in which the quadratic part is
evolved separately from Hy.

In most cases, Hy may be regarded as position dependent only and, hence,
is integrable. If Hy is not exactly integrable, an alternate symplectic method can
often be used for its evolution. An example for linear/nonlinear splitting is given
by the Fermi—Pasta—Ulam problem (see problem 5 in the Exercises) [60, 192].
Some discussion of linear/nonlinear splittings in the context of Hamiltonian partial
differential equations may be found in [129].

4.6 Exercises

1. Canonical methods. Show that the Euler-A method is canonical.

2. Composition of symplectic maps. Show that the composition of two sym-
plectic maps ¥y, ¥, yields a symplectic map.

3. Kepler problem. Discretize the planar Kepler problem with Hamiltonian

1 1
H(g.p)=-p"p— .
2 lall
and initial conditions ¢ = (1,0)” and p = (0,1)", by the explicit Stormer—
Verlet method and the implicit midpoint rule. Use functional iteration to
solve the nonlinear equations resulting from the implicit midpoint rule (see
Section 4.5.2). Compare the two methods based on the conservation of
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energy versus stepsize and the number of force field evalations per timestep.
Take the stepsize At from the interval [0.01,0.0001] and integrate over a
time interval [0, 10].

4. Commuting flow maps. Show that if the Poisson bracket of two functions F
and G, {F, G}, vanishes identically, then the corresponding flow maps @, ¢
and @, ; satisfy

$pobrrobrc—podrcodrr=0(T),

for any smooth function ¢ : R?¢ — R. (This result is a first step to show
that the two flow maps commute if and only if {F, G} = 0; see Chapter 5.)
Hint: differentiate the given formula with respect to 7 and make use of the
Poisson bracket notation.

5. Fermi—Pasta—Ulam problem. The “Fermi—Pasta—Ulam problem” [60, 192]
has Hamiltonian

ZPNF Zf+ ZU ri=di+1—dqi, qo=qn =0,
i=1

where k is the linear elastic constant (Hooke's spring), A is a small parameter,
and s is a small positive integer (usually s = 3 or s = 4). Choosing m =k =
1, N=32,5s=3,and A = 1/4,

Implement the Euler-B method for this problem.

b. Design and implement a first-order “linear/nonlinear” splitting method
for this problem.

c. Apply each of the two methods with the following initial condition

2N\Y2 m
qi = <N) sin N pi =0,

r=1,..., N—1, over a time interval of 200 periods of length T = 27 /w,
w = 2sin(w/(2N)) [192]. Monitor the total energy H and the harmonic
energy

N—-1

1 N—
Eharmonic = _ITI Z Z

Compare the methods in terms of accuracy and efficiency. For further
comparison, also implement the fourth-order explicit Runge—Kutta method
of Section 2.4. Changing the value of A, what behavior in Enarmonic do
you observe for larger and smaller values of \7

l\3|3
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6. Discretized Schrédinger equation. Differential equations involving complex
variables arise in quantum mechanics following discretization in the spatial
variables. In a simplified case such systems would take the form of a linear
system

Z=—iHz, (4.34)

where the dimension of the complex vector z € C¥ is typically very large, and
H is a real symmetric matrix. This can be viewed as a canonical Hamiltonian
system over a symplectic structure on C9. We introduce the complex-valued
Hermitian inner product

d
(u,v)c = Z aivj,
i=1

where w denotes the complex conjugate of a complex number w € C. The
symplectic two-form €2 is now defined in terms of the imaginary part of the
Hermitian inner product [124]

Q&.m=ImEmnc, &nec?
The real inner product needed to define the gradient is given by
(u,v) =Re(u, v)c.

a. Using the standard definition
H - H
(VL H(2), u) = lim HEEW) = HEZ)

e—0 £

of a gradient, show that
V,H(z) = Hz,
for the quadratic Hamiltonian
1
H(z) = §(z, Hz).

Also verify that the structure matrix associated with the symplectic two-
form Q is

J = —ily,

Q¢ n) = (& J 'n).
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b. Show that the two-norm ||z||» is a conserved quantity of the differen-
tial equation (4.34). Discretize the Schrodinger equation (4.34) by the
implicit midpoint method. Is the resulting discretization symplectic and
will it preserve the two-norm ||z||2? Note: recall that the two-norm of a
vector z = (21, 22, ..., zg)" in C? is defined by

Izl = (z. 22 = (|21 + |2 + ... + |z,

where |z;| represents the complex modulus of z;, i.e. the square root of
the sum of squares of the real and imaginary parts.

c. By separating z = x + iy into its real and imaginary parts, show that
(4.34) can be rewritten as a canonical and separable Hamiltonian system
with d degrees of freedom. If the Stormer—Verlet method is applied to
this system, is the two-norm of the solution still conserved?

Time-dependent Hamiltonian systems. A time-dependent or non-autonomous
Hamiltonian system in R29 has an energy function

H=H(q,p.t).
The differential equations associated to such a system are taken to be

q = +va(q1 pv t)v
p=-VqH(a.p.1).

The key difference between an autonomous (time-independent) and non-
autonomous system is that, in the latter case, the energy is no longer a
conserved quantity of the motion. On the other hand, it is possible to con-
struct an extended system for any non-autonomous system by identifying t
with an additional variable Q, corresponding momentum P, and Hamiltonian

H=H(q.p.Q)+ P. (4.35)

a. Write out the differential equations for the extended Hamiltonian H.

Show that if the extended system is solved with initial conditions q(tg) =

q°, p(ty) = p°, Q(tg) = ty, P(tg) = 0, then the solution obtained is the

same as that of the original Hamiltonian (H) for the initial conditions

q(to) = q° p(to) = p°. Thus a non-autonomous Hamiltonian system

is equivalent to an autonomous system with an additional degree of
freedom.
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A symplectic integrator applied to the extended Hamiltonian system can
typically be reduced to an integrator for the original system. By applying
Euler-B to (4.35) and simplifying the resulting equations, show that, in
terms of the original variables, the method is equivalent to

qn+1 — qn 4 AthH(q”, pn—O—l' tn)y
pn+1 — pn _ AtV,,H(q”, pn—&-ly tn)-

Find the appropriate generalization of the Stérmer—Verlet method to
non-autonomous Hamiltonian systems of the form H(q,p) = T(p) +

V(gq,t).

(Refers to problem 6.) In many applications arising in quantum mechan-
ics, the matrix H in (4.34) must be regarded as time dependent. Often,
the system takes the form

where Hy is independent of t and easily diagonalized (i.e. has eigenvalues
that can easily be computed), while Hy(t) is very sparse (has many
zero elements) or is possibly diagonal, and € > 0 is a small coupling
parameter. Based on this additive decomposition, and an extension of
the Hamiltonian as outlined above, develop an appropriate symplectic
splitting method for the non-autonomous, Hamiltonian system (4.34).

8. General reversing symmetry and magnetic fields. Recall that a general differ-
ential equation dz/dt = f(z) is reversible with respect to an involution S
if —f(z) = Sf(Sz).

a.

With this definition, show that the equations of motion for a particle
in a constant magnetic field are not time reversible with respect to the
involution p — —p.

Consider an augmented system obtained by treating the constant vector
b as a variable of the system

d
EQ—P/m:

d
at?
d
—b=0.
dt

Show that this system is time reversible with respect to the involution

defined by p — —p, b — —b.

1
— —VV(@)+ - bxp,
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c. Consider the implication of part (b) for the flow map of the system.
What property should a method have to be considered time reversible
for the magnetic field problem? In what sense is Scovel’'s method a time-
reversible scheme?

Preservation of first integrals. Show for any of the two symplectic Euler
methods that first integrals of the general form

F= qTAp

are exactly preserved. What can you conclude for the generalized leapfrog
method?

Canonical Hamiltonian with a magnetic field. The equations of motion for a
particle in a constant magnetic field can be recast in an alternative, canon-
ical Hamiltonian form. For a constant magnetic field b, this was discussed
in Chapter 3. Here we generalize the canonical approach to nonconstant
magnetic fields b(q), g € RS.

a. We assume that

3

5]

—~ bi(q) =0.
;6@- i(a)

Hence, one can introduce a (non-unique) vector potential A such that
V4 x A(q) = b(q). For a constant vector b, what is A(q)?

b. Write out the differential equations for the canonical Hamiltonian

T

lal

and compare with (3.32)—(3.33) of Chapter 3.

c. Devise symplectic methods for the canonical equations of motion. Dis-
cuss their respective advantages and disadvantages.

1
He(p.a) = 5 —llp + A(q)l? -

Time-reversible methods. Show that the generalized Stormer—Verlet method
and the implicit midpoint rule are both time reversible when applied to a
time-reversible Hamiltonian system. Use the symmetry property of the two
methods and show that

Wae(2") = SW_ne(S2").

On the contrary, both symplectic Euler methods also satisfy the above identity
but, since they are not symmetric, they are not time reversible. Verify this
statement for the symplectic Euler-B method.
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The modified equations

We have seen in the previous chapter that integrators preserving symplectic struc-
ture and/or first integrals can often be constructed in a straightforward way. In
this chapter, we consider the properties of those methods and the implications
for long-term simulations.

The traditional approach of numerical analysis generally assumes that the pur-
pose of simulation is the faithful reproduction of a particular solution or trajectory,
but individual trajectories typically are not of primary interest in most modern,
scientific research;! rather, the scientist typically treats the trajectory as a partic-
ular realization of a fundamentally stochastic evolution modelling in some way the
myriad undetermined perturbations present in a “real-world” environment. It was
the important discovery of LORENZ [119] that differential equations can exhibit
a chaotic solution behavior that includes an essentially stochastic or “random”
component. The scientist views the model being analyzed as representative of a
class of nearby models based on parameters which are typically only empirically
(and approximately) determined. Furthermore, exact initial conditions are also
typically not available. Some classical examples of such a scenario are molecular
dynamics and numerical weather prediction.

It is now apparent that most modern large-scale simulations are conducted
with timesteps and time intervals such that the numerical solution cannot be
thought of as close to any particular model solution. The purpose of wedding the
development of integrators to the standard axiomatic principle of timestepping —
that one is attempting to approximate a particular trajectory — is thus called
into question. Although high accuracy often is not needed in nonlinear dynamics
computations, we must recognize certain important constraints imposed by the
laws of nature. For example, there is widespread agreement that a conservative
system should be sampled on or near the surface of constant energy, although
it should be evident by now that this alone is not enough of a restriction (any

There are some exceptions, for example, the determination of satellite orbits, where highly
accurate trajectories are sometimes needed, but these situations are relatively rare in the ex-
perience of the authors.

105
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arbitrary sequence of random data points in the phase space could be easily
projected to the energy surface, but would not be expected to provide a reason-
able approximation of a trajectory). The presence of first integrals such as energy
and weaker adiabatic invariants (which exhibit only a mild variation over long time
intervals) can provide helpful criteria for assessing the validity of a simulation,
even in a nonlinear setting.

In this chapter, we begin our investigation of the implications of geometric
properties for the behavior of a numerical method. The cornerstone of this theory
is the principle of backward error analysis. In the context of numerical linear
algebra, backward error analysis was promulgated by WILKINSON [202] and others
and has been used as a means of evaluating the propagation of rounding errors in
various matrix algorithms. Let us illustrate with the problem of solving a system
of N linear equations in NN unknowns

Ax = b,

where the N x N nonsingular matrix A and right-hand side vector b € RV are
known, and a vector x € RV is to be computed by the standard technique of
Gaussian elimination, i.e. reduction of the matrix A to an upper triangle matrix via
successive elementary row operations (replacing a row of the matrix by the sum of
the row and a scalar multiple of another), and corresponding modification of the
right-hand side. At each stage of the calculation in finite precision, rounding errors
are introduced. These rounding errors are compounded by successive operations,
and this may result in a serious growth in error. In a forward error analysis, the
potential magnitude of this error growth is evaluated, resulting in a bound for
the total error as a function of the dimension of the system and the magnitude
of the rounding errors introduced at each step.

For Gaussian elimination, it has been found that an alternative backward er-
ror analysis is far more meaningful. The philosophy of backward error is based
on recognition that the problem being solved is, itself, typically only an approx-
imation to the actual problem of interest, since the elements of the matrix A
and vector b are, themselves, generally subject to small errors of measurement,
prior computation, and/or finite representation. It can be shown that the solution
obtained by a numerical finite-precision arithmetic implementation of Gaussian
elimination is the exact solution of a nearby linear system, i.e. the approximate
solution X obtained by the numerical scheme satisfies a perturbed linear system
of the form

(A+ DA)K = b+ Ab, (5.1)

where the magnitudes of the matrix AA and vector Ab can be bounded by the
product of a constant, the growth factor, and the magnitude of the rounding
errors.
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It is this idea which we will now develop for the purposes of understanding
geometric integrators. In this analogy, the linear system is replaced by a sys-
tem of differential equations satisfying some geometric properties (for example,
Hamiltonian, symplecticness, integral preserving). Truncation errors introduced
by the integrator play the same role as rounding errors do in the linear algebra con-
text. It is shown that, in a practical sense, the numerical solution obtained from
an appropriate geometric integrator is the exact solution to a perturbed system of
differential equations satisfying the same geometric property (or properties). The
existence of such a backward error interpretation has direct implications for the
qualitative behavior of the numerical solution and, ultimately, in the effectiveness
of the method compared with others.

5.1 Forward v. backward error analysis

The discretization of a sufficiently smooth differential equation,

%z = f(z), (5.2)

by a one-step method
z" = (2"), the1 = t, + At,
of order p > 1 implies that there exists a constant M > 0 such that
|Wat(2) — Parr(2) || < MAPH, (5.3)

for all z in an appropriate subset of phase space R¥ and for all At sufficiently
small. Here @ ¢ denotes the exact time-At-flow of the vector field f. As al-
ready mentioned in Section 2.1.2, the difference between the exact solution z(t,)
and the numerically computed approximation z" at t = t, satisfies an upper
bound

[12(tn) = 2"|| < K (et = 1) A,

L > 0 the Lipschitz constant of f and K > 0 a constant independent of t, and
At. It is obvious that this estimate becomes useless whenever t,L > 1 unless
a very small timestep At is taken. This requirement is certainly not satisfied in
simulations of large nonlinear systems where low-order methods are typically used
to integrate to very long times t,.

Backward error (or modified equations) analysis in the context of (partial) dif-
ferential equations can be traced back to the work of WARMING AND HYETT [199].
The idea is simple: we derive a modified differential equation (the modified
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differential equation depends on the stepsize At)

d -
2= f(z; At), (5.4)

and choose the modified vector field f(At) : R — R¥ such that the numerical
method Wa¢ is a more accurate solution to this modified problem.

Let us demonstrate the basic idea by going through a simple example. Assume
we discretize the differential equation (5.2) by the explicit Euler method

z™ = 2" 4 Atf(2"). (5.5)

This approximation has to be compared with the flow map @; ¢ at t = At. The
first two terms in the Taylor series expansion of @:—a: ¢ are given by

Z(tpy1) = Parr(2")
n n Atz /(N n 3
=Zz"+ Atf(z )+7f(z ) (2") + O(At),

where f’(z) denotes the Jacobian of f at z. Taking the difference of Wa.(z")
and @ ¢(2"), we obtain, as expected,

At?
O r(2") — Wni(2") = S-F(2")F(2") + O(AF).
Let us now consider the modified differential equation
d = At
Pt fi(z; At) == f(z) — 7f’(z)f(z), (5.6)

with associated flow map P, At t = At, we obtain (neglecting terms of order
At3 and higher)

q)At’fl(z”) =~

- 2 . -
Z"+ th(Z2"; At) + Efl’(z”; At (2, At)]
t=At
At

2
~ 2"+ At [f(z") - 7f’(z”)f(z”)} + Ath’(z”)f(z”).

Thus
Dy, 7 (27) = 2"+ Atf(2") + O(AL),

and comparison with (5.5) shows that the Euler method is a second-order dis-
cretization of the modified differential equation (5.6). This procedure can be
continued. We make the ansatz

fi(z; At) = F(z) + AtdF1(z) + At?0F5(2) + ...+ At'6Fi(z),  (5.7)
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with 6f1(z) = —(1/2)f'(z)f(z). As for the modification §f1, the functions éf;,
J =2,...,1, are obtained by computing the Taylor series expansion of the flow
map (Dt'ﬁ and choosing the modified differential equation? such that

P, _p 7(2") = 2"+ AtF(2") + O(AT2),

Hence Euler's method can be viewed as a discretization of order p = i+ 1 for the
modified differential equation (5.7). If we assume for the moment that we can
increase the index / to infinity and that the limit is well defined, then we may take
f(At) ;= f_oo(At) in (5.4) and the Euler method would be the exact solution
to the modified differential equation (5.4) at t = At, i.e.

Upt(z) = @y, £(2). (5.8)

This equation is the equivalent to the backward error equation (5.1) for Gaussian
elimination.

It is important to keep in mind that backward error analysis requires that
the stepsize At is kept constant. Otherwise different modified differential equa-
tions are obtained at each integration step and the numerical method cannot be
considered as the “exact” solution of a single modified differential equation.

Let us return to general numerical one-step methods of order p > 1. Ideally,
we would like to find a modified differential equation (5.4) such that

(i) the modified vector field f(At) is close to the given vector field f, i.e.,
| f(z) — F(z; At) || = O(AtP),

p > 1 the order of the numerical method Wa;, and

(i) the numerical computed solutions can be considered as the exact solutions
of the modified vector field f(At), i.e., the equality (5.8) holds.3

Let us suppose for the moment that (i) and (ii) can indeed be achieved. We may
compare the solution behavior of the modified equation (5.4) to the solutions of
the given problem (5.2). In general, not much has been gained yet: the solutions
of these two differential equations will, in general, still diverge exponentially fast
as the time interval t, is increased. Backward error analysis becomes useful as
soon as one can show that the modified equation shares some qualitative features
with the given problem. We will come back to this point in Section 5.1.2.

2A general framework for computing modified equations for splitting methods will be given in
Section 5.4.

3The equality (5.8) can be achieved for linear problems. For general nonlinear (analytic) prob-
lems, the equality in (5.8) holds except for an exponentially small term in the stepsize At. See
Section 5.2. for more details
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5.1.1 Linear systems

In this section, we focus on linear differential equations

%z = Az, (5.9)
z € RF, A € Rk*K,

While linear differential equations are certainly too special to be of practical
relevance, restriction to this class of problems allows us to satisfy condition (5.8)
exactly and to present the basic ideas of backward error analysis in a simple
context. We have already encountered the basic ingredients in Section 2.6 when
we discussed numerical methods for the harmonic oscillator using eigenvalues.
Nonlinear problems have to be treated with different techniques and we will come
back to them in Section 5.2.

The general solution of a linear equation (5.9) can be obtained in the following
manner. We make the ansatz

z(t) = Re {ve},

where v € C¥ is a complex-valued vector, A € C is a complex number, and Re (2)
denotes the real part of a complex number z. Upon substituting this trial solution
into the equation (5.9), we obtain the algebraic condition

Re {[A - Al]ver} =0,
Since this equation has to hold for all t, we have to have
[A—Xl]v =0,

and, hence, X is an eigenvalue of A and v an associated eigenvector. Denote the
set of eigenvalues of Aby A\;, i =1, ..., k, with associated eigenvectors v;, then
the general solution of (5.9) can be represented as*

z(t) = Z Re {c; vjeMt},

where ¢;, 1 =1, ..., k, are complex numbers determined by the initial condition
z(0) = zo, i.e.,

zZnp = Z Re{c, V,'}.
i

*Here we have assumed, for simplicity, that all eigenvalues are distinct from each other and the
eigenvectors form a complete basis in R,
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Example 1 Let us discuss the harmonic oscillator

d
9 q=up, (5.10)
d
9 o= ua, (5.11)

with frequency w > 0. The associated matrix

A= [% ¢

has eigenvalues \;/» = £iw and (normalized) eigenvectors

1 [—i 1 1
sl sl
The general solution can be written as
q(t) = ciRe {—ie™'} + c;Re {e ™'} = ¢y sin(wt) + ¢z cos(wt),
and
p(t) = ciRe {e“t} + ;Re {—ie ™!} = ¢; cos(wt) — ¢y sin(wt),

where ¢; = p(0) and ¢ = q(0). O

Let us return to numerical approximations of (5.9). Any one-step method dis-
cussed in Chapters 2 and 4 will lead to a discretization of type (see Section
2.6)

zn+1 — wAt(Zn) ’
= R(At)Z". (5.12)

Here ﬁ(At) is a k X k matrix depending on the stepsize At. To be able to relate
the numerical solutions z" back to the analytic solution, we write

2" = Re {uet}, tn = n- At,
and obtain the algebraic condition
[R(At) — pl| u=0

for u and

Hence, for any fixed value of At, we have to find all eigenvectors u; and eigen-
values w;, i =1,..., k, of the matrix R(At). Then the numerical approximation
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z" is given by

2" =) Re{dupl} =>_ Re{d e, (5.13)
i i
with
> 1
Ai = N Inw;,

and the complex numbers d; are determined by the initial z0 = z(0).

Example 2 The explicit Euler method, applied to (5.9), leads to

~

R(At) = I + AtA.

It is easy to verify that an eigenvector v of the matrix A is also an eigenvector of
R(At), i.e. v = u. This observation leads immediately to

wi =1+ At

where ); is an eigenvalue of A. More generally, any (non-partitioned) Runge—Kutta
(RK) method (see Section 2.4) leads to a matrix ﬁ(At) which has a set of eigenvectors
identical to that of A. Hence u is equal to a rational polynomial in A. For example,
the implicit midpoint rule leads to

14 (At2)N
K= T2

Let us apply these formulas to the harmonic oscillator (5.10)—(5.11). The explicit
Euler method vyields

1o =1 + jwAt = re:l:icTJAt'
where
tan~t(wAt)
r = m, o= @an (WAt
o : At
This expression has to be compared with eTwAt \\e see that the numerical solutions

grow in magnitude since r > 1 and that there is a shift in phase since @ < w. On the
other hand, the implicit midpoint rule leads to r = 1 and

2
@ = —tan" ! (wAt/2).

At
Hence, the numerical solutions have constant magnitude but there is still a shift in
phase, i.e., @ < w. O

We now give (5.13) a time-continuous interpretation, i.e.,

Z(t) = ZRG{C/,‘ u,-ei"t}, (5-14)
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and develop the modified equation corresponding to the scheme (5.12). For a
fixed value of At, denote the matrix of eigenvectors uj of R(At) by U(At) and the
diagonal matrix of eigenvalues u; by M(At). Then, upon dropping the stepsize
dependence of all matrices involved, the identity

R=UMU!
is obtained, which leads to the matrix
A=UAU,

where A is a diagonal matrix with its diagonal entries equal to X;. Indeed, since

~ ~1n

etA‘t:nAt _UemtAy-1 _y {eAt/\}n Ul=uU[M"U = [R] ’

we can conclude that (5.12) can be viewed as the exact solution of the modified
linear differential equation

d ~
i A(At) z (5.15)

sampled at time intervals At.

Example 3 Let us apply a general Runge—Kutta method to the harmonic oscillator
(5.10)—(5.11). We write
1o = reti@ht

with both @ and r depending on At. Then the modified differential equation is of the
form

d_ . log r(At)

JiZ= w(At)Jz + —a; %
and, hence

~ | A

A(Dt) = &(DE)J + %&t)lz

The harmonic oscillator has energy

_Wr2, o2
H=Zla"+r].

If we evaluate the energy along solutions of the modified equations, then we obtain

d 2log r(At)
—H=—""——"H
dt At
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Hence a RK method conserves energy if and only if r(At) = 1. This is the case
for all Gauss—Legendre RK methods, which also happen to be symplectic. In fact, a
Gauss—Legendre RK method, applied to the harmonic oscillator (5.10)—(5.11), can
be thought of as the exact solution to a modified harmonic oscillator (Hamiltonian
system) with modified Hamiltonian

a(At)

,‘:/:
2

[a® +p?].

i.e. a harmonic oscillator with frequency @(At). O

This last example showed that the modified equation (5.15) may inherit the
Hamiltonian structure of the given equations of motion provided a proper dis-
cretization is used. In particular, for the harmonic oscillator, the symplectic
Gauss—Legendre RK methods conserve energy exactly and can be viewed as ex-
act solutions to a “modified” harmonic oscillator. In the following section we
will explore the relation of symplectic methods and conservation of energy in the
context of general nonlinear Hamiltonian systems before presenting more detailed
results in Section 5.2.

5.1.2 The nearby Hamiltonian

Let us suppose that (5.2) is a Hamiltonian differential equation, then it would be
desirable that the modified vector field f(At) is also Hamiltonian with modified
Hamiltonian function H(At). As we will discuss in more detail in Section 5.2,
symplectic integration methods indeed give rise to modified differential equations

that are Hamiltonian. In particular:

(i) the modified Hamiltonian H(At) is close to the originally given Hamiltonian
H, ie.

| H(z; At) — H(z) | = O(AtP),
p > 1 the order of the method, and
(it)
f(z;At) = JV,H(z; At).

The connection between symplectic integration methods and Hamiltonian mod-
ified equations has, for example, been explored in the work of AUERBACH AND
FRIEDMAN [12], FENG [59], SANZ-SERNA [171], and YOSHIDA [206]. A more system-
atic treatment has, for example, been given by HAIRER [77], REICH [153], BENETTIN
AND GIORGILLI [16], TANG [191], and CALvO, MURUA, AND SANZ-SERNA [40].
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Thus a symplectic integrator solves a slightly perturbed Hamiltonian problem
“exactly.” If the qualitative solution behavior of the given problem is ‘“stable”
under small perturbations of the Hamiltonian, then, roughly speaking, a symplec-
tic method will reproduce this qualitative solution behavior. Examples of such
instances will be discussed in Section 5.2.3. On the other hand, non-symplectic
methods, for which the modified vector field is not Hamiltonian, will change the
qualitative solution behavior of a Hamiltonian problem in a significant way. In
terms of the dynamics at equilibria for example, a non-Hamiltonian perturbation
may change stable centers into sources or sinks.

Let us have a closer look at the explicit Euler method and the symplectic
Euler-A method (4.8)—(4.9) from Section 4.1 when applied to Hamiltonian dif-
ferential equations

d
~ag=M1
dtq p,
d

According to the general formula (5.6), the explicit Euler method gives rise to a
modified system (5.7) with the first-order modification given by

1 0 M1 M~1p
0fi(q.p) =3 [_qu(q) 0 ] l—qu(q)] '
_ 1 [MVV(g)
2 | Vag(@Mip |

This vector field is not conservative. Next we consider the symplectic Euler-A
method

q"t =q" + AtM~1p", (5.16)

p"tl=p"— AthV(q”“). (5.17)
Taylor expansion of the second equation yields

p"tt = p" — AtV V(q") — At?Vye(q")MT1p" + O(AL).

If we compare this with the Taylor series expansion of the exact time-At-flow
map, then we obtain the first-order modification

-1
0fi(q.p) = E [_Aaqq(zg’l\\;(ﬂ)p]

2
in the expansion (5.7). This term is conservative and can be written as

+V,,6H1(q. p)

0f1(a.P) = | g 5t (q. p)

1
] , with 0H; = §pTM_1VqV(q).
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Thus the symplectic Euler-A method is a second-order integrator for a modified
Hamiltonian system with Hamiltonian

At
2

T -1
- p'Mp _
Ar(an) = 222 4 v(g) + SopT MYV (a).

Example 4 Let us consider the reduced Kepler problem

d d P2 ms
= Pr, pr:ﬁ_?

dtr dt
with Hamiltonian
1 2 ms
H =pP4+— =
(rp) =3P+ 55—

Here r > 0 is the distance of the planet to the origin (“sun”) and ms is the (constant)
angular momentum of the planet. We discretize the equations of motion by the Euler-
A method and obtain

ms /2 :|

+1_ +1_
=t At py _pf_Atli(rn+1)2_(rn+l)3

To first order in At, the associated modified Hamiltonian is

~ At [mg I
At pri ) = o) + 5 |72

101

—_
o
S
T
L

103

104

absolute error in energy

10-5

10-6 2 .
10 stepsize At 10

Figure 5.1 Maximum error in the energy with respect to the Hamiltonian H (o)
and the modified Hamiltonian H;(At) (x) as a function of the stepsize At.
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In Fig. 5.1, we plot the error in energy along numerically computed trajectories
w.r.t. the Hamiltonian H and the modified Hamiltonian H; (At). The initial conditions
(r, pr) = (1, 0.5) were used while the stepsize was chosen from At € [0.01,0.1]. It can
be seen that the numerical solution converges with first order in At to H = const.
and with second order to /:ll(At) = const., as predicted. An important point is that
both H and H;(At) possess the same qualitative solution behavior, i.e. the solutions
are periodic. Its shape and period are, of course, different for the exact solution and
its numerical approximation. This can be seen from Fig. 5.2. Note that the modified

0.6
0.4

02 |
O [ »
02 L
—04 | .
06 A : w w

numerical solution (x) and exact solution of Kepler problem

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2

numerical solution (x) and exact solution of modified problem

04 1
02 |
o I |
02 T 1
-04 [ 1

-0.6 ‘
0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2

Figure 5.2 The numerical solution for At = 0.2 (x) as compared with the exact
solution of the Kepler problem and the exact solution of the modified problem with
Hamiltonian Hi(At = 0.2).

Hamiltonian equations are

At [mg, /2} d > ms At {2 3/?

— = —_— _— - -
dt Prt 2 | r2 3 t P 2 [’ st

5.2 The modified equations

In this section, we examine in more detail the development of the modified equa-
tions and discuss their geometric properties in the context of Hamiltonian dy-
namics and symplectic integration.
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5.2.1 Asymptotic expansion of the modified equations

Let us return to the formal expansion (5.7) of the modified vector field fi(At).
The correcting vector fields 6f;, j = 1,..., /, are determined by Taylor series
expansion of the flow map ¢t:At,ﬁ and the numerical method Wa; in terms of At
and by matching the first / + 1 terms in the two expansions. Here we describe a
somewhat more abstract recursive approach [158]. Let us assume that a modified
vector field f,-(At) has been found such that the numerical method Wa; is an
integrator of order p = i + 1 with respect to this modified differential equation,
I.e., the flow map @, #(z) satisfies

®,, :(2) = War(z) = O(AL'H?).
Then we define

L V=@ y(2)
6fi1(2) = lim T T;’;(T) , (5.18)

and introduce a new modified vector field fi,1(At) by
foi(At) == f(At) + AtTI6F . (5.19)

This numerical method Wa; is now a method of order p = i 4+ 2 with respect to
the new modified vector field fi,1(At) as can be seen from

Dy, 7. (2) = Wne(2) = @y, £(2) + AEH26F 111 (2) + O(AEH3) — Wn(2)
= At"26F41(2) + Dy, 1 (2) — Wai(2) + O(ALH?)
= O(AtT3).

The recursion is started with fo = f. For a method of order p > 2, the first p—1
vector fields §f; are identical zero.

Unfortunately, this series does not, in general, converge as i — oo, i.e., the
recursion (5.18)—(5.19) yields only an asymptotic expansion. Estimates for the
difference between the flow maps of the modified equations and the numerical
method are available if the involved maps are real analytic and bounded on an
open (complex) neighborhood of a compact subset K C RX of phase space. In
particular, BENETTIN AND GIORGILLI [16], HAIRER AND LUBICH [79], and REICH [158],
using different techniques, derive an estimate of type

|Wat(z) — @, 7(2) || < a1t (i + 1) At)™, (5.20)

for all z € IC, where ¢1, ¢ > 0 are appropriate constants independent of the
iteration index / and the stepsize At. This formula indicates that the sequence of
modified vector fields f;(At) converges before it starts to diverge for larger values
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Figure 5.3 The function f(i) = (iAt)’ plotted for At = 0.1 (+), At = 0.01
(o), and At =0.001 (-) in the range (i) < 1.

of i (At fixed). The point of divergence is shifted to larger and larger values of /
as At — 0. See Fig. 5.3 for an illustration.
Set i, equal the integer part of

1

s(At) = Gebt

This choice implies
(i +1)At < ca(s + 1At = e, as well as Ik +1>s,

and, hence, makes the expression on the right-hand side of (5.20) exponentially
small in the stepsize At:

[[Wae(z) =@y, 7 (2) ] < cAte 1
< ¢ Ate™®
<

3cAte™ /AL (5.21)

with v = 1/(cpe). The modified differential equation is now defined by

d . .
2= f(z;At) .= f, (z; At). (5.22)
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Following standard forward error analysis (see Sections 2.1.2 and 2.3), the dif-
ference of the exact solution z(t,) of the modified differential equation (5.22)
and the numerical computed z” at t = t, is bounded by

[12(tn) = 2"|| < K (efE —1) e7¥/A8

K > 0 an appropriate constant and L > 0 the Lipschitz constant of the numerical
method as introduced in Section 2.3. In contrast to forward error analysis with
respect to the given differential equation, this term remains (exponentially) small
over periods of time
Y

h <€ —=

"AtL
[79]. Often this time interval is still not long enough, and more sophisticated error
concepts, such as shadowing [76, 173] have to be used in addition to backward
error analysis.

5.2.2 Conservation of energy for symplectic methods
If a Hamiltonian differential equation

d

i IV, H(z) (5.23)
is discretized by a symplectic method, then the modified vector fields fi(At) are
Hamiltonian,® i.e., there exists a Hamiltonian H;(At) such that

%z = fi(z; At) = IV, Hi(z; At). (5.24)

A proof of this result will be given in Section 5.3.

In case all the involved functions and maps are real analytic and bounded,
the difference between the numerical method Wa; and the flow map @y, 7 of an
optimally truncated modified equation (5.22) can be made exponentially small,
i.e., an estimate (5.21) holds. Let us denote the corresponding Hamiltonian by
H(At). For a symplectic method of order p > 1, we have

H(z) — H(z; At) = O(ALP). (5.25)
®To be more precise: In general, the vector fields are only locally Hamiltonian [16]. But the

modifified Hamiltonian is global for symplectic splitting methods (compare Section 5.4) and
for all symplectic Runge-Kutta methods [77, 80].
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Let us now investigate the conservation of the modified Hamiltonian H(At) along
numerically computed solutions. After n steps, we obtain:

n
|H(z"; At) — H(Z%; At)| < Z |A(Z'; At) — A(Z'71; At)]

i=1
n ~ . ~ .

<> IAWA(Z' 1) At) — H(®,, 5(271); At)|
=1
In | |

<Y A War(Z ) = @, (2]
i=1

<3AnAtc e VAt

A > 0 the Lipschitz constant of H(At). Here we have used the estimate (5.21)
and the fact that H(At) is a first integral of the modified vector field f(At)
which implies that

H(z'~Y At) = Fl(d’At’f(z’_l); At).
Thus the drift in the energy F/(At) remains exponentially small over exponentially
long time intervals

ty = n- At < /(A1)

This estimate and (5.25) imply the conservation of the given Hamiltonian H over
an exponentially long period of time up to terms of order AtP. This result was
first mentioned by NEISHTADT [143]. Explicit proofs can be found in the papers
by BENETTIN AND GIORGILLI [16], HAIRER AND LUBICH [79], and REeICH [158]

Example 5 The following experiment to illustrate the superior conservation of energy
by a symplectic method follows an idea first used by BENETTIN AND GIORGILLI [16].
Consider the following one degree-of-freedom system

q=np, p=-V'(q), V(q) = e /2.

For |q| sufficiently large, e.g., |g] > 20, the force F(q) = —V’(q) will be below
machine precision in a standard double precision computation. Hence any numeri-
cal method will be essentially exact in that region of phase space and the modified
equations can be identified with ¢ = p, p = 0. Let us now perform a sequence
of experiments with initial values g(0) = —20, p(0) = 1. We compute the so-
lution up to the point where |g(t)| > 20 again. Now recall that we may assume
that H = H = p?/2 for |g| > 20. Hence we measure the change in energy from
its initial to its final value, which gives us precisely the drift in energy due to the
non-exact nature of backward error analysis. The numerically computed drift in the
energy compared to the “fitted” exponential function 150e~118/At can be found in
Fig. 5.4. O
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Figure 5.4 Demonstration of the exponential decay in the energy drift as
At — 0 for a simple one-dimensional collision problem.

The nearly exact conservation of a modified Hamiltonian A has an interesting
consequence in relation to exact conservation of energy. Following essentially the
argument of GE AND MARSDEN [69], we assume that (5.23) does not possess
any first integrals other than functions of the Hamiltonian H. By backward error
analysis, there is a modified Hamiltonian I:I(At) such that a symplectic method is
the “exact” time-At-flow map corresponding to (5.24). If one would insist that
the symplectic method also exactly conserves the Hamiltonian H, then one would
obtain that the Poisson bracket of H and H(At) is identically zero, i.e.

{H, A(At)} = 0.
This relation together with the assumption that H has no first integral except
functions of H implies that the modified Hamiltonian has to be of the form

H(z; At) = p(H(z); At),
where p is some function of H and possibly At. However, this has the implica-
tion that, on level sets of constant energy E = H, the modified vector field is
equivalent to the given vector field up to a multiplication by the constant factor
o' (E; At). Hence,

Vnt = Pyt H,

up to terms exponentially small in At and our symplectic and energy conserving
method would solve the given Hamiltonian problem “exactly” up to a rescaling



5.2 THE MODIFIED EQUATIONS 123

of time. This will be impossible, in general, and therefore exact conservation of
energy and symplecticness are conflicting issues.

5.2.3 Applications

Let us now give a very brief outline of how backward error analysis and the
existence of a modified Hamiltonian problem can guide us in understanding the
numerical behavior of symplectic integration methods. We first consider the two
extreme ends of possible solution behavior: (i) completely integrable and (ii)
hyperbolic, i.e. fully chaotic. Finally, we briefly discuss the behavior of an adiabatic
invariant under symplectic discretization.

Integrable systems

Let us assume that our given Hamiltonian system (5.23) can be, at least formally,
transformed to a new set of canonical variables (I, ¢) and that the transformed
Hamiltonian takes the simple form Hg(l). The associated equations of motion

d d
—I1=0, —¢ =V Ho(l
T 7;9=ViHo(D)
are then solvable and the given problem is called integrable. The variables (I, ¢)
are called action-angle variables [7, 8].

A classical problem in mechanics is the behavior of integrable systems under
small perturbations. One is typically led to consider Hamiltonian functions of the
form

H(l, ¢,e) = Ho(l) + eH1(l, ¢, €), (5.26)

where € > 0 is small parameter and H; is 2m-periodic with respect to all the
components in the angle variable ¢. Let us assume that Hp is convex in I and
that both Hg and H; are real-analytic functions. Then the NEKHOROSHEV theorem
[144, 116] states that the action variable I(t) drifts by no more than terms of
order O(1/27) over an exponentially long time interval |t| < e</¢"*". Here ¢ > 0
is some constant and n is the number of degrees of freedom. See [116] for a
precise statement of this result and its proof.

Let us now apply a symplectic integrator to an integrable Hamiltonian system
of the form (5.23). Note that we do not make use of action-angle variables at
this point. Under appropriate conditions, backward error analysis will lead to a
modified Hamiltonian

H(z) = H(z) + AtPSH(z, At),
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plus a remainder term exponentially small in At. The modified Hamiltonian H
can be, at least formally, transformed to action-angle variables (I, ¢) which yields
a Hamiltonian of the form

HQ, ¢; At) = Ho(l) + AtPAL(I, ¢; At).

This perturbed Hamiltonian can be investigated by the NEKKHOROSHEV theorem
with € = AtP. In particular, the key ingredients of the elegant proof by LOSCHAK
AND NEISHTADT [116] are conservation of total energy H, the conservation of
an adiabatic invariant J = w*TI, where w, = V|Hg(l,) is a completely resonant
frequency vector close to w = V|Ho(l), and convexity of Ho(l). These three
conditions also hold for the modified equations and the long-time conservation
of the action variables also applies to the numerical integration scheme. This
result extends to the symplectic integration of perturbed integrable systems of
the form (5.26). An elegant proof has been given by MoAN [135] using results of
KUKSIN AND POSCHEL [100] on the embedding of symplectic maps into the flow
of non-autonomous Hamiltonian systems.

An extensive discussion of integrable and near-integrable systems and their
behavior under symplectic integration can also be found in the monograph [80].

Hyperbolic systems

Completely contrary to integrable systems, solutions of hyperbolic systems [76]
diverge exponentially everywhere in phase space. This makes the solution behavior
unpredictable over long time intervals and leads to “chaotic” dynamics. Strictly
hyperbolic systems are difficult to find, but the notion of hyperbolicity is very
fruitful for mathematical studies. Firstly, Hamiltonian hyperbolic systems remain
hyperbolic under small changes in the Hamiltonian (structural stability), secondly
the statistical mechanics of hyperbolic systems is quite well understood. Let us
hence assume that a hyperbolic Hamiltonian system is integrated numerically by
a symplectic method. We can assume that the associated modified Hamiltonian
system is also hyperbolic. We also know that a symplectic method will approxi-
mately conserve energy over exponentially long time intervals. However, because
of the exponential divergence of solutions, the numerical computed trajectory will
not stay close to the exact solution of the modified problem over time periods
larger than O(At~1). On the other hand, hyperbolic systems possess a shadowing
property [76, 173]. Applied to our situation, one can conclude that any numeri-
cal trajectory can be shadowed by some exact solution of the modified problem
over exponentially long periods of time (before a significant drift in energy is
observed). In what sense is that information useful? Often one is not interested
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in an individual solution but in the time average of some observable A along
trajectories. It turns out that for a hyperbolic Hamiltonian system the limit

)= tim [ Adae) p(e) de

is independent of the chosen trajectory for almost all initial values (qo, po) pro-
vided that the initial conditions are from one and the same energy E hypersurface,
i.e.

In other words, the infinite time average (A) depends only on the energy of the
trajectory.® Computationally, we can only perform finite-time averages

AmziﬂAmwmmm

But the existence of a large deviation theorem [207] implies that the set of all
initial points for which

JA(T) = (A)| > 6

has a measure that goes to zero exponentially fast in 7 for a given fixed tolerance
0 > 0. Since, roughly speaking, numerical trajectories obtained from a symplectic
integration method shadow some exact solution of a slightly perturbed hyperbolic
Hamiltonian system, the same statement is true for numerically computed time
averages. A precise formulation of such a result has been given by REICH in [158].

Numerical evidence for such a behavior can indeed be found even if the system
is not provably hyperbolic. As a demonstration, we simulate a molecular N-body
problem similar to what has been used in Section 4.5. A total of N = 49 particles
move in the (x, y)-plane under the influence of a pair-wise repulsive potential and
periodic boundary conditions are applied in the x and y directions. The equations
of motion conserve energy and total linear momentum. We take the mean kinetic
energy (temperature) as our observable; i.e.,

1 N
_ E 112

We perform four simulations with random initial conditions from the constant
energy level E = H(qo, po) = 2000 with zero total linear momentum. The com-
puted finite-time averages A(7), 7 € [0,10], can be found in Fig. 5.5. The
averages at 7 = 10 are all within a 6 = 0.01 distance of each other,

This property of a symplectic integration method helps to explain the great
success of the Stormer—Verlet method for molecular dynamics simulations
[198, 4]. See Chapter 11 for further details.

SIf further first integrals exists, such as total linear momentum and angular momentum, then
(A) also depends on those first integrals.
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Experiment 1 Experiment 2
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Figure 5.5 Time-averaged temperature computed along four different tra-
jectories with one and the same initial energy £ = 2000 and zero total linear
momentum.

Adiabatic invariants

We have extensively discussed and used the harmonic oscillator

§=—wq,

as an example throughout the book because of its simplicity. Let us now compli-
cate the matter slightly by considering a harmonic oscillator with slowly varying
frequency; for example

1
V/1+0.25sin(2met)’

w(et) =

with € < 1 a small parameter [7]. The behavior of such a time-dependent Hamil-
tonian system with Hamiltonian

H(p, g et) = % (pz + W(ef)zqz) ,

becomes more transparent when going to action-angle variables (J, ¢). Upon
using the generating function [7, 8, 73] (compare also Section 6.4)

S(q.¢.t) = %w(et) g° cot ¢



5.2 THE MODIFIED EQUATIONS 127

the transformation is defined by

as
P=%q " w(et) gcot ¢,

and
05 _
op

We can solve this system for (g, p) to obtain

[2
qg= —Jsin¢,
w

p=V2wJcos .

The corresponding transformed Hamiltonian is

1

J= .
sin? ¢

1
Ew(st) q°

_ oS
H(J, ¢,et) = H(p, g, et) + 5t

— w(et)J + g‘:((j:))

=w(et)) +ef(J ¢, et),

Jsin2¢

with £(J, ¢, et) = 28 Jsin2¢.

Following the work of NEISHTADT [143], it is known that there exists another
symplectic change of coordinates (J, ¢) — (J, ) which is € close to the identity
such that the transformed Hamiltonian is of the form

A, ¢ t) = w(et)J+€2g(J et;e) + e~ /¢F(J, ¢, et; €),
¢ > 0 some constant and f and § are bounded functions. Hence we have
|J(0) — J(t)| = O(e), for |t < e/(8), (5.27)

and the action variable J is called an adiabatic invariant [7, 8, 73]. The action
variable J can also be given a geometric interpretation. Over short time intervals,
the motion is essentially periodic with a practically constant frequency wg =~
w(et). Denote the area enclosed by the periodic orbits of

d=np, p=—wiq,

by A, then
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Note that the energy H = H will show a systematic drift since J is nearly constant
and the product w(et)J ~ H will follow changes in the frequency w which can
be of order one.

If the time-dependent equation of motion

§=—w(et)’q

is solved by a symplectic second-order integration method (see the Exercises
of Chapter 4 as well as Example 6 below), then there exists a modified time-
dependent Hamiltonian H(At) which, written in action-angle variables, takes the
form

H(J ¢, et, At) = w(et) + ef (U, ¢, et) + At?g(J, ¢, et; €, At),

g an appropriate function. Now assume that At? is bounded by &: At? < Ke.
Then it can be shown that an estimate of type (5.27) also holds for the numerical
method [159]. See also [175] for further numerical experiments.

Example 6 Any time-dependent Hamiltonian H(q, p, t) can be treated within the
framework of autonomous Hamiltonian systems by enlarging the phase space by two
additional variables (Q, P). This has been discussed in the Exercises of Chapter 4. Let
us apply the idea to the Hamiltonian

1
\/1+0.25sin(2met)

1
H(g.p.t) = 5 [p+w(et)’e®],  w(et) =
We define the extended Hamiltonian H(q, p, @, P) as

H= % [p+w(Q)*¢°] +¢€P.

The associated equations of motion are

d —_

779 =P

d 2
il -w(Q)7q,
d
EQ_E'

d /
5P = w@Qu (@

The variable Q is equal to slow time €t, i.e. Q = €t. The equations can be integrated
by a second-order splitting method using the split Hamiltonian

_ 1 _ 1 _ 1
Hy = Zw(Q)Qq% H, = §p2 +eP, Hy = Zw(Q)2q2.

One can iminate the variable P and obtains a modified Stormer—Verlet method.
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We perform a series of experiments with constant At and increasing values of €
in the range € € [0.001, 0.05]. The initial conditions are g(0) = 1 and p(0) = 0. We
monitor the time evolution of the adiabatic invariant

1
J= o [P* +w?q?],

and plot

A max — -
Ima te%algo]lJ(t) J(0)]

as a function of € for several values of At. See Fig. 5.6. As expected, we obtain a
behavior of type

Amax (At €) = 1 At? + €.

x1073
16 T

14

12 |

drift in adiabatic invariant

2 L
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
4

Figure 5.6 Variation in the adiabatic invariant J as a function of € for different
values of the stepsize At. O

5.3 Geometric integration and modified equations

An important aspect of backward error analysis is to show that the modified
equations possess the same qualitative solution behavior as the given problem.
A rigorous proof of such a statement is, in most cases, difficult. But it can
be shown relatively easily that certain geometric aspects are preserved if the
numerical method is chosen appropriately. We have discussed this already for
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Hamiltonian systems and symplectic integration methods. The following more
general result can be formulated:

Theorem 1 Whenever the flow map of a given differential equation posesses
some geometric properties such as existence of first integrals, time reversiblity,
preservation of volume, symplecticness, and the numerical discretization preserves
these properties exactly, then the flow map of the modified differential equation
will also satisfy these geometric properties. O

Proof. A proof of the theorem can be found in [153, 158]. See also [77, 16, 83,
74, 80].

Because of its importance, we discuss the case of symplectic methods in
detail. Recall that the modified vector fields are recursively defined by

Vr =)

0f, 1 := Ilim :
i+1 T7—0 ’T"Jr2

We introduce the short-hand notation
b7 = Pr iy
and obtain the relation
O Wr = 0,Pr + TjJrzaz[éfiJrl] + O(Ti+3)- (5-28)

Let us now investigate the expression

1
FT = m [(asz)TJ_lazw’r - (GZd’T)T J_laZCDT} ’

Since both ¥, and &, are symplectic maps, we have F, = 0.
The next step is to make use of (5.28). This yields

Fr=— (az[éfi-‘rl])T J_lazd)’r - (azd)’r)T J_laz[éfi-i,-l] + O(’T)
= —(8,[0f 1)) J71 — U718, [0F 1] + O(T).

Hence, upon taking the limit 7 — 0, one derives the condition
(8,0 111])" 71+ J710,[6f141] = 0,

which is equivalent to df;y1 being locally Hamiltonian [7]. The existence of a
global modified Hamiltonian can be deduced either from the fact that the do-
main z € Q C R?? is simply connected or by explicit construction of a global
Hamiltonian §H;y1. For composition methods this is possible using the results
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of Section 5.4. Another explicit construction is provided by the generating func-
tion approach to the design of symplectic methods [16, 80]. We will discuss this
approach briefly in Chapter 6.

Other applications of the theorem can be proven in a similar manner. See the
exercises at the end of this chapter. O

Let us now focus on another application of Theorem 1. If a Hamiltonian H is in
involution with a function F, i.e. {H,F} = 0, then F is a first integral of the
equations of motion with Hamiltonian H. Let @, £ denote the flow map of

d
EZ = JVZF(Z)

Since the Poisson bracket of F and H is zero, the two associated flow maps
commute, i.e.

PrHo®rp=Prrody,
which is equivalent to
PrH=@ rpo®ryobrp =0 Lod;od.F.

Hence the flow map @; 4 is invariant under the transformation ¥, := @, £. In
fact, the reverse statement, called NOETHER's theorem, that any one-parameter
family of symmetries gives rise to a first integral, is also true. See OLVER [149],
ARNOLD [7], and MARSDEN AND RATIU [124] for an extensive discussion of sym-
metries in classical mechanics.

For example, consider the differential equation

d
_ = f
74 (q).

and denote the associated flow map by ¢,. Then we can consider the one-
parameter family of canonical point transformations W, defined by (compare
Section 3.5)

a(r) = o-(q), (5.29)
() = [Vqd:(a)] " p. (5.30)

This transformation is equivalent to the flow map of a Hamiltonian system with
Hamiltonian F = p’ f(q), i.e.,

W, =, .

Hence, if F is a first integral of H, i.e. {H, F} = 0, then @, 4 is invariant under
Y. and vice versa.
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Example 7 Let us look at the following particular class of linear transformations.
Given a linear matrix group” G € R9*?, we can apply elements (matrices) of G to q,
hence defining new coordinates

d=Qq.  QegGcR™

Any matrix group G has an associated matrix algebra g C R*Y. The important
property for our purposes is that the matrix exponential of any matrix A € g yields a
matrix that is in the associated group G. In fact any matrix @ € G can be represented
by the matrix exponential of some matrix A in g [149]. Hence we consider the linear
differential equation

q=Aq, Acg,
and obtain
ar)=Q(ma,  Q(r)=e™"

To derive a symplectic transformation from (q, p) to (g, p), we follow (5.30) and
introduce canonical momenta

(1) =Q(1)""p.

The Hamiltonian associated with this one-parametric family of symplectic transfor-
mations is Fa4 = p’ Aq.

The function F4 is a first integral if the given equations of motion are invariant
under the symmetry group generated by G. Furthermore, any matrix A € g will lead
to a first integral. But only a finite number, equal to the dimension of the matrix
algebra g, of these integrals will be independent. For example, take the algebra of
3 x 3 skew-symmetric matrices which is the algebra associated to the group SO(3) of
orthogonal matrices. This algebra is three dimensional and any matrix in the algebra
can be expressed as a linear combination of

0 0 0 0 0 1 0 -1 0
Ai=10 0 -1, A= 0 0 Of, As=|1 0 0
01 0 -1 0 0 0 0 0

The associated three first integrals are

Fa, = p3G2 — p2Ga,  Fa, = p1Gg3 — p3qi,  Fa, = p2g1 — P12,

which are the three components of the angular momentum vector m = g x p. (We
had already seen in Section 4.4 that the Stormer—Verlet method conserves angular
momentum.) O

"A set G of invertible d x d matrices forms a matrix group in R if the product of any two
matrices A,B € G isin G; i.e., AB € G [149].
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Let us now assume that a symplectic method Wx; is invariant under a family of
symplectic transformations @, -~ generated by a Hamiltonian F, i.e.

Upt = ‘D;:;L: oWpr o P F,

for all At > 0. A result by GE [68] states that F is a first integral of W up to
a constant c(At). Often this constant can be shown to be equal to zero for all
stepsizes At. But even in the case that this is not possible one can still apply
backward error analysis and Theorem 1 to obtain

-1
=P po® j0Prr =P rFo® jobrF,

where we neglected terms exponentially small in At. In other words, the two
flow maps @, 5 and @, r commute and, hence, we must have {F, H} =0. As a
consequence we can conclude that the numerical method has F as a first integral
(possibly up to a constant c(At) exponentially small in At).

On the other hand, following the above proof of Theorem 1 for symplectic
maps, it is also relatively easy to show that any numerical method that preserves
a first integral F exactly has a modified equation that conserves F. (See the
Exercises at the end of this chapter.)

5.4 Madified equations for composition methods

The flow map of a linear differential equation

d
az = Az
can be written
O a(2) = etz

Here the matrix exponential is defined by the convergent series expansion
t2 t3

efA:Ik+tA+§A2+§A3+---. (5.31)
It is important to note that, contrary to

etagth — gt(a+h)
we have

etAetB o et(A+B)v
unless the two matrices A and B commute, i.e.

[A B] := AB — BA=0.
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Instead there is a matrix D(t) such that

tA tB _

e tD(t).

e
and the matrix D(t) is defined by a convergent expansion
D(t) := Do+ tDy + t°Dy + t3D3 + - - - .

The matrices D;, i = 0,1, ..., oo, are given by the Baker—Campbell-Hausdorff
(BCH) formula [196] which can be obtained from Taylor series expansion of the
matrix exponential, i.e.

t2 t2
ete’® = <1k+tA+5A2+---> <Ik+tB+§BQ+~--)

t2
= I+ t(A+B) + - (A’ + B” 1 2AB) + -

t2 ,  t?
:Ik+t(A+B)+—2 (A+ B) +—2 (AB—BA) + - --

t2 t2
:lk+t(A+B)+§(A+B)+§[A,B]+-~-

— ot(A+B)+(t?/2)[AB]+

Hence
Dy = A+ B,
1
D, = E[A' Bj,

and further expansion vyields the next two terms

D> = = ([A [A Bl +[B.[B, A]]),

1
15 (
1
Ds = —[A [B,[B, A]]].
3= 5;(A. 1B, 1B, All
The BCH formula allows for a relatively simple backward error analysis for

splitting methods applied to linear differential equation. For example, consider
the linear differential equation

d
EZ = (A+ B)Z,

and assume that the matrix exponentials corresponding to the matrices A and B
are easily computable. Then the composition method® z"+1 = R(At)z" with

ﬁ(At) — eAtAeAtB

8This composition method is often called the Trotter formula [194].
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is a first-order method. According to the BCH formula, the matrix R(At) is the
exact exponential corresponding to the linear differential equation

d
i D(At)z

= <A+B+A2t[A,B]+At2([A [A, B]] + [B,[B, A]]) + )Z,

at time t = At. The second-order composition method® with

R(AL) = e(Bt/DADB(Bt/2)A

can be analyzed by multiple application of the BCH formula. We obtain the
modified equation

d
i D(At)z

~(aree s )
A+B+ = -(2B.[B.A|-[A[AB])+ |z  (532)

The important point is that the modified differential equation is based on the
matrices A and B, the commutator [A, B], and repeated applications thereof.
We wish to extend this analysis to nonlinear differential equations

d
dt

Instead of the linear operator (matrix) A, we now introduce the linear differential
operator L¢, called the Lie derivative, which acts on smooth scalar-valued func-
tions g defined on phase space [7]. This operation, denoted by Lfg, is defined
by

—z = f(2). (5.33)

Lrg(z) :==V2o9(z) - f(z).

It naturally extends to vector-valued functions g by applying Lf to each com-
ponent of g. We denote this operation by Lfg. We can apply L¢ repeatedly to
itself, for example

Le(Lrg) = L7g,

and, as for the linear operator A, we define the exponential of the operator L¢
by the expansion (Lie series)

etls :—|d+th+ L%-F L%‘F"'

3l

9This splitting is often called the Strang splitting [180].
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This series can, formally, be obtained from (5.31) by replacing A by L¢ and I by
the identity map id; id(z) = z.
Let us now return to the flow map @, ¢ of (5.33). Repeated differentiation

of (5.33) with respect to time yields the remarkable identity

d”

2 (Omo = LIT(2), 2(8) = 041(2),
Using this result, the Taylor series expansion of @; ¢ about t = 0 can be written
as
t2 d? t3 d3

d
(Dt,f( ) =z+ tEZ(O) + EWz(O) + ?W
2 3

t t
=z+ tf(z) + ijf(z) + 3l

Let L;}id, i > 1, denote the operation of L;} on the identity map id(z) = z. It is
easily checked that Lfid = f and L%id = L¢f. More generally

fid = LiF,

2(0) + -

L2F(z) + -

for any i > 1. Thus the flow map can be written as

t2
d)t'f:id‘i‘tf“l‘_Lff"i_"'

:<m+tu+ SiLF+- )d

= ettrid.
Furthermore, the action of the exponential on a function A amounts to
etllrh=hod, ;.

This can be seen from the expansion

otl d t2 d?
fh—h—l—thh+ Lh+ —h+t—h—|— h4+---=ho;¢.
21 dt2 '
If we substitute h by the flow map of a second vector field g, then we obtain the

composition formula
d)t’,f ] ¢t,g = etLg o d)t’f = etLgethid.

Note that the order of the exponentials is opposite to what one might have
expected.

Using exponential notation, a first-order composition method, corresponding
to the differential equation

d
2= f(@)+9(2).
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can now be written as
Wpar =Pprro ¢At,g = ebthoehtlrig, (5.34)

For

0 M~1p
S e

this composition method corresponds to the symplectic Euler-A method
qn+1 — qn 4 AtM_lpn,
pn+1 — pn _ Atqu(qn+l).
The BCH formula can be generalized to interpret the composition method (5.34)

as the “exact” solution of a modified problem. The only formal modification
necessary is to replace the matrix commutator by the Lie commutator®

[Lf, Lg] = LgLf - Lng. (5.35)
Thus we, formally, obtain the modified differential equation

d ~

2= f(z,At),

with

AL . At . At .
e” id = |d+AtLg+7Lg+--' |d+Ath+7Lf+--' id

: At? 2 :
= (id+ At(Lr + Lg) + =~ ((Lr+Lg)? +[Lr, L))+ id
and, consequently
LFZLf—FLg—F?[Lf,[_g]-f—O(At ). (5.36)
Unlike the linear case, this series does not, in general, converge. A similar state-

ment follows for the second-order splitting

War = ®aeof 0 Parg 0 Parjor = P/ 0 eBlho 0 el4t/2)Lrig, (5.37)

which is, formally, obtained from (5.32) by substituting A by L¢ and B by Lyg,
respectively.

9The definition (5.35) is sometimes replaced by
[Lf, Ly] = Lng — LgLf.

We prefer (5.35) because of its natural link to the Poisson bracket. See (5.38).



138 THE MODIFIED EQUATIONS

Let us now assume that the two vector fields f and g are Hamiltonian. We
introduce the notation
Ly = Lia,Hy

to denote the differential operator L¢ corresponding to the Hamiltonian vector
field f = {id, H} with Hamiltonian H and Lie—Poisson bracket {.,.}. Note that
Lyf ={f, H} [7]. For example, the Euler-A method can be written as

Wpr = Opry 0 Opr 7 = ePTebvid,

This method is symplectic and gives rise to a modified Hamiltonian differential

equation

%z = f(z; At) = JV,H(z; At),

with modified Hamiltonian H(At). Again the BCH formula can be used. We just
have to note that the commutator of two Hamiltonian vector fields Hy and H
is related to the Poisson bracket of the two corresponding Hamiltonian functions
via the formula

Lttt roy = LAy L) (5.38)

Thus we obtain for the Euler-A method the modified Hamiltonian
~ At At
H:T+V+7{\/,7'}+E({\/,{\/,T}}+{T,{T,V}})+---.

Note that {V.T}(q.p) = p"M~1V,V(q) and we recover the modified
Hamiltonian H;(At) from Section 5.1.2. The second-order splitting (5.37)
becomes

wAt — e(Af/z)LHleAfLHze(Af/Z)LHl id’ (539)

with modified Hamiltonian
~ At?
H=Hi+ H>+ W(Q{Hz, {H2, H1}} — {H1, {H1, Ho}}) +---. (5.40)

In particular, the Stérmer—Verlet method corresponds to the second-order split-
ting (5.39) with H; =V and H» = T where T = p’ M~1p/2 and V = V(q).
In other words, using exponential notation, the Stormer—Verlet method can be
written more compactly as

Uy, = e(At/2)Ly oAtly o(At/2)Lvigq

and the first terms of the modified Hamiltonian H(At) can be obtained from
(5.40).
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In summary, the Baker—Campbell-Hausdorff formula, originally derived for the

composition of matrix exponentials, and a Lie algebraic treatment of composition
methods are very useful for the derivation of higher-order methods and for the
development of a backward error analysis. In this context, we like to mention,
in particular, the work of DRAGT AND FINN [51], NERI [145], DRAGT et al. [52],
Suzuki [188, 189], and YOsHIDA [205].

5.5 Exercises

1.

Modified equations. Find the exact modified equations for the symplectic
scheme

qn+1 — Cln + Atanrl pn+1 — pn _ AthCln.
Recall the discussion in Section 2.6 of Chapter 2.

Conservation of first integrals. Show that the modified equations exactly
conserve a first integral if the method does so. Hint: follow the proof of
Theorem 1, denote the first integral by G(z), and consider the behavior of
the function

1
Fr= m [G(d’r) - G(W»,-)] '

where @7 =@ 5.

Time-reversible methods and modified equations. Show that the modified
equations are time reversible if the method is time reversible. Hint: note that
time reversibility of a method is equivalent to (compare Chapter 4)

!llAt 9] (Sllfm o S) —id=0.

Use this fact to find an appropriate function F; as used in the proof of
Theorem 1.

Symmetric methods and modified equations. Show that the modified vector
field expansion (5.7) contains only terms of even power in At if the numerical
method Wa; is symmetric, i.e.

W_pe = [Wae] . (5.41)

This result implies that the order of a symmetric method is necessarily even
(see Theorem 1 in Section 4.3.3. Hint: the flow map of the modified vector
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field

f(At) =Y At'sf,
i
satisfies

-1
d’—At,f(At) = [¢At,f(At)} = ¢At,—F(At)'

which gives the modified vector field for the map [Wa:]~!. Show also that
W_ A has the modified vector field

f(At) = (—At)'6f;.

Finally, use (5.41) and compare the corresponding modified vector fields.

5. Canonical point transformation. Prove that the transformation (5.29)—(5.30)
is the flow map of the Hamiltonian vector field with Hamiltonian F = p' f(q).
Hint: Rewrite (5.30) as

[Va@-(a)] B(T) = p,
differentiate with respect to 7, and set 7 = 0.

6. Kepler problem and modified equations. Apply the Stormer—Verlet method

to the planar Kepler problem

1 1

Hg.p)=sp'p——7.  q.peR’

2 lql|
Use the BCH formula (5.40) to compute the second-order corrections of the
modified Hamiltonian H for this particular problem. Verify the fourth-order
convergence of the Stormer—Verlet method with respect to the modified
Hamiltonian Ho numerically. Take, for example, initial conditions g = (1,0)"
and p=(0,1)".

7. BCH formula. Verify the first two terms in the BCH formula (5.36) for the
composition of two vector field exponentials

War = ®@prr 0 Pprg = e2HoebHid,
Also verify that the next term in the expansion is equal to

2
AT; (ILr [L Lgll + [Lgh [Lgr LD .
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7. Lie derivatives. Verify formula (5.38), i.e. show that
Lt oy T = Loy [Lry 1 = L [Liy F1 = (Lo LH, — Ly Lpy)

by using Lyf = {f, H}, {f, g} = —{g, f}, and the Jacobi identity [7]

{{f. g} hy +{{g h}. f} +{{h.f} g} =0.

8. Conservation of modified energy. If one is only interested in monitoring the
conservation of a more accurate energy expression, then one does not neces-
sarily have to use a modified Hamiltonian I:l(q, p; At) as previously discussed.
This has been pointed out by SKEeL AND HARDY [177] who gave a practical
construction for high-order modified energies. Below we describe a somewhat
similar approach which has been used by MOORE AND REICH [137] to verify
numerical energy conservation laws for Hamiltonian PDEs. The idea has also
been used by HAIRER AND LUBICH to prove conservation of energy for the
Stormer—Verlet and related methods [81].

We write the Stormer—Verlet method in its leapfrog form

qn+1 o 2qn 4 qn—l

INZ =-V4V(q).
a. Show that
t, + At) —2q(t,) + q(t, — At At?

where q(t) is sufficiently smooth.
b. We use the result to formulate the following modified equation
d? At? d*
Wq + qu =
for the leapfrog method. Show that

~VaV(a) (5.42)

E = llalP + V(o) + Ty [a-a = Slal?] (5.43)

is conserved along the solutions of the modified equations (5.42).

c. Show that the modified equation (5.42) is the Euler—Lagrange equation
for the Lagrangian functional

a1 At?
L :/ Z1gl? = V(q) — —14l]?]| dt.
[q] . l2llqll (q) A il ]

d.  How would you verify numerically that the modified energy (5.43) is pre-
served to fourth-order along numerical solutions {g"}? Hint: See [137].
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Higher-order methods

In Chapter 4, we introduced several first- and second-order symplectic integration
methods for Hamiltonian systems. In this chapter, we will discuss the construction
of “higher-order” symplectic methods (with order greater than two), focusing in
particular on those types of schemes that have been found to be most useful
for practical computations. In traditional practice, higher-order integrators are
employed for solving problems with relatively smooth solutions, such as gravita-
tional simulations (solar system simulations, satellite trajectories). They are also
traditionally used for many types of computations when very high accuracy (for
example near the rounding error of the computer) is desired.

As we have seen in Chapter 2, the appropriateness of a given numerical
method for a given computational task is a complicated issue. In some cases, the
principles of geometric integration are in contradiction with the demand for high
accuracy. If the purpose of simulation is to reconstruct, as exactly as possible, a
particular trajectory segment, it may not matter what sort of qualitative features
the integrator possesses: the efficiency of the integration method in terms of
solution error per unit work is instead of paramount importance. Since the de-
velopment of symplectic integrators adds a number of additional constraints on
the design of the method, such schemes typically sacrifice something in efficiency
compared with their nonsymplectic counterparts at similar accuracy, for example
requiring an extra force evaluation or two at each timestep. Thus the problem
of correctly determining the precise entry point and time instant that a space
probe arrives at the Martian atmosphere is a task best handled by a standard
integration method, for example, a high-order multistep integrator (for example,
Diva [99]) or explicit Runge—Kutta method (for example, RKSUITE [29]). These
methods are well-suited to short time integration at extreme high accuracy.

On the other hand, it is often the case that integrations are carried out on
terrifically long time intervals, or with respect to a large set of initial data. The
goal is to accurately represent the qualitative long-term dynamics of the model,
but some tolerance of individual trajectory error may be acceptable. Examples
where this is the case include studies of the stability of the solar system, planet

142



6.1 CONSTRUCTION OF HIGHER-ORDER METHODS 143

formation, and stellar cluster evolution. In some of the outer solar system sim-
ulations of SussMAN AND Wispom for example, the computation was performed
on a time interval of 100 million years [187], and more recent simulations have
pushed the time intervals into the billions of years. On such time intervals, even
the trajectories of the relatively slow-moving outer planets cannot be resolved to
very high accuracy. Instead, the goal of these types of calculations is generally
to obtain a useful, qualitatively correct result regarding a robust pattern in the
long-term evolution of the system. The particular initial conditions are chosen
arbitrarily within some set, and the questions asked concern the generic behavior
for initial conditions within this set. In this setting, the most natural and efficient
scheme is often some sort of geometric integrator, for example a symplectic or
time-symmetric method.

To clarify this discussion, consider the challenge of predicting collisions of
the earth with near-earth asteroids using simulation. One might ask either of
the following questions, which are answerable in part using simulation: (i) when
will a given object next collide with the earth and with what impact force, or
(ii) on average how often will the earth be hit by such an object and with what
average impact force. If the problem at hand is similar to the first one, then
the best method for simulation is likely to be a traditional, high-order integrator
with optimized choice of integration parameters. If the problem is more like the
second one, the use of a high-order symplectic method may be indicated. Note
that each of the two types of problems also requires a suitable choice of data:
very accurate initial data and parameters for questions of type (i) and perhaps a
sampling from an appropriate range of suitable initial data and model parameters
in the case (ii).

In summary, accurate simulation of nonlinear systems generally calls for a
high-order method. On the other hand, the efficient solution of nonlinear systems
over very long time intervals or with many initial points typically benefits from
the preservation of geometric properties such as the symplectic structure or a
reversing symmetry. In this chapter, we will explain how to develop methods to
provide us with some of the best aspects of both worlds: high order to improve
the accuracy of the method when high accuracy is needed, as well as conservation
of available geometric structure.

6.1 Construction of higher-order methods

The design of a symplectic integrator of order p > 1 involves, roughly speaking,
two steps. First a stepsize dependent family of symplectic maps,

2™ = Wp (2" 1 Yo YK,
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is defined in terms of k arbitrary parameters. The method is then “fine tuned”

by adjusting the parameters so that the local error of the method is O(AtP*1)
Uat(z) — Pae(2) = O(Atp+1)-

In this chapter, we will discuss higher-order methods for general canonical
Hamiltonian systems

%q = VpH(a, p), (6.1)
9 b= ~VaH(a.p)). (6.2)

with an important special class of canonical systems obtained for Hamiltonian
functions that are separable into kinetic and potential energy, i.e. of type

H(q.p) =T(p) +V(q).

We cover several approaches to the derivation of higher-order methods: compo-
sition methods, classical Runge—Kutta (RK) as well as partitioned Runge—Kutta
(PRK) methods, and methods based on generating functions.

Composition methods offer an attractive and inexpensive way to obtain higher-
order symplectic methods. They only require either (1) a splitting of the Hamilto-
nian into two or more explicitly solvable subproblems or, if this is not available, (2)
a symmetric second-order symplectic approximation. The latter approach can, of
course, be applied to any Hamiltonian problem, whether or not a splitting can
be identified. Composition methods are not restricted to Hamiltonian problems
and provide a general, systematic way to construct higher-order methods that
preserve underlying geometric properties of the analytic problem.

On the other hand, there is a very well-developed order theory for RK and PRK
methods and we “only” have to identify those schemes within these classes that
are symplectic. This and the mathematical elegance of RK methods have con-
tributed to their great popularity, especially among numerical analysts. However,
it appears that, for many problems, symplectic RK methods are necessarily im-
plicit and therefore more expensive in their implementation and are outperformed
by composition methods unless very high precision computations are required.

6.2 Composition methods

In this section, we introduce the composition method approach to higher-order
integration of Hamiltonian systems. We begin our treatment with systems in sepa-
rable Hamiltonian form. The reader is referred to the survey article by MCLACHLAN
AND QUISPEL [132] for a general discussion of splitting and composition methods.
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We also wish to point to NERI [145], FOREST AND RUTH [62], YOSHIDA [205], and
Suzuki [188]) for early contributions to the theory of composition methods and
their application to symplectic integration.

6.2.1 Composition methods for separable Hamiltonian systems

Consider a separable Hamiltonian system

d
Eq =V,T(p).

d

EP =-VqV(q).

and observe that each of the two Hamiltonian subsystems

d
Eq—oy

d

—p=— V
dtp Vq (q)'

and

d
_ = T
719 VT (p).

d
aP =0
is exactly solvable. Let us denote the corresponding flow maps by W, and ¥; 7,
respectively. First- and second-order methods can be obtained by simple compo-
sitions of these flow maps, as discussed in Chapters 4 and 5.
Here we will generalize this approach to methods of arbitrarily high order. For

this purpose, we consider a multi-composition of the form

Unt =D pry 0Pyar 70 0P nry 0 Pa a7 0 Poynry, (6.3)

with {¢i}i—o,..., s representing appropriate weight factors. The
integer s is termed the number of stages of the concatenation method.

A method is said to be consistent if the order is at least one, i.e., if the
local error is at least O(At?). Let us determine the requirement on the method
parameters in a composition method for consistency. Observe that the terms in
(6.3) commute to second order, so we have, for example

Syt ToPonty = Peary 0 Ponr T + O(AL?),

We apply this fact recursively s times and use the group property associated to
the flow maps on T and V/, for example

Pat 0 PgT = P0ip)T
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for any scalar a, 3. It follows that

Unt = ¢(d1+d2+...+ds)At,T © ¢(c0+c1+cQ+...+c$)At,V + O(At2)-

Since consistency is to be a property of the method, and hence should hold
independent of T and V/, the following consistency conditions result

S S
Yea=Yd=1
i=0 i=1
Furthermore, if a consistent composition (6.3) is symmetric, i.e.

Ci = Cs—j and  dj = dsy1-,

I=1,..., s, then the method is automatically second order.

The Stérmer—Verlet method (2.16)—(2.18) of Section 2.4 is obtained by
choosing s =1, ¢g = 1/2, d1 = 1, ¢ = 1/2. The method is clearly consis-
tent and symmetric; in fact, we have already pointed out in earlier chapters that
this is a second-order method.

The conditions on the weight factors ¢; and d; to obtain order p > 1 can, for
example, be obtained by a recursive application of the Baker—Campbell-Hausdorff
formula (see Section 5.4). Another approach to derive order conditions uses an
extension of Runge—Kutta rooted trees to composition methods [142].

Once the algebraic-order conditions are developed, it becomes an interest-
ing challenge to find solutions to the resulting nonlinear system. Typically, one
chooses the number of stages high enough so that, at a given order, there are too
many parameters for the number of order conditions; one can then impose some
additional conditions (such as minimization of some coefficient or coefficients
appearing in the leading term of the error expansion) so that a (locally) unique
and optimal solution is obtained.

In Table 6.1, we summarize two popular methods by providing the coefficients.
Both methods have an even number of stages and are symmetric and, hence, we
only have to give the first s/2 coefficients. References are also given in this table
to the publication where the method appeared. These methods can be applied to
any canonical Hamiltonian system with separable Hamiltonian H = T (p) +V/(q).
In fact, the listed methods can also be applied to any splitting H = Hy + H» with
explicitly solvable Hamiltonian functions Hy and H>.

Since the number of order conditions for general composition methods (6.3)
rapidly grows with the desired order of the method, one may attempt to restrict
the search for higher-order methods to methods based on the concatenation using
a second-order symmetric method as discussed below.
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Table 6.1 Symmetric composition methods for separable Hamiltonian systems

stages order coefficients reference

co = 0.0792036964311957 dy = 0.209515106613362

. A c1 = 0.353172906049774 d» = —0.143851773179818 BLANES &
¢ = —0.0420650803577195 d3 =1/2 —di — do MoAN[23]
cs=1-2(cp+c1+c)

o = 0.0502627644003922  di = 0.148816447901042
€1 = 0.413514300428344  d» = —0.132385865767784
o = 0.0450798897943977  ds = 0.067307604692185
10 6 = —0.188054853819569 ds = 0.432666402578175 BLanes &

c3
¢4 = 0.541960678450780 ds =1/2 — Z

4
Cs :1722,.206,-

;1:1 d; Moan[23]

6.2.2 Composition methods based on second-order symmetric
methods

It was observed by YOSHIDA [205] and Suzuki [188]) that an efficient way to obtain
higher-order methods for separable Hamiltonian systems is to restrict the search
to methods based on the concatenation of a second-order symmetric method
with stepsize wAt. For example, in the case of a separable Hamiltonian system,
we might base this on

Vunt = Pune/o1 © Punty 0 PouneoT. (6.4)

Here w # 0 is a free parameter. Note that ¥, a; is a second-order approximation
to the exact flow map @, y with t = wAt.

Higher-order methods are constructed by s-fold concatenating W, o+ with
different values for w, i.e.

IﬂAt = wWSAt © wws_lAt ©:-+0 wszt © wwlAtv (6-5)

Wsi1—j = W, I=1,..., s,

and only consider odd values of s. The reason for considering symmetric meth-
ods based on the composition of symmetric methods is twofold: (i) symmetric
methods are always of even order (see Theorem 1 in Section 4.3.3) and time re-
versible, (ii) the odd power terms in the Taylor expansion of the local error vanish
and, therefore, the order conditions simplify. We present three methods of type
(6.5) in Table 6.2. Because of symmetry, we again only provide the (s 4+ 1)/2
first coefficients w;.
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Table 6.2 Symmetric composition methods based on a symmetric
second-order method

stages order coefficients reference
wp = 0.28
5 4 wr = 0.62546642846767004501

2 McLACHLAN[130
W3:172Z,.:1W,' [130]
wi = 0.78451361047755726382

wr = 0.23557321335935813368

w3y = —1.17767998417887100695 YOSHIDA[205]

3
W4:1_2Zi:1 4

wy = 0.39216144400731413928

wo = 0.33259913678935943860
9 6 w3 = —0.70624617255763935981

wy = 0.08221359629355080023

4
Ws :1—22,:1 4

KAHAN AND Li[97]

Wi = 74167036435061205345
W, = —.40910082580003159400
ws = .10075471029623837995
Wy = — 57386247111608226666
15 8 Ws = 20006418130365592384 McLACHLAN[130]
We = .33462491824520818378
wr = 31529300239676659663

7
W8:1—22,.:1 w;

For the concatenation methods (6.5) it is not essential that the method (6.4)
is used. The necessary requirement is that the method is of one-step form, is sec-
ond order and symmetric. For example, one could replace the method (6.4) by the
standard Stormer—Verlet method (which is obtained from (6.4) by interchanging
V and T) or by the implicit midpoint rule. Thus, in contrast to (6.3), this con-
catenation method can also be used to obtain higher-order methods for general
Hamiltonian systems (6.1)—(6.2) as long as we are able to identify a second-order
and symmetric method Wa; for the problem at hand.

6.2.3 Post-processing of composition methods

Composition methods of type (6.5) can be enhanced by the idea of postprocessing
[117, 204, 131]. Introduce a coordinate transformation

z=19(2),
and design a one-step method

2 =W, (27, (6.6)
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such that the composed map
War =9 oW 09 (6.7)
is a higher-order method for the given differential equation. Observe that
V2, =9 oW o toWp, 0
=P toUR, 0,
and, similarly
Ul =9 oWl oy,

Thus time integration is done in terms of the variable z with 9 only applied
infrequently whenever an output value is needed in terms of the original variable
z. Because of this, we can afford for 9 to be relatively expensive to evaluate as
long as lIA/At is “cheap.”

Now assume that we are given a second-order symmetric method

Z™ =W (2.

As in Section 6.2.2, define a symmetric composition method of type (6.5) by
(s odd)

Upr = wwlAt o WW2At ©--+0 szAt S wwlAtv (6-8)
with {w;}i=1,  (st1)/2 free parameters; i.e. the transformed variable Z is updated

according to (6.6) using (6.8). We still need the transformation 4. Here we use

P = lI/fcmAt S wfcm,lAt ©:--0 wqut o lI/cmAt o wcm,lAt O 0WeAt O wclAt:
(6.9)

with {c¢;}i=1....m as free parameters. Note that the inverse of 4 is easy to compute
since the basic method W is symmetric, i.e.

-1
P = wfclAt S wfczAt ©---0 chmAt S wclAt o wCQAt O---0W At©C lI/cmAt-

In Table 6.3 we give the coefficients for a sixth-order method due to BLANES
[22]. Numerical comparisons of these methods can be found in Section 6.5.

6.3 Runge—Kutta methods

An alternative approach to higher-order integration is provided by the class of
Runge—Kutta (RK) methods. It is well-known that certain implicit RK methods
of Radau type (generalizing the implicit Euler method) are useful in the context
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Table 6.3 Symmetric composition methods with post-processing

stages order  coefficients reference
wy = 0.513910778424374 a=—(c+c+c+cs)
wy = 0.364193022833858 ¢, = —0.461165940466494
7 6 w3 = —0.867423280969274 c3 = —0.074332422810238

wa =1 —2(wi + wo + ws) cs = 0.384008538774070  DAVES[2]

cs = 0.375012038697862

of systems with strong dissipation, such as electronic circuits or chemical reaction
dynamics. For these so-called stiff systems, implicit methods are often much more
efficient than explicit methods. This is due to the inherent stepsize restriction
of explicit methods in the context of strong dissipation (see, for example, [82,
84]). The situation is different for Hamiltonian systems for which, in general,
implicit methods are found to be less competitive compared with the best explicit
methods.

The situation is slightly different for partitioned Runge—Kutta methods where
explicit methods exist for separable Hamiltonian systems. However, these meth-
ods can also be discussed in the context of splitting methods [148, 172].

On the other hand, implicit Runge—Kutta and partitioned Runge—Kutta meth-
ods often provide the only reasonable means for symplectic treatment of non-
separable Hamiltonian systems. Below, we give a brief summary of the relevant
issues for classical and partitioned Runge—Kutta methods.

6.3.1 Implicit Runge—Kutta methods

The general formula of an s-stage Runge—Kutta method applied to a Hamiltonian
system (6.1)—(6.2) is

Q,:q”+AtZS:aUI-'J-, i=1,...,s, (6.10)
j=1

P,-:p”+Atzs:a,jGj, i=1,..., s, (6.11)
j=1

g™ = q”+At§s:b,F,, (6.12)
=1

p"tt=p"+ Ati b:G;. (6.13)

=1

with s > 1 the number of stages, (Q;, P;), i = 1,...,s, the internal stage
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variables, and the abbreviations

Fi=+VoH@Qi.P), i=1...5s
G =-V4H(Q:P), =1, 5.

Recall that we called a Runge—Kutta method “explicit” in Section 2.4 if the
coefficients {aj;} satisfy a;; = 0 for j > i and implicit otherwise. For implicit meth-
ods, the equations (6.10)—(6.11) are, in general, a system of nonlinear equations
which must be solved by some iterative method, such as Newton's method or
fixed-point iteration. Because implicit methods are based on iteration, and several
force (or vector field) evaluations are needed at each timestep, they are typically
more costly to implement than explicit methods. However, good starting approx-
imations can greatly enhance the efficiency of the necessary iterative method.
This has been discussed by HAIRER, LuBICH AND WANNER [80] and by CALVO AND
PORTILLO [41].

An example of a symplectic Runge—Kutta method is provided by the implicit
midpoint rule, which can be written as a one-stage (s = 1) RK method:

At
Qi=q"+ TV,;H(QL P.),

At
P, =p"— 7qu(Qly P1).

g™ =q" + AtV,H(Q1, P1),
p"tt = p" — AtV4H(Qy, Py).

The corresponding coefficients in (6.10)—(6.13) are a;3 = 1/2 and b; = 1.
For a general (implicit) s-stage RK method we have s? parameters {a;;} and
s parameters {b;}. Conditions on the parameters {a;;} and {b;} that insure
a certain order of the corresponding method can be obtained by Taylor series
expansion of the exact time-At-flow map and its approximation generated by the
RK method followed by a matching of the terms in At up to the desired order of
the method. Since the complexity of the resulting equations, or order conditions,
increases rapidly with the desired order of the method, simplifying conditions are
often introduced. This leads to special classes of RK methods like the Gauss-
Legendre methods, the Radau methods, and the Lobatto methods which are all
based on the idea of collocation. We refer the reader to the textbooks by HAIRER,
NORSETT AND WANNER [82] and HAIRER AND WANNER [84] for a detailed exposition
of this material.

Further restrictions apply if we demand that the RK method is symplectic. As
first shown by SANZ-SERNA [170], LAsAGNI [106], and Suris [185] the conditions
on the parameters {a;;} and {b;} are:
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CONDITIONS OF SYMPLECTICNESS FOR RUNGE-KUTTA METHODS

b,-a,-j + bjaj,- - b,’bj =0, /,_j =1,..., S. (6.14)

Proof: It is convenient to first express the Runge—Kutta method in more compact
form. We associate with any s-stage Runge—Kutta method the s x s matrix
A = {a;;} and the column vector b = {b;}. We also introduce tensor product
notation. The tensor product T ® S, of an arbitrary m x m matrix T = {t;;} and
an arbitrary n x n matrix § = {s;;}, is a k x k matrix, k = mn, defined by

1S txS - tomS
T®S = . , .

An account of the properties of tensor products is given by LANCHESTER [103].
For our purposes it is sufficient to know that

(RS)(T®S)=(RT)®S,

whenever the products are defined.
Using tensor product notation, a RK method (6.10)—(6.13) can be compactly
rewritten as
g™ =q"+ At(b” ® I)F,
p"t = p"+ At(b” ® )G,
RQ=eq"+At(AxI)F,
P=exp"+ At(AR )G,

where e = [1,1,..., 11" € R®, I € R9*9 is the identity matrix, and
Q1 F
Q= 0:2 € R, F = 1_72 € R,
Qs F.

etc. The linearization of a RK method (6.10)—(6.13) is now implicitly defined by
the system

dq"t = dq" + At(b" ® I)dF, (6.15)
dp™*t =dp" + At(b" ® 1)dG, (6.16)
dQ =e® dq"+ At(A® I)dF, (6.17)

dP = e® dp" + At(A® 1)dG. (6.18)



6.3 RUNGE-KUTTA METHODS 153

where dF = FodQ + FpdP etc. It is important to keep in mind that, because
we started from a Hamiltonian system

Fo=-Gh, Fp=F], Gq=G,. (6.19)
The first two equations (6.15)—(6.16) are combined to give

dqn+1 A dpn+1 _ dqn A dpn
At

=dq" A (b" ® 1)dG —dp" A (b" ® I)dF +

At(b" @ NdF A (b" ® 1)dG
= dq" A (b" ® 1)dG — dp" A (bT @ IdF +
AtdF A (bb" @ 1)dG.

Next we introduce the diagonal matrix B € R**° via Be = b. Hence we obtain
from (6.17)—(6.18) the identities

dQA(B®1)dG=e®dq"N(B®1)dG + At(A® I)dF A (B® I)dG
=dq" A (b" ® 1)dG + AtdF A (ATB® 1)dG,

and

dPAN(B®I1)dF =e®@dp" AN(B® I)dF +At(A® 1)dG A (B® I)dF
=dp"A(b" @ I)dF — AtdF A (BTA® 1)dG.
These three equations, obtained so far, can be combined into a single equation

dqn+1 A dpn+1 _ dqn A dpn
At

— AtdF A ({bbT _BA-— ATB} ® l) dG +
+dQ A (B® 1)dG — dP A (B® I)dF.

The symplecticity condition (6.14) is equivalent to
BA+A"B—-bb" =0.
Furthermore, since (6.19)

dQ A (B® 1)dG — dP A (B® 1)dF = dQ A (B® I)GpdP —
—dP A (B® I)FodQ
=—dPA(B®1){Fo+G}}dQ
~0.
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Table 6.4 Coefficients for the two-stage Gauss—Legendre
method of orders 4 and 6

4th order/2 stage

a=i-%  au=1i e
Q—%-F? 321=%+§ 822:%
by =1 by =1
6t order/3 stage
1 _ Vi5 _ 5 _ 2 _ \i5 _ 5 V15
a=3""T10 a1 = 36 M2=5 75 T 3T 30
1 _ 5 V15 _2 _ 5 V15
=3 a1 =35+ 5 2= a3 = 35 ~ 24
_ 1, V15 _ 5 V15 _ 2, Vi5 _ 5
=3+ B =35+ 5 =5t q5  a3= g
b= by =3 by = 3
Thus
dqn+1 A dpn+1 — dqn A dpn,
as desired. O

Upon setting / = j in (6.14), we obtain 2a;; — bj = 0 for b; # 0, which implies
that a;; # 0. Thus we obtain the following important restriction on symplectic
RK methods:

Lemma 1 Symplectic Runge—Kutta methods are necessarily implicit, i.e., aj; #
0 forsomei,j€{1,...,s},j>1I. a

Among implicit RK methods, the Gauss—Legendre methods can be shown to
satisfy (6.14) [39]. For example, the two-stage Gauss—Legendre method given
in Table 6.4 is fourth order and symplectic. The additional coefficients ¢; are
needed when solving time-dependent Hamiltonian problems. Specifically, each
stage variable (Q;, P;) is an approximation to the exact solution at time t; =
tn, + ciAt.

More generally, Gauss—Legrendre methods with s > 1 stages are of order
p = 2s. This is the optimal order obtainable for a given number of stages among
all possible symplectic collocation Runge—Kutta methods.

Implicit RK methods require the solution of the nonlinear equations (6.10)—
(6.11). In general, these nonlinear equations can be solved by Newton's method,
but this task requires the computation of the Jacobian and its inverse. This can
be avoided provided the stepsize At is small enough. In this case, the following
fixed-point iteration can be used instead of Newton's method:
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FIXED-POINT ITERATION FOR IMPLICIT RK METHODS

Forl=1,..., till convergence
S
Qf —q"+ Atzaiijl_lv r=1,..., S, (6.20)
Jj=1
S
P/ =p"+ Atza/jGj_l, =1, S, (6.21)
j=1
with

FI~l=4V,HQT P,

Gj(—l — _qu(QJI'_ly ’pj/—l)

and initial values QJQ =q", PJ.O =p".

It is worth pointing out that the condition (6.14) also implies that the corre-
sponding Runge—Kutta method exactly preserves any quadratic first integral of
the form

|=2"Cz+d"z, z=1(q,p),

C € R?29%2d 3 symmetric matrix and d € R29 a vector. For example, the Gauss—
Legendre methods exactly preserve total linear and angular momentum for Hamil-
tonian systems with pairwise distance-dependent interactions. They also conserve
the Hamiltonian of linear systems since the Hamiltonian H is quadratic in g and
p. The proof of this result has been given by COOPER [46] and is analogous to a
result given below for integrals of partitioned Runge—Kutta methods.

6.3.2 Partitioned Runge—Kutta methods

Runge—Kutta methods were designed for general differential equations without
assuming that the phase space variable z can be partitioned into two sets of
variables g and p as is the case for canonical Hamiltonian systems (6.1)—(6.2).
Examining (6.10)—(6.13), it seems natural to use a different set of parameters
{ajj} and {b;} for each variable g and p. Let us denote these parameter sets by
{ajj}, {b;} and {ajj}, {b;}, respectively. This leads us to the class of partitioned
Runge—Kutta (PRK) methods (already introduced in Section 2.5)

S
Qi=q"+At) a;F; i=1,...,s, (6.22)
j=1
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S
P, =p"+ At)_ &;G;, i=1,...,s, (6.23)
Jj=1
s ~
q"tt =q"+ At)  biF;, (6.24)
i=1
s ~
p"tt=p"+ At biG;, (6.25)

i=1

with s again the number of stages and F; and G; defined as before for RK
methods. Thus we now have 2s(s + 1) free parameters to obtain a certain order
and to guarantee symplecticness. Order conditions for PRK methods are derived
in the same way as for implicit RK methods and we again refer the interested
reader to the textbooks by HAIRER, NORSETT, AND WANNER [82] and HAIRER AND
WANNER [84].

The conditions for a PRK method to be symplectic are:

CONDITION OF SYMPLECTICNESS FOR PARTITIONED RK METHODS

~ ~

b,'g,'j + bjé/)\j,' — B,'
b —

S

0, ij=1..,s, (6.26)
0 i=1...,s. (6.27)

o

i

The proof of this condition is very similar to the proof given in the previous
section for Runge—Kutta methods, and is omitted.

As first shown by Sun [184], proper combination of Lobatto IIIA and Lobatto
1B Runge—Kutta methods gives rise to symplectic PRK methods. It should be
noted that neither of the two classes of RK methods are symplectic, in gen-
eral, when considered individually! An example of symplectic PRK method, that
is based on a Lobatto IA-IIIB pair, is the second-order generalized leapfrog
scheme.

GENERALIZED LEAPFROG METHOD

At
pn+1/2 — pn _ ?vq/_/(p”'i‘l/% q”), (628)

At
@ = a5 (VR a0+ VHET g (6.29)

At
pn+1 — pn+1/2 _ 7qu(pn+1/2, qu’l)- (630)
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Table 6.5 Coefficients for the three-
stage Lobatto IlIA-IIIB pair of order 4

a:o 311:0 /3\1220 :3\1320
@ =1/2 | an =5/24 an=1/3 a3 =-1/24
=1 a1 =1/6 a3 =2/3 233 =1/6
b1 =1/6 By =2/3 b3 =1/6
=0 a1 =1/6 ap =-1/6 213 =10
©=1/2| a3 =1/6 am =1/3 a3 =0
=1 a3 =1/6 a3 =5/6 a13=0
b1 =1/6 by =2/3 b3 =1/6

In fact, the generalized leapfrog method is the combination of the trapezoidal rule
(Lobatto Il1A) for the g variable with a variant of the midpoint rule (Lobatto I1I1B)
for the p variable. The generalized leapfrog method is ideal for low-order integra-
tion of non-separable Hamiltonian problems and can be used as a basic method
for higher-order symmetric compositions methods as described in Sections 6.2.2
and 6.2.3.

In Table 6.5, we give the coefficients for a three-stage fourth-order Lobatto
HA=11IB PRK method.

Higher-order symplectic PRK methods are implicit when applied to general
Hamiltonian systems of type (6.1)—(6.2) and can be solved by a fixed-point itera-
tion similar to the one discussed for implicit RK methods, or by Newton iteration.

The situation changes for systems with a separable Hamiltonian,

H(q.p) =T(p) +V(q).

While symplectic RK methods are still necessarily implicit, explicit PRK methods
can be found. However, this class of explicit PRK methods is equivalent to the
class of composition methods and so we do not discuss them here in any further
detail [148, 172].

We close this section with a proof of the fact that the symplecticness con-
ditions (6.26)—(6.27) also imply exact preservation of any first integral of the
form

I =q Wp+ leq + dsz, (6.31)

W € RY%9 3 constant matrix, d; € R? and d» € R? two vectors. Recall from
Section 5.3 that first integrals of this type arise from the symmetry of H under
a linear canonical point transformation. For example, symplectic PRK methods
exactly preserve total linear and angular momentum for systems with pairwise
distance-dependent interactions.
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Using the same tensor product notation and the abbreviations introduced in
the previous section, a partitioned RK method (6.22)—(6.25) can be rewritten as

g™l =q" + At(b” ® I)F, (6.32)
p™t = p"+ At(b” ® )G, (6.33)
Q=e®q"+At(AR I)F, (6.34)
P=exp"+At(A® )G, (6.35)

where A = {ajj}, A= {ajj}, b = {bj}, and b = {b;} are the coefficient matri-
ces, vectors respectively, of the PRK method. The conditions of symplecticness
(6.26)—(6.27) are equivalent to

BA+A"B—-bb" =0, b=b.
In the sequel we will assume b = b = b and denote the associated diagonal s X s
matrix by B.
Let us assume that the given Hamiltonian ODE has a first integral of the
from (6.31) with, for simplicity, di = d» = 0. We now check conservation of

such first integrals under timestepping by symplectic PRK methods.
The first two equations (6.32)—(6.33) can be combined to yield

(qn+1)Tan+1 _ (qn)Tan
At

=(@")(b" @W)G + FT(bo W)p"
+AtFT(bb" @ W)G.
Similarly, equations (6.34)—(6.35) give rise to
QT (BoW)G = (q") (boW)G + AtFT (AT B ® W)G,
and
FT(BoW)P=F (boW)p"+ AtFT(BA® W)G.
These formulas may be combined to vyield

(qn+1)Tan+1 _ (qn)Tan

_ T T _ A AT
" = AtFT({bb” — BA— ATB} © W)G

+QT(BRW)G +FT(BoW)P.

Note that d//dt = 0 implies that
Q' (BoW)G+ F (BaW)P =0.

Hence symplectic PRK methods preserve first integrals arising from an invariance
of the Hamiltonian H under linear point transformations. The same statement is
of course true for symplectic classical RK methods where A = A.
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6.4 Generating functions

Composition methods offer a systematic way to the construction of symplec-
tic maps; they rely on a splitting of the Hamiltonian into explicitly solvable
Hamiltonian problems and the group property of symplectic maps under com-
position. In contrast, the symplectic RK methods appear more as a pure strike
of good luck. However, symplectic RK methods and other available symplectic
methods can be derived from a generating function [7, 73] that automatically
guarantees the symplecticness of the associated method. We will give a brief
summary of generating function methods in this section.

Generating functions are scalar valued functions S that can be used to derive
symplectic maps from (q, p) to (g, p) in a systematic manner. There exists sev-
eral types of generating funtions. We focus here on the following two: (i) S1(q, p)
and (i) S2(q, ). The associated symplectic map ¥ : (q, p) — (@, p) is defined
implicitly by either

or
p=-V45:q.9)., P=V4z5(q.q), (6.37)

respectively. The symplecticness of % is easily verified (see the Exercises).

Let us focus first on generating functions of type S;. The identity map cor-
responds to S; = g’ p. One can now unfold the identity by going to a parameter
dependent family of generating functions:

Si(a.p(7),7) = q" (1) + TAS1(q, B(T), 7). (6.38)

According to (6.36), this yields an associated family of symplectic maps,

ol (1)
A simple example of (6.38) is provided by
Si(a.B().7) = a" B() + TH(q, B(7)),
and (6.36) results in
p=p(1)+7VeH(q.p(7)), a(7)=q+1VsH(q, B(T)).

If we set 7 = At and identify (g, p) with (g", p”) and (g, p) with (g"*%, p"*t1),
respectively, the symplectic Euler-B method emerges.

Perhaps more importantly, a fundamental result in classical mechanics states
that there is a generating function Sy of type (6.38) such that the associated
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transformation 4, is equivalent to the exact flow map @,y of a canonical
Hamiltonian system with Hamiltonian H. The generating function S; satisfies
the Hamilton—Jacobi equation [7, 8]

0r51(q,p, 7) — H(V551(q. b, 7), p) = 0. (6.39)

Hence one can try to obtain symplectic methods by approximately solving the
Hamilton—Jacobi equation (6.39) near the identity transformation and to use the
approximative S; to define a symplectic integration method via (6.36). Indeed,
this approach was followed by FENG [58] and CHANNEL AND SCOVEL [43, 44] and
inspired early investigations of symplectic methods. Later it was shown by LASAGNI
[106, 107] and Suris [186] that symplectic (partitioned) Runge—Kutta methods
can be derived from generating functions of both types S; and Sy, respectively.
These results are important since they guarantee the existence of globally de-
fined modified Hamiltonian functions in backward error analysis [16, 80] (see the
Exercises).

Generating functions of type S, are also very useful because of their close
connection to Largange's equation (recall Section 3.2) and the Lagrangian vari-
ational principle [7, 73]. We illustrate the basic idea by a simple example. Take
the Lagrangian function

menzéﬁ—vw)

of a single degree-of-freedom particle system with mass equal to one and a
potential energy function V(gq). One can replace the time derivative in L by a
discrete approximation and use this approximation as a generating function of
type 57, eg.
= = 2
_ qg—4q T(4—(4
S(g.q7)=7L{q —— | ==——] —71V(9).
@)=t (0 0) =2 (T0) - @)
The associated symplectic transformation is given by
05> q—a 0S5 q—q
:——:——+Tvl , _:—_: .
p GE - (q) P= 35 p.

After sorting variables, we obtain the explicit expression

p=p—1V(q), g=q-+Tp,

which turns again into the symplectic Euler-B method with (g, p) = (¢", p"),
(g, p) = (¢"*1, p"t1), and T = At. See the survey article by MARSDEN AND WEST
[125] for a detailed discussion of this particular generating function approach to
symplectic integration and the closely related discrete variational principle. See
also the Exercises.
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6.5 Numerical experiments

6.5.1 Arenstorf orbits

Let us consider the gravitational system consisting of a couple of massive bodies
and one light one moving in the (x, y)-plane. We assume that the orbit of the two
heavy bodies is essentially circular, and that the mass of the light body is so small
that we can neglect the influence of the light body (for example, asteroid) on
the motion of the two heavy ones. It is convenient to pass to a moving reference
frame which rotates with the angular velocity of the planetary system around the
center of mass of the two heavy bodies. We also choose units of length and time
and mass so that the angular velocity of rotation, the sum of the masses of the
heavy bodies, and the gravitational constant are all equal to one. The equations
of motion for the light body are then given by

K = 42y = Vi(x, ), (6.40)
y=—2%—Vy(x,y), (6.41)

where the potential V is given by

Here w1 is the mass of the first (lighter) heavy body, uo, = 1 — w1 is the mass of
the second heavy body, and

n=\(x—w)?+y% n=y/(x+up)+y?

are the distances from the light body to the two heavy bodies which (in the
moving coordinate frame) are fixed at points (w2, 0) and (—u1, 0). This problem
is also called the restricted three-body problem. See [8] for further details.

The restricted three-body problem possesses interesting periodic solutions
often called Arenstorf orbits. For example, w1 = 0.012277471 and initial data

x =0.994, x=0,
y=0, y = —2.001585106379082

lead to a periodic orbit with period
T =17.06521656015796255.

The numerical computation of this orbit faces difficulties because of the two
singularities in V' at (x, y) = (u2,0) and (x, y) = (—u1, 0). Note that the periodic
orbit gets very close to the first singularity at t = k- T, k=0,£1,£2, ..., which
makes this a challenging problem for numerical computations. See Fig. 6.1 for a
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y—axis
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Figure 6.1 Arenstorf orbit of the restricted three-body problem. The two
(fixed) heavy bodies are marked by .

graphical presentation and [82] for the numerical computation of the Arenstorf
orbit using “standard” numerical methods.

Let us discuss the Hamiltonian structure of the restricted three-body problem.
In fact, the equations (6.40)—(6.41) can be brought into the form of the equations
of motion for a particle in a magnetic field. We define g = (x,y,0)" and p =
(x,y,0)" and obtain the Hamiltonian

H=SlplP+ V(). V(@) =V(xy)

The restricted three-body equations of motion are then equivalent to

d__
dtq_p'
9 bxp—VoV(q)
P =bxp=VgV(q),

with b= (0,0, —2)". Both Scovel's method from Section 4.5.2 and the implicit
midpoint method can now be used to obtain symplectic integration methods.

We apply the higher-order composition methods from the previous subsections
to the Arenstorf orbit of the restricted three-body problem. Scovel's method is
used as the basic second-order integrator, i.e.

Vwar = Puntsav © Puwat T © Puntjov-
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The equations of motion are integrated over one period T and the error in
the coordinates (x(t), y(t)) of the light body at t =T, i.e.

e(T) = max(x(T) —0.994, y(T)),

is recorded as a function of the necessary number of force evaluations per unit
time interval. See Fig. 6.2 for a comparison of the various methods. We find
that higher accuracy of a method pays off in terms of efficiency over a fixed time
interval (here one period). In particular, both the sixth-order method of Table 6.1
and the eighth-order method of Table 6.2 work very well. We mention that this
problem offers significant scope for adaptive integration. We will come back to
this issue in Chapter 9.

accuracy-work diagram

position error after one period
=
o
&
T
Il

10710 ‘ ‘
10* 10°
number of force evaluations per unit time interval

Figure 6.2 Accuracy versus efficiency comparison of fourth-order (x) and
sixth-order (o) composition methods of Table 6.1, the sixth-order 7-stages
(+) and 9-stages (*) composition methods of Table 6.2, the sixth-order (O)
post-processed method of Table 6.3, and the eighth-order (¢) composition
method of Table 6.2 using the Arenstorf orbit of the restricted three-body
problem as a numerical test case.

6.5.2 Solar system

To compare the relative efficiencies of the different methods a model of the solar
system was constructed as follows. The model used was based on ten bodies:
Mercury, Venus, Earth, Mars, Jupiter, Saturn, Uranus, Neptune, Pluto, and the
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Sun with the entire system rotating around its center of gravity, and uses an
all-body potential. The integrator ignores all but gravitational forces.

The Hamiltonian equation, where m; is the mass of the ith planet and G is
the gravitational constant is

1 10 | 10 G /
H(q, E: }:}: ‘“‘“J
(a.7) 2 = llgi — aill’
=1 i=1j=i+1

Then the differential equations are

10
P Gmim;(qi — q;)
q,-:E", pi = Z ||’ ‘J_ '}||3J : 1,2,..., N

This model treats the Sun as one of the bodies and the entire system orbits around
the centre of mass of the system. Initial data were taken from the DE118 18-digit
state vectors provided by the NASA Jet Propulsion Laboratory, and represents
the state of the Solar System at Julian date 2440400.50 (00:00 on June 28,
1969).

All of the composition and post-processing schemes were based on the second-
order Stérmer—Verlet method. The methods compared were as follows:

label | order method type table | entry

2nd 2 Verlet

4thM 4 Composition 6.2 1
4thRK 4 Runge—Kutta 6.4 1
6thM 6 Composition 6.2 3
6thPP 6 Post-processing | 6.3 1
6thRK 6 Runge—Kutta 6.4 2
6thY 6 Composition 6.2 2
8thM 8 Composition 6.2 4

The methods have been compared by plotting the maximum energy error
over a ten year simulation against the number of force evaluations done, as
shown in Fig. 6.3. From the graph it is clear that the high-order explicit methods
dominate for small maximum errors, with the post-processing and eighth-order
methods providing the greatest efficiency. The implicit Runge—Kutta methods
fare less well in the comparison.

In this model each step of the Runge—Kutta method was resolved to a fixed
arbitrary value which was small enough so that there was no influence on the
maximum energy error. This approach gives rise to the odd curves in the work—
energy diagrams at large stepsize, as, at the large stepsizes corresponding to the
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larger maximum energy error, the simplified nonlinear solver becomes inefficient
and increasing numbers of iterations are needed to resolve the solution to the
specified accuracy.

Accuracy/Work plot
107 ‘ 7

Max. energy error (10y)

i

4 5
10 10 10
Force evaluations

Figure 6.3 Comparison of method efficiency for the solar system model.

Longer simulations demonstrate the procession in Pluto’s orbit; this can be
seen in Fig. 6.4 which represents the trajectories in the Solar System over one
million years.

6.6 Exercises

1. Numerical comparison for Arenstorf orbit. Implement Scovel's second-order
splitting method (compare Section 4.5.2) for the restricted three-body prob-
lem of Section 6.5.1. Using Scovel's method, also implement the higher-order
composition methods as described in Sections 6.2.2-6.2.3. Reproduce the
data shown in Fig. 6.2. Note that the work per unit time interval is defined
as the number of timesteps taken to approximate the solution over one period
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Figure 6.4 One million year simulation of the solar system. The cloud of
points illustrates the precession in the orbit of Pluto.

T multiplied by the number of stages of the method and divided by the period
T. The accuracy is defined in terms of the absolute error in the computed
positions after one period, i.e.

e(T) =max(x(T) —0.994, y(T)).

Higher-order composition methods. Let Wa; be a symmetric and symplectic
method of order two (for example the Stormer—Verlet method). Show that
the composed method

uA’At = wwlAt o wszt o leAt
is fourth order if
_ 3 3 _
2w +wr =1, 2wy +ws = 0.

Hint: Since Wa; is symplectic, there exists a modified Hamiltonian /:I(At)
whose corresponding time-At-flow map is “identical” to Wa; (see Chapter 5).
Because Wy, is also symmetric, the Taylor expansion of H(At) contains only
terms of even order in At (see Exercises in Chapter 5). Use the Taylor series
expansion

H(At) = H 4+ At?6Hs + At*GHy + . ..
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to derive a modified Hamiltonian for the (symplectic and symmetric) maps
WV, at. Finally, use the BCH formula of Section 5.4 to derive the modified

Hamiltonian for the method lIA/At. Show that 2wy + wo = 1 implies second
order. If also 2w3 + w3 = 0, then the method is fourth order.

3. Symplectic methods from generating functions. Show thatamap ¥ : (q, p) —
(g, p) defined by either (6.36) or (6.37) is symplectic. Find a generating func-
tion that yields the symplectic Euler-A method.

4. Hamilton—Jacobi equation. Given a generating function (6.38) that satisfies
the Hamilton—Jacobi equation (6.39), show that the associated symplectic
map (6.36) is equivalent to the flow map @, 4. Hint: Differentiate

P = vqsl(qv ﬁ(T)v T)’

with respect to T and compare with the gradient of (6.39) with respect to
g. Repeat the same calculation for

q(t) = VpSi(a, p(1), 7).

Also note that

q(r)| _ q
ERt(H)
is equivalent to

d
p=—VgH(4,p), Eﬁ:VﬁH(ﬁ.ﬁ)-

d

drt

5. Symplectic methods from generating functions. Given a Lagrangian functions

L(q,q) = ||q||?/2 — V(q). What symplectic method do you obtain from the
generating function

. (a+d d-a\_T d-a, _ (d+a),
s<q.q,7)—n( L3 )—2“ 9 TV( : )

One can clearly apply this approach to more general Lagrangian functions
L(q,q). Take, for example, the Lagrangian function (3.17) given in Sec-
tion 3.2 to describe the motion of a charged particle in a magnetic field.
Discuss several options to obtain a generating function and compare the
associated numerical methods with the ones used in Section 4.5.2.
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6. Modified Hamiltonian functions via generating functions. Let Sy denote the
generating function of type (6.38) for the exact flow map @, 4. Show that

2
_ _ _ T _ _
Su(a.p.7)=a'p+TH(q.p) + - VaH(a,p) V5H(a, B) + O(T°),

via explicit Taylor expansion of (6.39) for S; = Sy.

The symplectic Euler-B method Wa; can be obtained from the generating
function

S(q.p.At) =q" p+ AtH(q, ).

Show that the first-order modified Hamiltonian is given by
Hi = H+ AtSHy,

with

S(q.p,7)—Su(q.p,T)
7—2

5H1(q. p) = lim
T7—0

Can this approach be generalized to higher-order corrections? See also [80].

7. Discrete variational mechanics. Consider the Lagrangian function L(q, ¢) and
the action integral

Lol = [ ta(0). a(e) at

We replace the integral by a finite sum

n+1l _ n
Li{a" =30t <q‘f’+A—tq> At

and find the local minimizer from the condition

0
oqn

L[{q"}] =0.

What numerical scheme do you obtain by explicitly evaluating the formula for
L(q,d) = ¢%/2 — V(q)? The derivation is a simple example of the discrete
variational principle [125].
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Constrained mechanical systems

In this chapter, we discuss the problem of simulating a mechanical system sub-
ject to one or several constraints. This subject is rather broad, and there are
many theoretical issues which arise in the most general settings concerning the
formulation of the equations of motion and the properties of solutions. To sim-
plify the discussion, we primarily restrict ourselves to the treatment of constraints
which can be described by algebraic relations among the position variables of the
system, i.e., defined by equations of the form

gi(q) =0, i=1,..., m,

for smooth functions g;. A mechanical system subject to such constraints is
typically termed holonomic. Derivation of equations of motion for a holonomically
constrained mechanical system is not very much more complicated than for an
unconstrained system.

When it comes to numerical discretization, however, the constraints intro-
duce a few challenges. For one thing, the propagation of errors in numerical
algorithms for a constrained differential equation is more complicated than for
ordinary differential equations. For another, the constraints are often an intrinsic
component of the modeling of the system, and the configuration manifold (the
set of points for which the constraints are satisfied) is an essential part of the ex-
tension of the concept of symplecticness. For these reasons, it seems important
that the constraints are accurately resolved at each step. This is in contrast to
the case for unconstrained systems, where a certain error growth must generally
be tolerated.

In this chapter, we will introduce several approaches for numerical discretiza-
tion of holonomically constrained systems, focusing initially on the SHAKE method
due to RYCKAERT, CicCcOTTI, AND BERENDSEN [167] and RATTLE [5] variant, as
these have proven very popular in molecular dynamics. We then develop more
general type of methods. Recently, schemes like those discussed in this chapter
have seen widespread use in computer graphics and gaming applications.

169
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7.1 N-body systems with holonomic constraints

In the introduction of this book, we have already encountered simple examples of
constrained Hamiltonian systems (the bead on a wire, the spherical pendulum).
It was shown that D'Alembert’s principle enabled us to write equations of motion
with respect to a single constraint g(q) = 0 by introducing a constraint force
that always acts in the direction of the normal to the constraint surface.

The extension of the Newtonian formulation to systems with multiple par-
ticles and multiple holonomic constraints is straightforward. Given m algebraic
constraints gi(q) =0, i =1,..., m, on a multiparticle system, it can be shown
that the constraint forces due to each constraint act in the normal direction to
the corresponding surface. Newton's Second Law then suggests the following
form for the equations of motion:

N-BODY SYSTEMS WITH HOLONOMIC CONSTRAINTS
d
—q= 1
74=V. (7.1)
d m
M_v=-VqV(q) - > Vagi(@A, (7.2)
i=1
0=yi(q), i=12,..., m. (7.3)

Here, as in previous chapters, M represents a positive definite and symmetric
(typically diagonal) mass matrix. We typically impose the assumption that the
gradients of the constraint functions V4g;(q) form a linearly independent set.

We define the configuration manifold .# as the space of all positions subject
to the position constraints:

M={qeR! gi(q) =0, i=1,..., m}.

Let g be a point of the configuration manifold and consider the set of all smooth
parameterized curves containing g and lying in .#. Each such parameterized curve
q(t) (with, say, g(tp) = q) has a certain velocity vector v at t = ty, Vv = q(tp).
Obviously, because of g;(qg(t)) = 0 for all t, we must have that

S aia(t) = Vaai(a(t) - 4(6) = Vaai(a(0) W) =0, (7.4
and, in particular
Vagi(@) v =0 (75)

The set of all possible velocity vectors at the point g is a linear vector space

Tl ={veERY (Vq0i(§))-7v=0, i=1,..., m},
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l’

Figure 7.1 The tangent space.

called the tangent space at g (Fig. 7.1). The tangent bundle of .# is the space
of all pairs (g, v) with g lying in .# and v lying in Tq.#. The tangent bundle is
denoted T .#.

The system (7.1)—(7.3) can be written more compactly by introducing the
vector function g(q) = (91(q), ..., gm(q))", denoting its Jacobian matrix by

G(q) = gq(q), or, equivalently, G(q)" = Vq49(q),

and letting A represent the m-vector of multipliers A = (X, ..., >\m)T. Then the
equations of motion become

9a=v, (7.6)

9y = VV(a) - Gla) A (7.7)

0=9(q). (7.8)

M

Example 1 Consider a simple constraint chain in the plane made
up of N-point particles with masses my, mo, ..., mp, with each
successive pair of particles joined by a length constraint, say with
lengths I, b, ..., In—1. If, moreover, the first point is linked to
the origin by a similar length constraint (say with length &), then
we have a multiple pendulum (see diagram). These problems are
important model problems used in biochemistry and biophysics
(polymers exhibit such a chain structure) as well as in engineering.

We might assume that the system moves in some applied uni-
form potential energy field V = Z,N:l ¢(q;), so that the external
force acting on the ith particle is

Fi = _vq,(b(q/')-
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Let us number the multipliers in accordance with the indexing of the constraints,
then following the discussion of this section, the equations of motion are, for any of
the internal nodes of the chain

d
7dtq/ =V
d
mi— Vi = Fi = Aiea(ai = gim1) = Xilai — giva),

whereas the first node obeys

d = v
dtql = Vi,
d
mpvi = Fi—Xoq1 — Mi(q1 — q2),

and the last node moves according to

9 o = v
dth_ N
d
MmNV = Fn —Xnv—1(an — gn-1).

Here the constraints take the form

1
gi(q) = E(HQI' — g’ —17) =0,

fori=1,..., N—1, while go(q) = 2(||lq1[|*— ) = 0. The transpose of the constraint

Jacobian matrix, G(q)", here is

a q—q 0 0 0 0
0 ¢o—q1 g — g3 0 0 0
0 0 qs — q» 0 0 0
0 0 0 .. 0 gyv-1—qn—> agn-1—qn
| 0 0 0 ... 0 0 an — qn-1 | -

Just as for the one-particle, one-constraint case, the multipliers A; in the con-
strained Newton equations (7.6)—(7.8) could be eliminated by differentiating the
velocity constraints (7.4) one more time with respect to t, resulting, after an
exercise in calculus, in a system of unconstrained differential equations

d
Eq =V, (79)

MLy = —YoV(a) - G(@) Aa,v). (7.10)
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with A(g, v) given by
Ag,v)=—(GMIGT)HGM™IV,V(q) + ggg< v, v>]. (7.11)

Here we have used the shorthand G = G(q) and the symbol gqq < v, v > is to
be understood to represent a vector of m components with the /th component
given by

0%g;
q

d
i <V,V>= Vi V).
(gl)qq Z 84,0, kVi

k,I=1

These equations are well defined provided the square m x m matrix GM~1G' is
nonsingular along the configuration manifold .#, i.e., when g(q) = 0. Note that
this is always the case if the matrix G(q) has full rank for g € .# (has linearly
independent rows) and M is positive definite (see Exercises). For prescribed initial
conditions (qo, vo) € T.#, the associated solution (q(t), v(t)) of (7.9)—(7.11)
stays in T.# and, hence, such a solution (q(t), v(t)) also satisfies (7.6)—(7.8).
For that reason, one often refers to the system of differential and algebraic
equations (7.6)—(7.8) as a description of an ordinary differential equation (ODE)
on a manifold (here T.#) and (7.9)—(7.11) is called the underlying ODE.

7.2 Numerical methods for constraints

We now consider the development of numerical integration methods suitable for
integrating a constrained mechanical system. The obvious geometric property
that we would like to preserve is the constraint g(g) = 0. However, any such
trajectory will also need to satisfy the tangency condition (7.5), thus we seek
methods for solving (7.1)—(7.3) which preserve the tangent bundle T.#.

There are many approaches to this problem. We have already seen in previous
chapters that the use of different formulations of the equations can have a pro-
found impact on the numerical integration process. Roughly speaking, methods
for constrained integration can be divided into two classes: (i) methods based
on integration of some related (unconstrained) ordinary differential equation,
e.g., the underlying ODE (7.9)—(7.11), and (ii) methods based on direct dis-
cretization of the constrained equations of motion (7.1)—(7.3). In this section,
we consider methods of the second class. Schemes of the other type are men-
tioned at the end of this chapter.

7.2.1 Direct discretization: SHAKE and RATTLE

Experience indicates that the best results can generally be obtained using a direct
discretization of the equations of motion. The idea in direct discretization is to
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apply the ideas used to in constructing approximation methods for unconstrained
differential equations to the constrained equations of motion. This requires some
generalization of the standard types of methods. In this section, we will intro-
duce popular methods which generalize the Stormer—Verlet method introduced in
Chapter 2, and we comment on issues such as accuracy and stability. The results
of this subsection will be generalized to more general constrained Hamiltonian
systems in the next section.

SHAKE discretization was proposed in 1976 by RYCKAERT, CICCOTTI, AND
BERENDSEN [167]. A paper of ANDERSEN [5] later introduced a related formulation,
which he called RATTLE. LEIMKUHLER AND SKEEL [113] analyzed and compared
the two methods, discovering, apparently for the first time, that they were (i)
equivalent to each other and (ii) symplectic. Our treatment is based on the
exposition of [113].

Upon rewriting (7.6)—(7.7) as a single second-order equation in g and applying
the standard leapfrog discretization (2.19) of Section 2.5, one quite naturally
arrives at the SHAKE discretization

qn+1 _ 2qn + qnfl
M =—VqgV(a") —G(a")"N\", (7.12)

At?
0=g(g"""). (7.13)

The method can be implemented as follows. We solve (7.12) for g"*! and insert
in (7.13), resulting in a system of m equations in the m unknown Lagrange
multipliers A" = {A\7}

0= g()\n) = g(qn—i-l _ AtzM_lG(q”)TA”),
where

C_]n+1 = 2qn _ qn—l o At2M_lqu(qn)

represents an unconstrained step with the leapfrog method. Some possibilities
for the treatment of these nonlinear equations will be discussed later in this
section.

The equations (7.12)—(7.13) can be recast in a position-velocity formulation
by setting v't1/2 = (g"! — ¢")/At and defining v = J(v""1/2 4 y"HL/2),
resulting in:
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SHAKE IN POSITION-VELOCITY FORM

g™ = q" + Atv2, (7.14)
My™L2 = Myn=12 — AtV V(") — AtG(g")T A", (7.15)
0= g(qn—&-l), (7.16)

1
JN = 5 (v”+1/2 i ,,n—l/z) _ (7.17)

SHAKE can be viewed as a mapping of .#, but it does not define a mapping
of the tangent bundle T.#. Yet, SHAKE is algebraically equivalent to another
method, RATTLE, which is a mapping of the tangent bundle T.#. The idea
behind RATTLE is to correct the SHAKE solution so that it lies on T.# through
appropriate projection of the velocity v"™! on to the tangency constraint (7.5),
the result being the scheme:

RATTLE DISCRETIZATION

gl = q" + Aty T2 (7.18)
My Y2 — pyn — A—VqV( n)_ G(qn)T)\(r) (7.19)
0= g(g™"), (7.20)
Myt — Mvn+1/2_ﬂv V(g™ - Eg(q”Jrl)T)\?;gl (7.21)

2
0= G(q”“)v”“. (7.22)

The multipliers A?r) are chosen in order to enforce the position constraints (7.20),

while A?f)l relates to the velocity constraints (7.22) and is determined at time
level t, by the linear system

[6(aM 6@ My = 6(a) (v 2 - MVV(@D) . (7.23)

Combining equations (7.19) and

At
Mv" = My"~1/2 — —VaV(a") - —G(q")TA("V)
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results in
Mv n+1/2 _ - Mv"™ 1/2 AtV V(qn) - G(q”)T(A(r) + Al(qv))' (7.24)

where A?V) is determined by (7.23) and is assumed to be computed at this stage.
On the other hand, Afr) is chosen so that

g(g") = g(q" + Atv"t1/2) =0

at the next time level.

We recognize that (7 24) is equivalent to the SHAKE update (7.15) with A"
replaced by 2()‘(r) ) Thus RATTLE and SHAKE are formally equivalent
when viewed as |terat|ons from (q", v~ 2) to ("1, ”+2) In other words, a
proper initialization of RATTLE would produce a sequence of approximations
identical to that produced by SHAKE, except that the two solutions would differ
in the velocity approximation v at the end of each timestep.

Example 2 Let us illustrate the use of SHAKE with the familiar example of the planar
pendulum. For the pendulum, applying SHAKE results in the discrete equations

Xny1 = Xp + Dtlpi1yo,

Ynr1 = Yn + DtVoy1o,
MUpy1/2 = MUp_1/2 — Atxa g,
MVpty1/2 = MVp_1/2 — Atmg — AtynXn

L? = (Xn—H)2 + (Yn+1)2,

where we have violated our usual convention of writing time step index as a superscript
rather than a subscript in order to avoid ambiguity with the multiplicative power.

The SHAKE method can be interpreted as follows: we first ignore the constraints
and take a step of the Stormer—Verlet method, resulting for the pendulum in

Xny1 = Xp + Atun—l/Qr

Y1 =Yn+ Az(--anl/Q - Atzg-

(This is always a point of a quadratic arc through the previous step.)

Next, we compute the oblique projection of the unconstrained step on to the
configuration manifold along the direction of the normal to the constraint at the
previous timestep t,. For the pendulum, this means finding the intersection of a certain
straight line with the circle by solving the following quadratic equation for X,

- 1 _ 1
(Xn41 — EAt2Xn>‘n)2 + (Vnr1 — EAt2y,,>\,,)2 =12
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The situation is diagrammed in Fig. 2. Note that there are, in general, two real
solutions to this equation, corresponding to the two points of intersection with the
circle. For small timesteps, the correct choice of multiplier will be obvious (the appro-
priate solution will be small in magnitude). As a simple rule, we might always choose
the solution corresponding to the smaller value of the multiplier, but if the stepsize is
sufficiently large, this approach could lead to an incorrect choice. In general, we should
consider the smooth continuation of the solution in the parameter At from At =0
and A\"(0) = 0 to the final value A(At).

Figure 7.2 SHAKE discretization applied to the planar pendulum. Starting from
a point on the circle (g, = (xn, ¥n)), an unconstrained step is taken (following
a parabolic arc in the parameter At) to Gny1 = (Xpt1, ¥n+1). Next, we find the
projection on to the circle of radius L along the direction g,. O

These same considerations enter into the discussion of the general case (7.14)—
(7.17). The correct choice of the multiplier can be identified by smoothly con-
tinuing the solution as a function of the parameter At starting from At = 0
and A"(0) = 0. For small timesteps, the correct choice of multiplier A" will thus
be small in magnitude, so that a Newton iteration started from the zero initial
guess will tend to find the correct solution. For larger timesteps, though, cau-
tion must be exercised to make certain that the solution obtained is the correct
one.

We next briefly comment on the error growth in these methods. Since SHAKE
and RATTLE are formally equivalent, the propagation of errors is identical for the
two methods. The modification of the end of timestep velocity in the RATTLE
step does not effect the stability or global convergence of the method in any way.

It is relatively straightforward to derive a formula for the local error introduced
in a single timestep using SHAKE or RAT TLE based on comparison of the Taylor
expansions of the solution and numerical solution in a step of size At, starting
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from some given point (g", v") € T.#. For both methods, this calculation shows
that the local error is of order At3. Thus these methods are second-order accu-
rate. (Higher-order schemes are discussed below, in the context of Hamiltonian
systems.)

7.2.2 Implementation

At every step of the SHAKE (or RATTLE) discretization, we must solve a sys-
tem of nonlinear equations of dimension equal to the number of constraints. In
some cases, these constraints can be dealt with very easily. For example, if the
constraints are linear, the work involved is usually a step of Gaussian elimination
or the use of some other linear solver, and unless the dimension of the system is
exceptionally large, or the equations poorly conditioned, this computation will be
easy to implement. In other cases, the constraints may admit a decoupling that
enables their simplified solution.

Example 3  Consider a system of N particles, each of mass m, attached to the
surface of the unit sphere and interacting in some homogeneous two-body potential
¢. The energy takes the form

where V(q) =V(qi, ..., qn) = Z,N:_ll ZJ.N:,H ¢(llgi — gjll). The equations of motion
for the jth particle, i=1, ..., N, are
qi = Vi,
mv; = =VgV(q) — qiX;,
laill* = 1,

and the equations of the ith and jth particles are coupled only through the potential
energy. Applying SHAKE discretization results in

gt = g + Atv"?, (7.25)
_1

mv"2 = myT AV, V(") — AtglN], (7.26)

”qin+1||2 -1 (7.27)

Introducing equation (7.26) into (7.25), then combining the resulting formula with
the constraint (7.27) results in N independent quadratic equations to be solved for
the N multipliers A7, i=1,..., N. O
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On the other hand, in most cases, such as for example the constraint chain, one
has to solve a system of nonlinear equations for the multipliers A" = {A\7},=1,  m
of the form

m
g <q"+1 —At?’M! ZG(q”)TA”> =0, (7.28)
i=1

where @"*1 represents an unconstrained step using Stormer—Verlet/leapfrog. The
paper [167] describing the SHAKE discretization also provided an iterative solver
for the nonlinear equations (7.28); the term SHAKE is used typically to refer
to the combined procedure of time discretization together with the iterative
(coordinate resetting) algorithm for constraints. We divide these here into two
procedures, namely SHAKE iteration for coordinate resetting and SHAKE dis-
cretization (7.14)—(7.16) .

In SHAKE iteration, we cycle through the constraints, adjusting one multiplier
at each iteration. If g; is the ith component of g, we denote by G; = V49;(q) the
ith row of the constraint Jacobian matrix (i.e. the gradient of the /th constraint
function), then the iteration is as follows: First, we initialize

Q = an-i—l — qn +Atvn_l/2 _ AtzM_lqu(q”),

which is equivalent to taking A” to be zero in (7.28).
Next, we cycle through the list of constraints and correct each constraint one

after another by using the following procedure. For i = 1,..., m, compute an
offset AA; in order to satisfy the ith linearized constraint equation
AN 9i(Q)

" G(QM1G(q")
and update Q by
Q:=Q—M1Gi(g") AN,

This cycle is repeated until all constraint residuals g;(Q) are smaller than some
prescribed tolerance (usually a multiple of the unit rounding error). At this point
we set ¢"t1 = Q and continue with the next timestep.

As was shown in [13], SHAKE iteration is really a variant of nonlinear Gauss—
Seidel-Newton iteration and its convergence can be justified and analyzed in the
framework of Ortega and Rheinboldt [150]. In particular, it can be shown that,
given a good enough initial guess for the multiplier, or a small enough step size
At, this iterative method eventually converges.

One can consider a variety of improvements to SHAKE iteration. Noting
that SHAKE is essentially a nonlinear Gauss—Seidel iteration, it seems natural
to consider the use of an SOR-type technique. For this purpose, we could intro-
duce a parameter w, changing the offset A/A; at each step of iteration to wAA;.
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The parameter w can be a fixed value obtained through some preliminary experi-
ment, or it can be obtained automatically during integration by a simple adaptive
algorithm. We stress that this is a cost-free enhancement of SHAKE and it can
lead to substantial speedups in the constraint-solving portion of a timestepping
algorithm. Because the method is just an alternative nonlinear equation solver
to SHAKE iteration, the converged numerical solution will not differ from that
obtained by SHAKE iteration.

A second alternative to SHAKE iteration was also considered in [13]: we could
use a Newton iteration, or variant thereof, to compute successive updates to the
vector A”. In particular, we could apply a true Newton iteration to the original
nonlinear equations and use sparse matrix techniques to solve the resulting linear
equations. This turns out to be somewhat expensive for most problems because
the factorization of a matrix — even a sparse matrix — is relatively costly. A better
alternative is to use a quasi-Newton iteration described below.

All these methods iteratively improve the whole vector of offsets AA =
{ANA}

AN = R 'g(Q),

where for the true Newton iteration (NIP) we have R = G(Q)M~1G(q")" with
Q@ the latest approximation obtained from

Q:=Q—-M1G(g")" A

For the quasi-Newton iteration we have R = GM G, with G = G(g*) for some
g* computed at a previous timestep tj (G is updated as needed for convergence).
Note that the quasi-Newton iteration matrix R is symmetric and positive-definite
and, hence, can be factorized in a very efficient manner [13].

SHAKE and RATTLE are particularly useful in the context of molecular dy-
namics. Further details will be provided in Chapter 11. We only mention here that
the iterative techniques described in this section have been integrated into the
CHARMM molecular dynamics software package [34] and successfully applied
to several examples: Cgg, a box of water, Myoglobin, BPTI; detailed results are
reported in [13]. Roughly speaking, we can summarize the results as follows: (1)
the use of an SOR parameter can improve SHAKE iteration convergence by a
factor of two to three in protein dynamics simulations for no additional cost or
loss of robustness, (2) the adaptive scheme for determining optimal w in [13],
although not robust, does demonstrate the feasibility of computing the SOR pa-
rameter adaptively, and (3) the symmetric adaptive Newton method may show
improvement over SHAKE iteration at large step size At for problems with high
bond connectivity, e.g. the buckminsterfullerene Cgp.
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7.2.3 Numerical experiment

To conclude this section, we apply the RATTLE method to simulate a small
model system consisting of six unit-mass particles linked by six rigid unit length
constraints. The hexagonal starting configuration is shown in Fig. 7.3.

Note there are six multipliers and constraint equations, and, in the planar
case that we consider here, a total of 2 x 6 — 6 = 6 degrees of freedom. The
next nearest neighbors are linked by springs with rest length /3. Pairs num-
bered (1,4), (2,5), and (3,6) are linked by springs with rest length 2 (see Fig.
7.3). In this way the system tends to retain the shape of a hexagon during
simulation.

Figure 7.3 Diagram of a planar constraint loop consisting of six particles
of unit mass.

We placed the system in a square box with sides at x = +2, y = +2. The
interaction with the boundary of the box was introduced with the following soft
wall potential

6

Vot = £ 32 [0 +2) 7+ (6 =270 + (4 +2) C+ (1 =277
=1

We chose ¢ = 0.01, strongly localizing collisions at nearly the point of contact
with the boundary of the region.

It is important to make sure that the initial velocities are consistent with
the constraint (7.5). This can always be achieved by a simple projection step. In
our case, we simply initialized the positions at the global minimum of potential
energy (regular hexagon configuration) and gave each atom of the system the
same initial velocity, propelling the entire object rigidly toward the boundary.
Following the first impact, the system begins chaotic tumbling and oscillatory
vibration.
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time

Figure 7.4 Snapshots of the motion of the six particle chain.

We applied RATTLE to simulate the constraint chain over a time interval
[0, 100]. Some frames of the motion are shown in Fig. 7.4.

We compare energy errors for various simulations. In the first run, the stepsize
was set to At = 0.08. The result, shown in the upper panel of Fig. 7.5, is not
very encouraging. The energy seems to hop about in an almost random pattern.
The jumps in energy coincide with close approaches of a particle of the chain to
the walls of the box, i.e. “collisions.” Here the r—6 potential gives rise to a strong
restraining force, propelling the particle away at relatively high velocity. At these
points, the stability of the method breaks down for this stepsize: in essence, the
“perturbed Hamiltonian” expansion discussed in Chapter 5 does not really exist
at these stepsizes; the exponentially small error term mentioned in Chapter 5 is
not really small at all. When the stepsize is reduced, say to At = 0.04, the energy
is stabilized at nearly the correct value (see lower panel of Fig. 7.5).1

The second-order convergence of the RATTLE method can be verified nu-
merically by computing trajectories with several different stepsizes, then graphing
the error v. stepsize in logarithmic scale (see Fig. 7.6).

That this stabilization can be achieved for some well-chosen stepsize is of course one of the
remarkable features of symplectic methods. In each simulation with a symplectic method,
typically the first step is to identify the maximum stepsize for which energy stabilizes; it is
hoped that in the case of a symplectic method the energy stability acts as a sort of gauge for
the physicality of a simulation.
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Figure 7.5 Energies against time for two runs of RAT TLE on the six-particle
chain, upper panel At = 0.08, lower panel At = 0.04.
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7.3 Transition to Hamiltonian mechanics

We now turn to the Hamiltonian formalism with constraints. As done before
in Chapter 3, we formally introduce conjugate momenta p = Mg and rewrite
(7.1)-(7.3) as

d
—qg=M"1
a:9 p,

d
2P =-VaV(a) - G(a) A,

0=g(q)

The first equation is the gradient of the augmented Hamiltonian

A= 5p"Mp+V(a) + g(a) A
with respect to p, while the second equation is equal to the negative gradient of
H with respect to g with A treated as a constant.

The form of the Hamiltonian A suggests a correspondence between
Hamiltonian formulations with and without constraints. Let H be the energy
of a certain unconstrained mechanical system, so the equations of motion are
Just

d
9= +VpH(q, p).

d
—p=-V,H .
7P qH(a. p)

Similar to the situation above, introduce the augmented Hamiltonian

H(q,p) = H(q.p) +g(a)” X,

and write the equations of motion (the formulation of a constrained Hamiltonian
system in natural coordinates):

HAMILTONIAN FORMULATION OF A HOLONOMIC SYSTEM

%q = V,H(a.p), (7.29)
9 b= ~VqH(a.p) ~ G(a) A (7.30)

0=g(q) (7.31)
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Example 4 The constrained Hamiltonian formulation (7.29)—(7.31) can be derived
from a constrained Lagrangian formulation. Recall from Chapter 3 that Lagrange's
equations for a mechanical system with Lagrangian function L(q, g) are given by

d _ .
+¢Val(a.d) = VqL(q.4) = 0.

These are the Euler—Lagrange equations minimizing the action integral

Llq] = / L(a(t), (1)) .

to

To obtain the constrained Lagrange's equation we consider the augmented action
integral

Llg A = / [L(a(t), d(8)) - A1) g(a(t)] .

to

and, upon taking variations in g and A, derive the associated Euler—Lagrange equations

d . .

EV,-,L(q, q) =Vel(q,9) +G(q)" A (7.32)
0=g(q). (7.33)

The transition to the Hamiltonian formulation can be achieved by introducing the
canonical momenta

p=V4l(q.q).
and by employing the standard Legendre transformation
A(a.p.X) =p-d—[L(g.4) — A g(q)] = H(a.p) + X g(q).
For example, the N-body Lagrangian
. 1 .
L(q.q) = EqTMq - V(q)

gives rise to the Hamiltonian

~ 1 _
fAi=2p"M'p+V(a)+9(q) X .

It is easily verified that the constrained equations (7.29)—(7.31) can be re-
duced to the Lagrangian equations (7.32)—(7.33) and that both formulations
lead to identical solutions curves q(t). However, while (q(t), g(t)) € T.#, the
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natural coordinates (g, p) must satisfy the equation (7.31) and the corresponding
momentum-level constraint

9 9(a) = G(a)V,H(a, p) =0, (7.34)

The subset of R?? defined by (7.31) and (7.34) we term the phase space and
denote by 4.

Observe that the energy H of the unconstrained system remains a first integral
of (7.29)—(7.31). To see this, first observe that, along solutions

%H(q, p) = Hq(a.p) d+ Hp(q, p)p

= Hq(4.p) VoH(q.p) — Hp(a.p) [VqH(a.p) + G(a) 2|
=X [G(q) V,H(q.p)],

then note that the latter expression vanishes along the hidden constraint (7.34).

7.4 The symplectic structure with constraints

In this section, we show that (7.29)—(7.31) is indeed a generalization of uncon-
strained canonical Hamiltonian systems as discussed in Chapter 3. According to
a perspective due to DIRAC [50], the flow of a Hamiltonian system on a manifold
can be embedded in the flow of an unconstrained Hamiltonian system. Follow-
ing this idea, the solutions of (7.29)—(7.31) can simply be viewed as evolving
in the phase space of a standard canonical Hamiltonian system with extended
Hamiltonian

H=H(q.p)+9(q)" Ala™*, p),

and A(q, v) given by (7.11) if H = p" M~1p/2+V/(q) or by a proper generaliza-
tion for more general unconstrained Hamiltonian functions H. The manifold £ is
an invariant manifold for the solution operator ®, . For a discussion of Dirac’s
method, see MARSDEN AND RATIU [124]; for a discussion of numerical methods
based on this, see LEIMKUHLER AND REICH [111].

Dirac’s approach allows us to consider the symplectic structure on the phase
space & as the restriction of the canonical symplectic structure dg A dp on R29
to the phase space (submanifold) 2. We outline the derivation of this restricted
symplectic structure and its invariance under the flow operator of (7.29)—(7.31)
in more detail in the remainder of this section. Contrary to this global approach,
one can also introduce a symplectic structure on phase space by considering local
parametrizations of £2. This is the more traditional approach and a short outline
will be provided later in this chapter.
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In keeping with the notation introduced earlier in Chapters 3 and 4, we start
with differential one-forms dq and dp defined over the unconstrained space R27.
We now restrict these one-forms to the solution space by requiring that

G(q)dq=0 and fy(q.p)dq+f,(q p)dp=0, (7.35)

for all (g, p) € 2, where

f(a,p) =G(q)VpH(a, p)

is the hidden constraint function. In more abstract terms, the differential one-
forms (dq, dp) are now elements of the cotangent space T*2 of & (imbedded
into R29) [124].

The variational equations corresponding to (7.29)—(7.31) can be obtained
by straightforward linearization and the resulting equations for the differential
one-forms are

d

799 = Hpq(a. p)da + Hpp(q. p)dp. (7.36)

d

J39P = —Haq(a.p)dq — Hyp(q. p)dp — d (G(q)A), (7.37)
0=G(q)da. (7.38)

It is easily verified by differentiation of (7.38) with respect to time that the
solutions of (7.36)—(7.38) indeed satisfy (7.35). Hence we are left with the task
to show that the canonical wedge product dq A dp, restricted to (7.35), is an
invariant of (7.36)—(7.38). We need the following:

Lemma 1 Assume that the differential one-form dq satisfies (7.38), then
dg A d(G(q)"A) = 0.
Proof:

m
dgnd(G(a)"A) =dgAG(q) dA+ ) XdqATdg,
i=0

where the components of A have been indexed by a subscript and

8%gi
r=
{GQkOQI (q)}

is the (symmetric!) Hessian matrix of the ith constraint function. Now

dgAG(q) dA\=G(q)dg A dx=0,
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for any values of dA because of (7.38). Finally, each of the terms of the summa-
tion can be eliminated since dg A INdq = 0. O

We now easily verify (dropping arguments to simplify notations) that

d
Equdpzdc‘y/\dp%—dq/\dp

= (Hpqdd + Hppdp) A dp — dq A [Hgqdq + Hapdp + d (GTA)]
= Hpqdq N dp —dq N\ Hgpdp + Hppdp A dp — dq A Hgqdq.

These terms all vanish using the properties of the wedge product given in Chap-
ter 3. Thus the canonical wedge product is preserved along solutions of (7.36)—
(7.38).

In most textbooks on classical mechanics, mechanical systems subject to a
holonomic constraint manifold .# are formulated as Hamiltonian systems on the
cotangent space T*.# (see ARNOLD [7] and MARSDEN AND RATIU [124]). Here we
have defined constrained Hamiltonian systems over a different phase space 2.
However, it turns out, not entirely unexpectedly, that the cotangent space T*.#
and the phase space £ are diffeomorphic under the symplectic transformation

(g.p)e Z?—(q.p)eT A
defined by
p=p+G@) .  G(q@p=0.

Here we have identified T*.# with the tangent space T.# as defined earlier in
Section 7.1. Indeed, upon applying Lemma 1, it is easy to show that

dgNdp=dqAdp.

Hence the symplectic structure on T*.# is again given by the restriction of the
standard canonical structure to T*.#. See also MCLACHLAN AND SCOVEL [133].

7.5 Direct symplectic discretization

We come to the direct symplectic integration of general Hamiltonian systems
(7.29)—(7.30) subject to holonomic constraints (7.31). We first discuss gen-
eral second-order methods and then briefly outline the derivation of higher-order
methods by composition.
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7.5.1 Second-order methods

In LEIMKUHLER AND SKeeL [113], the symplecticness of the SHAKE and
RATTLE methods was first explained. Here we will introduce a generalization
of this framework, following the ideas of ReicH [155]. Let us consider a Hamilto-
nian system

A=H(q.p)+9(a) X

subject to the constraint g(q) = 0. Let us also assume that a second-order,
symplectic, and symmetric integration method is known for the unconstrained
system

%q = V,pH(q, p), %p = —VqH(q,p).

For H=T(p)+V/(q), this could, for example, be the Stormer—Verlet method. For
a general, non-separable, Hamiltonian, one could apply the implicit midpoint rule
or the generalized Stérmer—Verlet/leapfrog method. In any case, let us denote
the chosen method by Wa. Then the following method is a constraint-preserving,
symplectic, symmetric, and second-order method for the constrained Hamiltonian
system with Hamiltonian H:

SECOND-ORDER CONSTRAINT-PRESERVING SYMPLECTIC INTEGRATOR

_ At
p"=p" = —G(a") A, (7.39)
(@™, p™) = War(a". B"). (7.40)
0= g(anrl), (7.41)
_ At
ptl = prtl 7G(qn+l)7’)\l(7\;i)-1’ (7.42)
0= G(q"+l)VpH(q”+1, pn-‘rl). (743)

Note that this method reduces to RATTLE for H = p' M~1p/2 + V(q) and
taking the Stérmer—Verlet method as Wp;. This correspondence should guide us
to the implementation of the method for a more general Wa;.

Let us now briefly verify the various geometric properties of (7.39)—(7.43).
(i) The method obviously conserves phase space £2. However, without changing
the propagation in the g-variables, one can also enforce the cotangent space
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T*.# by replacing the momentum-constraint equation (7.43) by
0= G(q”+1)p”+1.

See also McLACHLAN AND ScoveL [133]. (ii) The method is symplectic. Indeed,
by the symplecticness of Wa; we know that

dq" A dp" = dq"tt A dp™t.

On the other hand, both momentum maps (7.39) and (7.42) are also sym-
plectic. This is a consequence of Lemma 1 of Section 7.4. (iii) The method is
also symmetric as easily shown by replacing At by —At and (q”,p”,Afr)) by
(q"*t, p"ti, )\E’\gl). (iv) The method is certainly consistent. Since it is also sym-
metric, second-order convergence follows.

Let us give an explicit example. We take the generalized Stérmer—Verlet/
leapfrog method as Wx;. This yields the method

At At
p"t2 = p"— 7VqH(P"+1/2. q") — 7G(qn)>\?r) .

At
qn+l — qn + 7 [VpH(p"+1/2, qn) + V,,H(p”+1/2, qn-&-l)} ’
0=g(q""),
At At
pn+1 _ pn+1/2 _ ?qu(pn-H/% qn+1) _ 7G(qn+l))\/(1\;i)-1,

0=G(q"™)V,H(g", p™ ).

This method has first been proposed by JAy [95].

Let us briefly comment on the conservation of first integrals. Assume we are
given a function F such that {F, H} = 0 and, furthermore, both the uncon-
strained Hamiltonian H as well as the constraints g(q) are invariant under the
Hamiltonian flow map of F. Then (7.39)—(7.43) will preserve F if and only if the
unconstrained method Wa; conserves F.

7.5.2 Higher-order methods

Higher-order methods can now be obtained in two ways. One option is to gener-
alize partitioned Runge—Kutta methods based on Lobbatto [IA-IIIB quadrature
rules to constrained Hamiltonian systems. For details see JAy [95]. However,
the methods suffer from the same drawbacks as mentioned in Chapter 6 for
general symplectic (partitioned) Runge—Kutta methods. The second option is
to apply the idea of composition. Denote the second-order symmetric method
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(7.39)—(7.43) by Wa;. Then we consider the concatenation method
‘T’At = lifwsAt © UA’WS,lAt 0---0 u/)WQAt o li/wlAt: (7.44)

with {w;};=1 s free parameters that can be chosen exactly as described in
Chapter 6. For example, the coefficients for a sixth-order method, as given in
Chapter 6, can be applied to (7.44) and, again, yield a sixth-order (constrained)
method. The crucial point is that the error analysis for such composition methods
is the same independent of the fact that (g", p”) € 2 instead of (¢", p") € R?“.
See REICH [155, 157] for further details.

7.6 Alternative approaches to constrained integration

In this section, we summarize some alternative approaches to integration of the
constrained problem. Generally speaking, approaches can be divided into two
classes of methods according to how they maintain the constraints: one class of
schemes relies on a local parametrization of the constraint manifold, while the
other uses projections.

The traditional treatment of constrained systems is based on a reduction
to an unconstrained system in some minimal set of variables. The phase space
of the problem then becomes a (flat) Euclidean space, but the parameters are
defined as complicated nonlinear functions of the natural coordinates. The appeal
of this approach is that the ordinary differential equations can then be treated
directly by a standard numerical method. If the original constrained system is
a holonomic Hamiltonian system, we show here that the reduced problem can
also be taken to be Hamiltonian, hence a symplectic method can be used for
discretization. However, we also point out some pitfalls with this approach and
we do not recommend it for general integrations.

7.6.1 Parametrization of manifolds — local charts

Consider a constrained Hamiltonian system (7.1)—(7.3). The full rank assumption
on G(q) assumed in the formulation of the Euler—Lagrange equations implies, via
the implicit function theorem, that the components of the phase space variable
z=1(q,p) € R2? can at any point be separated into two subvectors z; and z»,
of dimensions 2m and 2(d — m), respectively, and the constraints locally solved
for z; smoothly in terms of z,. We say that the dimension of the manifold T.#
is 2(d — m) because of this fact. The local partitioning of the variables into z;
and z» is one example of a parameterization of the constraint. More generally,
we can introduce any set of independent variables (parameters) together with
appropriate functions which allow us to describe, at least locally, the constraint
surface in terms of those parameters.
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Example 5 Consider the plane pendulum which has the position constraint x>+ y? =
L? and the tangency constraint xx + yy = 0. As long as y > 0, we can solve the
position constraint for y in terms of x

y=VL5L-=x

and solve the tangency condition xx + yy = 0 for v =y in terms of x, and u = x

v=—xu/\L?>—x.

After differentiating with respect to time, it is formally possible to rewrite the pendulum
equations of motion in terms of x and u only. A similar formulation could be used to
described the case y < 0, and we could as well rewrite the equations in terms of y, v
(with appropriate domain restrictions). O

Parameterizations are, at first glance, appealing mechanisms for describing con-
strained mechanical motion, however they may introduce a number of complica-
tions in practice. For instance, the set of parameters is usually only valid locally,
i.e. within a finite region of space; for realistic mechanical problems we often
need a set of parameterizations, defined in overlapping regions of space, which
together include the entire phase space of the problem (the tangent bundle of
). The parameterizations are then typically taken to map parameters from an
open subspace of Euclidean space (of dimension 2(d — m)) on to the tangent
bundle. Such a family of parameterizations is called an at/as of the manifold, and
the individual parameterizations are referred to as local charts.

7.6.2 The Hamiltonian case

The concept of local chart carries over to the Hamiltonian setting. If we introduce
a parameterization of the position constraint in terms of a parameter £, then the
corresponding canonical momenta v are defined by a proper generalization of
the canonical lift transformation introduced in Chapter 3. We summarize the
important result in the following theorem.

Theorem 2 Consider the general mechanical system (7.29)—(7.31) subject to
m < d smooth constraint g(q) = 0. Assume that G(q) is of full rank (has
linearly independent rows) along the configuration manifold .#. Suppose that
@ : R9™™ — RY defines a local coordinatization of the configuration space in
terms of a new variable ¢ € R~ py

q= o).

Then the canonical momenta v are defined by the equations

¢e(€) p=v,
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and the Hamiltonian corresponding to the new variables is

~ +
A(e, v) = H@(E), (6e&)) ),
where A* = AT(AAT)~1 represents a right pseudo-inverse of the matrix A.

Because the differential equations (7.29)—(7.31) can be expressed as an un-
constrained Hamiltonian system in the parameters, we know that the two-form
dé A dv will be preserved by the phase flow. This could be taken as a definition
of the canonical two-form for the constrained system.

We have already seen that, along the constraint, the canonical two-form
dgNdpis conserved. These two expressions are in fact equivalent, as the following
theorem shows.

Theorem 3 /f dq and dp represent a solution of the constrained variational
equations (7.36)—(7.37), and § and v are defined as in Theorem 2, then

dgNdp=déAdv.

Proof. The proof of this theorem is straightforward: first, note that

dq A dp = (¢e(€)d€) Ndp
= d€ A (¢e(€))" dp.

Now

d
dv = (¢e(€)) dp+ > pidieede,

=1

where ¢; is the /ith component of the vector function ¢ and ¢; ¢ its Hessian.
Therefore

d
deAdv=dEéN (Pe(€)) dp+ > pid€ A dige(€)de

i=1

= dé A (de(€))" dp,

which concludes the proof. O

Although the above discussion is local in the sense that it assumes that the
parameters are defined by a single coordinate chart, there is nothing to prevent
extending the idea to a family of charts defining a “symplectic atlas.”
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7.6.3 Numerical methods based on local charts

A straightforward approach to discretization can be based on a symplectic atlas:
simply parameterize the phase space £ in local charts, and then solve the result-
ing (unconstrained) Hamiltonian systems in the parameters using a symplectic
integrator.

Several problems with this approach surface rapidly when one attempts to
use it to perform a simulation. These include the difficulty of identifying the
boundaries of the local charts for the manifold in a general purpose numerical
integration framework and the potential additional computational complexity that
may be introduced in the parametric vector fields.

In the Hamiltonian setting, there is an additional difficulty introduced by pa-
rameterization. According to the results of the last section, the Hamiltonian that
arises via a canonical parameterization is typically nonseparable. This generally
occurs in the presence of a nonlinear constraint regardless of whether the origi-
nal Hamiltonian was separable. Nonseparable Hamiltonian functions are, typically
much more difficult to integrate than separable Hamiltonian functions because
they require the use of an implicit scheme (whereas separable Hamiltonian func-
tions can be treated with explicit integrators).

However, as explained by LEIMKUHLER AND REICH [111], there is still one more
serious drawback to using parameterizations to integrate a Hamiltonian system,
having to do with the “nearby Hamiltonian” introduced in Chapter 5. Recall that
a key feature of a symplectic integrator is that it generates the exact flow, up to
an exponentially small error term, of a nearby Hamiltonian system. Thus taking
many steps with the same symplectic integrator is the same as taking many steps
along the flow of the perturbed Hamiltonian system. This implies the existence
of a conserved quantity, not much different from the exact energy, and confers
a certain long-term stability on the numerical simulation and, consequently, a
certain structural stability of the system under the process of discretization.

When the numerical solution is obtained by integrating the differential equa-
tions in local minimal coordinates (local charts), we find that the symplectic map
associated to the numerical simulation changes whenever we switch to a new
chart: the realization as the flow of a single Hamiltonian system therefore does
not apply. Thus the perturbed conserved quantity is lost, and the result observed
in practice is typically a loss of long-term stability. The only exception to this
rule is provided if one can find local coordinates in which one can integrate the
equations of motion exactly. Then the modified Hamiltonian is the same as the
original energy function and a change of charts does not affect conservation of
energy. This obvious statement has some importance for the implementation of
splitting methods in local coordinates (see BENETTIN, CHERUBINI, AND FASSO [17]).
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In summary, as a general proposition, use of local coordinate charts as a basis
for numerical integration is unwise for the following reasons:

e Identifying the boundaries of local charts and switching between separate
coordinate charts in the course of a simulation can introduce a costly com-
putational overhead. Missed chart changes may lead to singularities in the
solutions of the differential equations.

e The use of a parametrization often adds significant computational complexity,
e.g. by introducing transcendental functions into a vector field where only
simple polynomials may otherwise be needed.

e Finally, the use of parameterized equations may greatly limit the possibili-
ties for obtaining efficient geometric numerical integrators respecting other
invariants of the flow.

Despite these pessimistic comments, parameterizations may sometimes be
used effectively in special applications for which the constraint geometry is well
understood, or for which the choice of appropriate parameters greatly simplifies
the description of the vector field.

7.6.4 Methods based on projection

Because the flow of the underlying ordinary differential equations (7.9)—(7.10)
has the tangent bundle T.# as an invariant submanifold, this formulation is some-
times proposed as the basis for numerical simulation. However, it is important to
note that T.# will typically not be an invariant submanifold for the discretiza-
tion method applied to those equations. This means that the numerical solution,
started from initial conditions in T.# may drift gradually off the manifold and
into the larger Euclidean space in which the flow is embedded. One way around
this problem is to project the numerical solution back on to T.# at the end of
each timestep [84] or to stabilize the manifold [10].

7.7 Exercises

1. Local charts. It is also possible to describe the pendulum in terms of just two
Euclidean charts as follows (refer to Fig. 7.7). In the first chart, we identify
a point Q(x, y) of the unit circle with a point on the real line £ by passing
a line through @ and the point at the top of the unit circle N and letting R
denote the point of intersection with the x-axis. This works for all points Q
on the unit circle except N itself. In the other chart, we identify points of the
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D

Figure 7.7 Parametrization of the circle in two charts on the real line.

unit circle to points of the x-axis in the same way, except that we use the
“south pole” S instead of N as a point of the straight line.

a. Write out formulas for these two parameterizations and determine the
canonical equations for the pendulum problem in each chart.

b. Discretize the equations using the implicit midpoint rule and device a
proper criterion to switch from one chart to the other. Perform a numeri-
cal experiment with g = 0 and (g1(0), g2(0), p1(0), p2(0)) = (1,0,0, —2).
Monitor the total energy.

c. Repeat the experiment under (b) with a SHAKE /RAT TLE discretization
of the constrained formulation for the pendulum.

Regularity of constraints. Let M be a symmetric positive definite matrix.
Show that the matrix GM~1G' is nonsingular provided the matrix G has full
rank (i.e. has linearly independent rows).

Time-reversibility. Show that SHAKE and RATTLE are time-reversible.

Linear stability analysis. Consider the linearly constrained system with equa-
tions of motion

X = u,
y=v,
0= —w?x — al,
v =—wiy — B,

ax+ By =0,
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where o, 8, w1 and w» are real numbers, and we will assume the normalization

a’+ 6% =1.

a.

b.

Eliminate the multiplier (by twice differentiating the constraint relation-

ship with respect to time) to obtain

A = aw?x + Bwiy.

Next, assume B # 0, and solve the constraint for y in terms of x (this
is a global parameterization). Show that the equations of motion reduce

to
X = U,
u=- ((1 —o®)w? + a2w§))x,

which describes a new harmonic oscillator with frequency

0= \/(1 — o?)w? + aPw3.

Apply the RATTLE discretization to the constrained system, resulting in

Xn+1 = x" + Atun+l/2,
yn-i-l — yn + Atv”+1/2,

1 1
2 o n 5Aifou%x” — EAtOc)\?r),

1 1
ynty2 o n EAtwgy” — EAtﬁAfr),
ax™ 4 Byt —
and

1 1
n+1 _ , n+1/2 = 2. n+1 -+ n+1
uttt =u 2Atwlx 2Ata>\(v) :

1 1
Vn+1 — Vn+1/2 o EAtwgyn+1 o EAtIBAE?\XI'
au™! 4By = 0.
Assume ax™ 4+ By" = 0 and also au” + Bv" = 0, so that
Al = awix" + Bwsy".

Find a similar expression for )\?\31_

Show that RATTLE reduces in the coordinates x”, u”, to a Stormer—
Verlet discretization of the harmonic oscillator with frequency @. What

can you conclude about possible stepsize restrictions?

Repeat the discussion for RATTLE replaced by the implicit midpoint

method as the basic integration method in (7.39)—(7.43).
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Constraint chains. The iteration matrix
R=G(q"Y"M'G(q")"

appearing in a quasi-Newton method for SHAKE takes a particularly sim-
ple form for problems only involving length constraints. We can write these
constraints in the following compact form
1
gi = E(qTSiq —L7),

where L; is the length of the constraint, and S; is a d x d stamp matrix with
3 x 3 blocks. This matrix is zero in all but the following components: if the
ith constraint links particles k and /, then the kk and /I blocks of S; are I3
(3 x 3 identity matrix) and the k/ and /k blocks are —I3. With this notation
it is easy to show that the /j element R;; of R has the form

Rij = qTS,-M*:LSJ-q.
This implies in turn that
1 1

Rii = ( + VL2,
Mieft(i)  Mright(i)

where left(/) and right(/) represent the two particle indices associated to
constraint /. Now Rj; is zero unless constraints / and j share a common
particle. If right(/) = left()), then we can write

1

R — Geseirr — Gicre)) T (eseery — Griape
Y mleft(j)( efe(i) — Gright(1)) (diefei) — Gright(s))

1
= rirj cos 6
Meft(j)
with ri = [|Qiefe(iy — righe(hlls 7 = [l@efe() — Grighe()ll and 65 is the angle
between the two constraints / and j. Now along solutions of the constrained
equations, we know that r; = L;, etc.

a. Consider a system of three particles of equal mass connected by two
rigid length constraints of equal length. Find an explicit expression for the
associated 2 x 2 matrix R.

b. Implement the SHAKE time discretization and apply (i) a quasi-Newton
method and (ii) SHAKE iteration to solve the nonlinear constraint equa-
tions. Compare the two approaches in terms of efficiency.

c. Consider a system of three particles of equal mass connected by three
rigid length constraints of equal length. Repeat exercises (a) and (b).
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Rigid body dynamics

In this chapter, we discuss formulation issues and symplectic integration methods
for simulating the motion of a rigid body. Rigid bodies arise frequently in engi-
neering, chemistry, and physics. For example, they occur in molecular simulation
when the flexibility of small polyatomic units such as the water molecule, or CHg
is ignored. Cogwheels, space vehicles, and the planets are some other objects
that are commonly modeled by rigid bodies.

Even in the absence of external applied forces, any rigid body more compli-
cated than a uniform sphere will exhibit complicated motion, as defined by the
moments of inertia of the body. A hint of the potential complexity of the mo-
tion is provided by the classic illustration using a hardbound book, which typically
has three unequal moments of inertia /1 < /> < I3 with /1 corresponding to an
axis drawn along the binding, /> to an axis across the cover, and /3 to an axis
through the pages of the book (see Fig. 8.1). As the book is tossed up and spin-
ning around each of the axes, the following dynamics are observed: around the
first and third axes, the motion combines a stable periodic rotation with the rising
and falling motion due to gravity, whereas the rotation with respect to the middle
axis is much more complicated. (See, for example, [124] for more explanation.)
(It helps to place a rubber band around the book’s cover to keep it closed while
conducting experiments.)

Developing a method to simulate general rigid body motions, especially for
long-term integration, proves an interesting and challenging task. The first issue
we must confront is the selection of a set of coordinates that describe body
orientation and spatial position. Since a rigid body has six degrees of freedom, the
positional description must include at least this many configuration variables. For
example, a rigid body can be formulated in terms of three Euler angles describing
the orientation in space relative to a reference configuration defined in terms
of a certain sequence of axial rotations together with the three coordinates of
the center of mass. However, if these variables, together with the corresponding
momenta, are selected as the basis for a canonical description of the motion of

199
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Figure 8.1 A hardbound book tossed up and spinning about one of its axes
of inertia provides a simple illustration of rigid body motion.

the body, the resulting equations of motion are found to have singularities which
impede their numerical solution.

To overcome this defect of the Euler angles, it is possible — and often de-
sirable — to introduce additional redundant variables together with constraints.
We will develop various approaches by relating them to a natural canonical for-
mulation of the rigid body dynamics in terms of rotation matrices: the Lie group
SO(3) consisting of 3 x 3 orthogonal matrices with unit determinant.® This is a
global coordinatization in the language of the last chapter. The rotational kinetic
energy term of the Lagrangian can be written in these variables simply as

Lot = %trace(QRQT), (8.1)

where Q is subject to an orthogonality constraint Q" Q = I3, I3 the 3 x 3 identity
matrix, and R is a constant 3 x 3 matrix closely related to the “inertia tensor”
of the body.

In addition to the rotation matrix formulation, other popular choices of
parameterization of rigid body motion include Hamilton's quaternions (Cayley—
Klein parameters) and cartesian (particle) models. Another formulation is based
on the Euler equations, which can be obtained by a formal reduction procedure.
In principle, any of these formulations can be used with a variety of timestepping
methods. However, the choice of parameterization and the design of a discretiza-
tion method are not independent. We will see that some sets of parameters fa-
cilitate efficient symplectic/reversible discretization while others may make this
task difficult or render the resulting schemes useless because of the computational
expense involved.

LA Lie group is a set which possesses simultaneously the structure of an algebraic group and that
of a smooth manifold. We do not assume any knowledge of Lie group theory here, although
such knowledge will undoubtedly enable the reader to gain more from the discussion.
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8.1 Rigid bodies as constrained systems

We now consider the formulation of the equations of motion for a single rigid
body acted on by a (possibly nonlinear) potential field. The basic ideas naturally
extend to systems of interacting rigid bodies.

The definition of a rigid body (see [104, 7, 2]) is simply a set of particles
of prescribed mass whose positions are relatively fixed in space. Assume for the
moment that the number of particles is finite, and that their instantaneous po-
sitions are q;, i = 1,..., k. The kinetic energy of this collection is given by
T = Zf‘zl m;||g;||?, and the potential by V = V(q1, qo. . . ., qx).

Define by gcm the center of mass of the set of particles:

k
_2oie1 miq;
em = —¢p -
i=1Mi
In a fixed reference configuration (rd, rS, ..., r?) the center of mass is located

at the origin. Any possible configuration of the particles of the rigid body can be
expressed in terms of two types of elementary motions applied to some reference
configuration: a common rotation of each of the particles of the body about the
center of mass followed by a common translation in space of each particle. Let Q@
denote an orthogonal 3 x 3 matrix with unit determinant, i.e. a rotation matrix
with respect to vectors in R3, and let d € R3 be a displacement, then we may
write

g =Qr’+d.

If we view the points of the body as moving in space along some smooth trajec-
tory, we can imagine a corresponding trajectory in the orientation Q and spatial
position d, i.e.

ai(t) = Q(t)r? + d(1).
Since qi(t) = gem(t) for r? = 0, we have d(t) = gecm(t) and the velocities
therefore satisfy

d , .
S79i(t) = dem(1) + Q(D)17,
so the kinetic energy can be written as

1& _ .
r=s > milldem(t) + QK|
=1

Expanding the squared two-norm using the properties of the inner product,
we find

k
r= %Z mi([ldem ()17 + 2dem () - [Q(D)F] + 1Q(1)rP|1%).
=1
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Now the middle term in this expression vanishes, since

k k
> Midem(t) - QD] = dem(t) - [Q(E) S mir?] =0,
i=1 i=1

as (r?, ..., r0) is a reference configuration, i.e. >, m;ir’ = 0.

We can now define translation and rotational parts of the kinetic energy by
1.k
Tirans = Ezminqcm”zv (8.2)
i=1
and
1 .
Trot = 5 Z m/HQriOH2-
i=1

To express the rotational kinetic energy more compactly, observe the following
identity of linear algebra: for any pair of vectors u, v € R¥

uTv = tr (uvT) ,

where tr(A) represents the trace (sum of diagonal elements) of a matrix A. Using
this fact, we have

1
Trot = 5 Z m,-HQr,—OH2
i=1
-15mfor] o
- 332 ([ae] [0r])
i=1
= % Z: m; tr (Qr,-o[r,-o]TQT)

= tr(QRQT).

where we have defined the symmetric matrix R by

K
R = Z m,-r,o[r,o]T.
i=1
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The matrix R can be viewed as a mass-weighted sum of projections along the
displacements of points in the reference configuration. We will refer to R as the
mass tensor of the body.?

Since R is symmetric one can always find a reference coordinate system §&;,
I =1,2,3, so that R is diagonal with diagonal entries rj;, i = 1,2, 3. Note that
the coordinate system is held fixed on the rigid body contrary to a laboratory
coordinate system which is fixed in space. The mass tensor R can now be written
as

3 n 0 0
R=> rjge =0 m 0]. (8.3)
i=1 0 0 133

We will see later in this chapter that this particular choice of the reference sys-
tem is equivalent to the statement that the inertia tensor of the rigid body
is also diagonal with the principal moments of inertia equal to /1 = o +
r33, Io = 1 + r33, and I3 = 1 + re. From now on we will assume that
all matrices are expressed with respect to the reference coordinate system ¢€;,
i=1,2,3.

In the given variables, the Lagrangian becomes

L= Trot(Q) + Ttrans(qcm) - Vext(Qx qcm)v (84)

where Vet Is the potential energy function expressed in terms of the center of
mass of the collection of particles and the rotation matrix. We must bear in mind,
however, that this Lagrangian is subject to a holonomic constraint: the condition
that @ must be an orthogonal matrix!

In order to formulate the constraint and augmented Lagrangian, we note that
the orthogonality condition on @

QTQ =1

gives rise to six independent constraints on the matrix @, so six multipliers are
needed. These can be introduced in the form of the six independent elements
of a symmetric matrix A, with the augmented Lagrangian having the simple

2We may also think of replacing larger groups of rigidly constrained point masses by small
groups of “pseudo” particles so that the resulting rigid body has the same mass tensor as the
original one, and therefore identical dynamical properties. Such “pseudo” particle formulations
for arbitrary rigid bodies are described in the classic book of RouTH [164], and has been used
as a basis for simulation, for example, in [15]. The essential idea is that any constrained
particle system can be treated numerically by the SHAKE or RATTLE method described in
Chapter 7.
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expression

[ = Trot(Q) + Tirans(Gem) — Vext(Q, Gem) — tr((QTQ —I3)N).  (8.5)

8.1.1 Hamiltonian formulation
Recall that the gradient V4V/(q) of a scalar-valued function V/(q) is defined by

V(g +edq) —Via)

{(VqV(a).dq) = lim -

Since we will now work with matrices, we have to introduce an appropriate inner
product. Throughout this chapter we will use

(A, B) =tr(ABT) (8.6)

for any two 3 x 3 matrices A and B.
Once the (unconstrained) Lagrangian (8.4) has been found, we may introduce
the canonical momentum in the usual way by a matrix

P=VelQ.Q)

One finds that this matrix can be expressed compactly as P = QR. It is important
to keep in mind that the two matrices @ and R do not commute. Hence the
ordering of the two variables in the definition of P is crucial.

It must be pointed out that there are certain rigid bodies for which the matrix
R is singular; specifically linear and planar bodies have this feature. For the mo-
ment we will simply assume that R is nonsingular; we will correct the equations
for the case of planar bodies in Section 8.1.2.

The momentum corresponding to the center of mass has the expression

Pcm = Mdcm,

with M = 3% m; the total mass of the rigid body.
The constrained Hamiltonian formulation is now found exactly in the same
manner as outlined in the previous chapter and we obtain:
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CONSTRAINED HAMILTONIAN FORMULATION FOR A NONPLANAR BODY

- 1 1
H = Etr(PR_lPT) + W||pcm||2 + Vet (Q, gem) + tr((Q7Q — 1)A),  (8.7)

d

chm = M_lpcm. (8.8)
d
apcm = 4vqcmvext(Qv Ckm)y (8.9)
d -1
ZQ=PR, (8.10)
d
E#LZ—VMQKQJMH—2QA (8.11)
5=Q'Q. (8.12)

The holonomic constraint (8.12) implies that Q is a rotation matrix provided the
initial Q(0) = Qo is a rotation matrix; i.e. Q] Qo = I3 and detQo = 1. The set
of all rotation matrices Q € R3 forms the group SO(3).

Differentiate the constraint Q' Q = I3

Q'Q+Q’Q=0,
hence, from (8.10) and using the symmetry of R
QPR '+R'PTQ=0. (8.13)

Thus, when viewed as a constrained system, the equations (8.10)—(8.12) consti-
tute a Hamiltonian system on the manifold

P={(@QP)eR”*xR¥*:Q"Q=15,Q" PR+ R'PTQ =0}.

The symplectic structure on P is given by the restriction of the canonical sym-
plectic structure on R3*3 x R3*3 to P. The canonical structure on R3*3 x R3%3,
in turn is obtained by viewing 3 x 3 matrices as vectors in R°.

Note that the manifold P is not the cotangent bundle T*SO(3), which can
be identified with the manifold

T*SO3) ={(Q,P) e R¥*>xR¥>3:Q"Q=15,Q"P+ PTQ =0}.

However, we can relate any element (Q, P) € P to an element (Q, P) € T*SO(3)
via the transformation

P=P-Qr,
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where the symmetric matrix I" € R3*3 is defined by
L7 T
r=>(Q@P+PQ).
This is equivalent to
_ 1 T
P=>(P-aPTQ). (8.14)

It can be shown that this map is symplectic (this is equivalent to showing that a
map from (q, p) to (g, p) defined by
p=p—G(q) X
is symplectic provided g(q) = 0, as pointed out in Lemma 1 of Chapter 7).
We conclude that the equations (8.10)—(8.12) combined with (8.14) define a
Hamiltonian system on T*SO(3).
Let us also briefly discuss the evaluation of VgVext(Q, gem). In many appli-

cations, for example a force action on a fixed reference location r% on the rigid
body, we are led to a potential energy term of the form

V(g) =V (gem + Qro) = Vext(Q, Gem).
Then the definition
tr(vQVext(Q, qcm) 6QT) = lim
e—0
leads to the expression
vQ\/ext(Q: qcm) = qu(q) [rO]T- (8.16)

See the Exercises.

Vext(Q +e0Q, clcm) - \/ext(Q, Ckm)
)

(8.15)

8.1.2 Linear and planar bodies

In the case of linear and planar bodies, the above discussion must be amended.
For a linear body (a pendulum), in which all the points of the body lie along
a straight line, the orientation in space is defined by a single unit vector u, so
there is just one multiplier. The mass tensor R will have only its (1,1) element
nonzero.

For a planar body, the orientation is defined by two vectors, say u; and wo.
There are three constraints (unit length for each of the two vectors and orthogo-
nality of 1y and u,) and therefore three multipliers which can be cast in the form
of a 2 X 2 symmetric matrix.

A unified treatment of the equations for linear, planar, and three-dimensional
bodies is possible in the formulation (8.7) and (8.8)—(8.12) if we view @ and P
as lying in R3*K with k the dimension of the body, and suppose R and A to be
k x k (rather than 3 x 3) symmetric matrices. (See the Exercises.)
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8.1.3 Symplectic discretization using SHAKE

Let us now consider the symplectic integration of the rigid body. For simplicity,
we will initially restrict our treatment to the case where the center of mass of
the body is fixed in space, so that only rotational motions, governed by equations
(8.10)—(8.12), need be considered.

As first pointed out by MCLACHLAN AND ScoveL [133] and ReicH [154, 156],
the obvious approach is to apply the SHAKE /RAT TLE method to the constrained
equations. This yields a symplectic method that propagates the variable (Q, P)
on P. The discrete equations for the RATTLE discretization can be written as
follows:

RAT TLE DISCRETIZATION OF RIGID BODY MOTION

Q™ — Q" + AtPmH/2R-1 (8.17)
prtl/2 — pn _ %VQVext(Qn) — AtQ" AT, (8.18)
5 =[Q™7Q™, (8.19)
Pt = P12 - Sluau (@) — AQUIAT, (8.20)
0= [Q" PR 4 RIPTI Q. (8.21)

The implementation of the RATTLE method requires that we solve a nonlinear
system at each timestep. Setting
Q" :=Q"+AtP"R - Ajvgvext(o”) R,
and writing Q for Q"1 as well as A for /\’(7r), the equations become
Q=0 — APQ'ART,
I5=Q'Q.
Substituting the first equation into the second, we obtain
I5 = [Q"TQ™! — At? {RflA[Qn]T@nJrl + [Qn+1]TQnAR71} +
+At*RTINARTY,

where we have made use of the symmetry of R and A. To work out a simple
iterative solution scheme, we first neglect terms of order At3 and higher. Taking
note of [Q"]7Q" = I3 + O(At), we obtain the linear relation

0~ ([Q"TQ"* — I3) — At> (AR + R71A),

which we have to solve for A = At2A.
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We now recall the special form (8.3) of the mass tensor R which allows us
to easily solve any system of type

0=M—- (AR' + R !A) (8.22)

for A. Specifically, multiplication of (8.22) by EIT from the right and by & from
the left yields 0 = mj; — Ajj/rjj — X\jj/rii. This relation is easily inverted to express
the solution A = {X;;} explicitly as
x.. Tl
Yot

m;  (i.j=123). (8.23)

In our case, we set

M = [Qn-ﬁ-l]TQn-ﬁ-l _ I3
and obtain, in first approximation

Q(l) — Qn-ﬁ-l o Qn/T(l) R_l,
with Ay = {X\;;} determined by (8.23). This guides us to the simple quasi-
Newton iteration

Quy = Q-1 — Q"A R,

0= (Ql1)Qu-1) — 13) = AR+ R Ay,

for k > 1 till convergence at which point we set Q"1 = Q(k+1)- During the
iteration we also use the computed A,y to update the momentum matrix pnt+1/2,
Compare the discussion in Section 7.2.2. A description of other Newton-type
iteration schemes can be found in [98].

The momentum constraint (8.21) leads to a linear equation in /l?j)l of type
(8.22) and, hence, is easy to enforce.

8.1.4 Numerical experiment: a symmetric top

We perform a numerical experiment involving an axially symmetric rigid body with
its center of mass held fixed (gem = 0). We further suppose that a conservative
force is applied to a fixed reference point r9 on the axis of symmetry.

The rigid body is given moments of inertia I; = 4, I, =4 and /3 = 1, making
it a long, thin object, symmetric around the third axis of inertia with mass tensor

R=]0 05 O
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The body is attached by a spring (coefficient K = 5) from the fixed reference
point r% = (0,0,1)" on the rigid body to a point g° = (0,0, —1)7 fixed in the
laboratory frame. The associated potential energy expression is given by

K
Ve (Q) = S 1@r° — ¢°|-.

The object is initially oriented so that the third axis of inertia coincides with the
z-axis in the laboratory frame implying Q(0) = I5.2 Initial body angular momenta
applied are m; = 0, m» = 0.1 and 73 = 2. This means that the body is initially set
spinning around its axis of symmetry and is provided a small downward impetus.
The associated initial momentum matrix P is given as the solution of

- 0 -2 0.1
n=| 2 0 0|=P-P,
-01 0 0

0=PR'+R'PT,
which is equivalent to
PR'+R'P=R"'m.

The origin of these equations is explained in the following section. The explicit
solution is

0 —1 0.0875
P(0) = 1 0 0
—0.0125 0 0

Under these circumstances, the body spirals gradually away from the upright
position, eventually swinging down (this phase is quite rapid) before returning
again to the upright position. Although it is a slight misuse of terminology, let us
refer to such a motion as a “quasi-period.”

The variation in speed of oscillation over one quasi-period makes this a some-
what challenging integration problem. The results of a numerical experiment us-
ing a RATTLE integrator and At = 0.1 are shown in Fig. 8.2. The motion
q(t) = Q(t)r° of the symmetry axis of the body, as seen in the laboratory frame,
is plotted on the left. On the right are shown the fluctuations in the z-component
of q(t) v. time, above the plot of energy error v. time. The rapid changes in the
energy error are associated with the times of rapid motion as the top briefly
swings down.

®From a computational point of view it is often useful to set Q(0) equal to the identity matrix,
i.e. to identify the laboratory frame with the body reference coordinate system &;, i = 1,2, 3,
at time t =0.
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Figure 8.2 Motion of the symmetric top, as computed using RATTLE.

8.2 Angular momentum and the inertia tensor

A common alternative description for the rotational kinetic energy is based on
the body angular momentum vector ® € R3. Introduction of this concept will
pave the way for another very useful approach to symplectic integration based on
the rigid body Euler equations. We start the derivation by introducing the spatial
angular velocity vector w via the classical definition

fi=w X tj,

where rj = @; — qcm is a displacement vector. Using the setting from Section 8.1,
the standard (spatial) angular momentum vector m can then be expressed as

k
mzZm,-r,-xr’,-

iri X (WX r)

; [||r,-||2 — r,-r,-T} w.

=1
k
= Z m
i=1
k
= Z m
i=1
Since
r=Qr,
we obtain

m=Q (ﬁ m; [||rP||2 — P [rPﬂ) Qw,

i=1
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in terms of a fixed reference configuration. The body angular momentum vector
7 is now defined by # = Q" m. Similarly the body angular velocity vector is
w?Y = QT w and we obtain the relation

7 = Tw,

with the inertial tensor given by

k T k
T=Ym [||r,°||2 —r? ] ] = > millrllls — R.
i=1 i=1

If the mass tensor R is diagonalized and represented in the form (8.3), then

3

K
Z mi|[rP|” = Z riill&l® = iy + ro + ras,
i=1 i—1

and
o + 133 0 0
T = 0 rni—+ 33 0 ,
0 0 ri—+ ro

with the principal moments of inertia /; = Zj?g,» rij-

Let us link the angular momentum and angular velocity vectors to the canon-
ical variables in the constrained formulation (8.8)—(8.12). Since r; = Qr?, we
obtain

Qr’ =w x Qre. (8.24)
Next we make use of the fact that for any vector u € R3, we can write
Wu=w X Uu,

where @ is the 3 x 3 skew-symmetric matrix

0 —W3 w2
w= w3 0 —Wwi |,
—Wy Wi 0

w = (w1, wo, w3)".* Hence (8.24) implies the relation
@=QQ" =PRQ".

4Similar expression will be frequently used in the rest of this chapter. We remind the reader of
the following convention. If b is a 3-vector, then the associated skew-symmetric 3 x 3 matrix
is denoted by b. We use capital letters for the skew matrix forms of body angular momentum
and angular velocity since these are standard notation often found in the literature.
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It is also easy to verify from (8.24) and
QTQr’=Q" [w X Qr,»o} = (Qw) xr?
that
@Y — Q7O = QT PR L.
Furthermore, we have the important identity:
7 — YR _ R [ body} —Q'P-PTQ

for the skew matrix form of the body angular momentum vector 7, which can be
verified by explicit computation using (8.3). Specifically, multiplication from the
left by é,-T and by &; from the right yields
~bod
7ru = (rll + rJJ) © yy

which is equivalent to Ty = /kwiody, k =1,2,3. (See also the exercises.)

From @ = QQT and @”°¥ = QTQ, we see that @ = Q@°¥YQ'. The
same transformation applies to the angular momentum vectors and we obtain
the expression

=Q7Q" = PQT —QPT. (8.25)

This expression is useful when setting up the initial conditions for a constrained
rigid body formulation. In particular, given an initial angular momentum vector m
(or an initial ) and an initial orientation matrix Q the unique initial momentum
matrix P is determined by (8.25) subject to (Q, P) € P.

With this we have completed our brief discussion on how the classical defini-
tions of angular velocity and angular momentum relate to the canonical variables
used in the constrained rigid body formulation (8.8)—(8.12).

8.3 The Euler equations of rigid body motion

We next show that the equations of a rigid body with its center of mass held
fixed at gsmn = 0 can be reduced to a system of three differential equations
for the angular momenta and associated equations for the orientation of the
rigid body. These differential equations have a special generalized (noncanonical)
Hamiltonian structure which can be treated using an explicit Hamiltonian splitting
method.

We start our discussion from the angular momentum identity m = Qm =
>~ mjr; X F;. Differentiation with respect to time yields

m:Q7r+Q1'r:Zm,-r,-><f,-,
i



8.3 EULER EQUATIONS OF RIGID BODY MOTION 213

which, multiplied by QT is equivalent to
=-Q Qm+ Z m,—q,O x Q¥
li

We now take note of
Q' QT = a"Vrx = (T/*Tw) *=T laxw=—-wxT ln=—-7T 1w

and assume an external force m;¥; = F; acting on the rigid body at a point
r= Qr,-o, then we obtain the Euler equation

a=aT 'n+> r’xQ"F (8.26)
i
for forced rigid body motion. We call

N=S R xQTF—Q (Zr,xp,)

the applied torque in body coordinates.
The differential equation for the rotation matrix Q had already been derived
previously as

Q = Q™Y = Q(T'm). (8.27)

Let us concentrate for a moment on the free rigid body, i.e. F; = 0. Then
the equation (8.26) can be solved independently of (8.27). The free rigid body
Euler equation

T=7T 7

is an example of a noncanonical Hamiltonian system (actually a Lie—Poisson
system) with Hamiltonian function (kinetic energy)

1 _1(m m
- x'T =424 73 8.28
T () o s 2</1+/2+/3 ( )
and Lie—Poisson structure matrix
0 —T3 T2
Jm)y=m=| m3 0 -
—Ty T 0

In other words, the Euler equation (8.26) is equivalent to the more abstract
formulation

%‘n — (VT (). (8.29)
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The Lie—Poisson bracket {F, G} of two functions F(m) and G(mr) is defined
by

{F.G}(m) = [VaF(m)]" J(m) VaG(m).

The Lie—Poisson bracket is anti-symmetric and satisfies the Jacobi identity [149,
124, 7]. In this sense the Euler equation (8.29) is a generalization of the
Hamiltonian formulations we have encountered so far. Note, however, that the
matrix J is not invertible hence we cannot define a symplectic form J~1dw A dw.
On the other hand, it is easily verified that the Euclidean norm of the momen-
tum vector = is a first integral of (8.29) for any choice of the Hamiltonian 7.
This is due to the fact that the structure matrix J is singular and of rank two.
Functions that are first integrals of a system for any choice of the Hamiltonian
are also called Casimir functions. They are always linked to the fact that the
structure matrix J is singular. We also point out that the rigid body structure
matrix J = 7 is invertible on the level sets of ||m|| = constant. This allows us to
define a (canonical) symplectic structure on each of these two-dimensional level
sets. See OLVER [149], MARSDEN AND RATIU [124], or ARNOLD [7] for more details.

Let us next have a closer look at the equation (8.27). We can view the
rotation matrix @ € SO(3) as the collection of three column vectors s; € R3
that are orthogonal to each other and that have unit length; i.e.

Q" = [s1,%,53].

Then equation (8.27) is rewritten as
iQT - _(TiTﬂ.)QT
dt '
which is equivalent to

d N :

5= —(Tim) x5 =5 x (T m) = §VxT(m),  (j=1,23). (830)

The system (8.29)—(8.30) constitutes a Hamiltonian system in the variable
z = (s1, 52, S3, 7r)T € R*?

and with the skew-symmetric Lie—Poisson structure matrix®

0 0 0 5
_ 10 0 0 % 12x12
J(z) = 00 0 & €ER : (8.31)

§1 §2 §3 ™

5The matrix J is skew-symmetric but depends on the state variable z. Thus we would also have
to verify that J satifies the Jacobi identity to show that J indeed defines a Poisson bracket
{F.G} = (V.F) JV.G.
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The equations of motion of a free rigid body take now the abstract form

%z = J(2)V,H(2),

where

1
H=T==n"T =
2
Using this general Hamiltonian framework, one can consider systems where the
Hamiltonian H depends on the state variable z in an arbitrary way. Typically, the
Hamiltonian #H is however of the form

1
H= EWTT_lﬂ' +V(s1, 5, 83).

Example 1 Consider a rigid body with fixed center of mass g.,, = 0 and an external
force F acting on a (fixed) point r° in the body reference configuration. In other
words, the force is assumed to be given by

F(r)= -V, V(r), r=Qr°
We call this force the spatial force. The rigid body potential energy is

V(Sl, So, 53) = \/(QI‘O),

and the corresponding equations of motion are given by
d 3
AR (T 17m) + JZ_;SJ X Vs V(s1, 5, 53)
and
%sj =5 x (T"'m),

J=1,2,3. Let us write r in terms of the unit coordinate vectors e; (fixed laboratory
frame with e/ Q ='s), i.e.

3
r=> (s/"e,
j=1

since eJ-Tr = ejTQrO = szrO. Then

3 3

Zsj x VsV(s1, 82, 83) = *Zsj x ((F(r)Te)r°)
j=1 Jj=1
3

==Y ((F(NTe)s) x1°
=1

=r"x (QTF(r))
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is the standard formula for the applied torque in body coordinates (compare (8.26)).
This procedure generalizes to any number of particle locations

3

r = Z(SJTI’,O) ej, I=1,..., k,

Jj=1

and potential energies V. =V(r, ..., r). ]

8.3.1 Symplectic discretization of the Euler equations

We have already seen that SHAKE /RATTLE discretization can be used to treat
the constrained formulation (8.17)—(8.21). This leads to a system of nonlinear
equations that needs to be solved at each timestep.

An attractive alternative for simulating free rigid body motion is based on
Euler equations (8.29)—(8.30) and the idea of splitting the Hamiltonian into
explicitly solvable components. This was proposed by McLACHLAN [128], REICH
[153, 154], and ToumA AND WispoM [193]. The Hamiltonian of a free rigid body
is given by (8.28), which we write as

T(w) = Ti(m) + To(m2) + T3(3), (8.32)

where T;(m;) = 7T_/2/(2/j),_j =1,2,3. The crucial observation is that each entry 7;
gives rise to equations of motion which can be solved exactly. Let us demonstrate
this for 77. The corresponding equations of motion can be written as a system
of linear differential equations

d d .
EW:Alﬂ', ESJ:A:LSJ’ (_]:1,2,3),
where
1 0 0 0
A = ™ O 0 m
t\o -m o
Note that
d 0
— T =
pr! ,
which implies that the solutions are simply given by
w(t) = e mw(0), si(t) = eMsi(t), (j=1,2,3), (8.33)
with
1 0 0 T
e = |0 coswit sinwit |, wp= /—1
1

0 —sinwyit coswit
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The equations (8.33) provide an explicit expression for the exact flow map ®; 1;
corresponding to the system

d
az = J(2)V,T1(m1),

z = (s1, %, S3, 7r)T. Similar expressions can be found for the flow maps corres-
ponding to the entries 7> and 73 in (8.32).

A second-order symplectic method is now obtained by subsequent concate-
nation of the exact solutions corresponding to the five terms in

1 1 1 1
T—§7'1+§7'2+7§+§7'2+§7'1,
over a time interval t = At. To be more precise. We define a numerical method
2" =Wy (2"
by the composition of flow maps

Une T = Parjo i © Pat/o 7 © PoatTs © Pat/o s © Paryo - (8.34)

This method is obviously symplectic since each flow map preserves ||| and is
symplectic on the level sets of constant ||m||. The method also conserves the
spatial angular momentum vector I exactly. This follows again from the exact
conservation under each flow map. This splitting and its implementation can be
improved. For example, one could replace exact matrix exponentials by the Cayley
transform, i.e., for any of three skew-symmetric matrices A; we can use

e~ (I — tA) L (1 + tA) € SO(3).

There are also other splitting of 7 possible. See the discussion in the follow-
ing subsection and ToumA AND WisboM [193], DULLWEBER, LEIMKUHLER, AND
MCLACHLAN. [54] as well as Buss [38] and Fasso [56].

This method can now also be used to integrate more general rigid body
systems with Hamiltonian

1
H= EWTT_I‘II'—FV(Sl,Sz,Sg,). (8.35)

Similar to the Stormer—Verlet method, we split the total Hamiltonian into the
kinetic energy 7 = 1/2%’ T~ 'm and the potential energy V. A second-order
method can then be derived based on

1 1
The equations of motion corresponding to the potential energy V are given by
d 3 d _
Eﬂ:ZijvsjV(sl,szg), ESJ:O' U=1,2273),

=1
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and can be solved exactly. In particular, since
3
N = ZSJ X Vs V(s1, 52, 53) = const.,
j=1
we obtain w(t') = w(t)+ (t' —t)N and s;(t') = s;(t). Denote the corresponding
flow map by @; . Then, based on the splitting (8.36) and upon using (8.34) to
propagate the kinetic energy part, we obtain the second-order symplectic method

Ut = Ppesoy o War 7 0 Parsoy, (8.37)

for the generalized Euler system

%z = J(2)V,H(2),

with Hamiltonian (8.35).

8.3.2 Numerical experiment: the Lagrangian top

Below we show that the Hamiltonian for a Lagrangian top is of the form (8.35)
and conduct a numerical experiment to test the symplectic splitting method. See
[7, 73] for a detailed analysis of the Lagrangian top.

The matrix T is defined by the three principal moments of inertia of the
(axially symmetric) top. Symmetry of the top implies that /3 = /». The potential
energy function V is obtained by introducing the fixed reference vector r° to point
from the stationary point of contact to the center of mass, i.e. r% = (0,0,L)".
We set the distance from the fixed point to the center of mass equal to one, i.e.,
L = 1. Then the potential energy becomes

V(Q) = —ck’ Qr°,

where k = (0,0, —1)7 gives the direction of gravity and ¢ = mg is the product of
the mass m of the top and the gravitational constant g. The orthogonal matrix
Q(t) describes the rotation of the rigid body about its stationary point of contact
and Q" = [s1, sy, s3] as before. Note that the potential energy can be written as
a function of s3 alon

V(s3) = —c {rO}TQTk =c [rors&

Employing the above outlined abstract Hamiltonian framework, we obtain the
equations of motion

d
=X T im+cs3 xr° (8.38)
d
—s =5 X T im, (i=1,2,3). (8.39)

dt
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These equations can be integrated using the composition method (8.37) with
the kinetic energy part integrated by the standard splitting (8.34). However, one
can solve the free Euler equation for a symmetric rigid body exactly. To do so,
we split the kinetic energy into two contributions [193, 54]

1 7 1/1 1\ ,
T=gm™ ™t (/3 /)”3'
| =11 =I5, instead of three which yields the modified composition method
wAt,T = ¢At’7—2 o (DAt,ﬂ’

where

- 1
7-1—5‘"' ™,

~ 1/1 1\ ,

ek
Note that w(t) = const. for the Hamiltonian 7; which allows for the exact
integration of the equation of motion for s;, i =1,2,3; i.e.,

d 0 d s 1AS
—n =0, —S§; = ——TS;.
dt dt™ [
Even more importantly, the two Hamiltonian functions 71, 72 commute and,

hence, the composition method Wa¢ 7 is equal to the exact flow map:

and

(pAt,’T = d’At,’ﬁ o ¢At,’7}' (840)

The exact propagator @ for the kinetic energy part of the Lagrangian
top’s Hamiltonian is now used in (8.37) to obtain a second-order symplectic
method for the spinning top.

We conduct a numerical experiments with ¢ = 1 and

cos0.6 0 —sin0.6
Q(0) = 0 1 0

sin0.6 0 cos0.6
This corresponds to an initial s3 = (sin 0.6, 0, cos0.6)" . The equations of motion
are integrated with the above splitting methods using a stepsize of At = 0.1. The
motion of the center of mass gem(t) = Qr° is given in Fig. 8.3 for I = I, = 5,
I = 1, and the initial body angular momentum m = (0,0,5)7. The error in
energy and the motion of the z-component of gcm(t) are shown on the right
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Figure 8.3 Motion of the Lagrangian top, as computed with an explicit
splitting method.

of Fig. 8.3. Note that this experiment corresponds to a Lagrangian top initially
spinning only about its axis of symmetry and which is released from that position
without applying any additional torque. See also [7, 73] and problem 4 in the
Exercises.

As a second test we implemented the splitting algorithm (8.37) for the sym-
metric top example of Section 8.1.4 with the purpose of comparing with our
previously computed RATTLE solution. For a stepsize of At = 0.1 and with
the exact propagator (8.40) used in (8.37), the numerical trajectories are essen-
tially indistinguishable from those obtained using RAT TLE. However, the splitting
scheme preserves the energy better by a factor of about 40. Furthermore, the
splitting method is much easier to implement and more efficient than the RAT-
TLE approach and emerges here as the clear winner.

The situation changes when the exact propagator (8.40) is replaced by the
standard kinetic energy splitting (8.34). The results, using an identical timestep
of At = 0.1 are shown in Fig. 8.4. There are some significant differences with the
results using RATTLE (compare with Fig. 8.2). First, the new trajectory appears
to be somewhat less regular, related to the appearance for the first time of sharp
peaks in the evolution of the energy error. In Fig. 8.5 a projection of a very
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Figure 8.4 Motion of the symmetric sprung top, as computed using the
standard reduction/splitting scheme.

long time numerical solution in the neighborhood of the upright body position
is shown for each method, dramatizing the improved regularity of the RATTLE
orbit. Even more striking, perhaps, is the fact that the new computation finds
too many quasi-periods (22 instead of 19) in the integration on [0, 200]. In fact
19 is very nearly the correct figure for this time interval, and this is only achieved
by an eight-fold reduction in the integration timestep. On the other hand, the
standard reduction/splitting method exhibits better energy conservation, even
at the large timestep, than the RATTLE approach. (A careful comparison of
methods must include attention to the efficient implementation of the RATTLE
nonlinear solver, which can add to the work.)

The experiment highlights the necessity for a careful choice of the splitting.
It is often advisable to use a splitting of the rigid body kinetic energy into an
entirely symmetric contribution 75 = %WTW and a “perturbation,” i.e.

1 4 111211121(1 1)2

T=5m™mt5 </1 />7r1+2 (/2 /)”ﬁz 1)
A natural choice is to set | = /; for some appropriate index i € {1, 2, 3} (see [56]
for a detailed comparison).

8.3.3 Integrable discretization: RATTLE and the scheme of MOSER
AND VESELOV

The free rigid body is completely integrable. It was first pointed out that a com-
pletely integrable discretization for the free rigid body is possible in an article of
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At(Y"tt — [Y"1]T) coincides with the second step of the Moser—Veselov algo-
rithm.

8.4 Order 4 and order 6 variants of RATTLE for the free
rigid body

The observation mentioned above due to MCLACHLAN AND ZANNA [127] of the
exact integrability of the RATTLE method has ramifications for the design of
higher-order schemes. When applied with constant step size, it follows from
the integrability result that the RATTLE scheme solves exactly the modified
equation
d 2 4 —1

Ew:(l%—At T3+ At"Ts + - )T x T,
where the 75,41 are constants depending on the Hamiltonian, the inertial tensor
T, the mass tensor R and the Casimir ||7r||. This modified equation is a time
reparametization of the original free rigid body equation. Hence, by rescaling the
initial condition g it is possible to improve the order of RATTLE.

Introduce the family of constants

R B | i i P
Criij = Nitn + Nif3s + Mol3s, Lj=12...,
associated to the mass tensor R and set
N i = 1-
Cri=Cr Cr=Cpr

Denote as

2.2, 2 2, 2 2
Ho = r{1m] + 75 + rs3ms,

the constant which is a linear combination of the Hamiltonian H and the Casimir
||| of the free rigid body. Consider the constants

1

™ = G aa Ty ((3det(R)tr(R) + Cro)|wl|> + (3Ck + tr(R))Ho)

and
1
" 20det(T)*
+ (10Cg 3 + 50 det(R)tr(R)Cg
+ 10 det(R)tr(R)tr(R?) 4+ 2Cg otr(R?)
—28det(R?))|w|*Ha
+ (60 det(R?)Cg + 3Cg 4 + 27 det(R?)tr(R?)

+15det(R)(Cro3 + CR,3,2))||W|\§)-

((3tr(R*) + 27Cp + 15tr(R?)Cr + 45 det(R)tr(R))H3
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Figure 8.5 Motion of the symmetric sprung top, as computed using the
standard reduction/splitting scheme (left) and using the RATTLE approach

(right).

MOSER AND VESELOV [141] (see also LEwis AND SimO [114]). Perhaps as remark-
able in our context is the fact, noted by MCLACHLAN AND ZANNA [127], that the
RATTLE method when applied to the free rigid body is actually equivalent to
the Moser—Veselov algorithm.

To see this, introduce into the RATTLE method (8.17)—(8.21) the auxiliary
variables Y" = Pn[Q”]T,Yn+1/2 — Pn+1/2[Qn]T and Y"1 = pn—i—l[Qn—i-l]T.
By construction, one has Y7 = Rw" and hence " = Y" — [Y"]”. Moreover,
Y2 = yn — IAeQPPTTI2|T R-IPMHY2[QNT = YT 4 AtS, where S is a
symmetric matrix. Introducing @ = Q"*[Q"]” = I5 + AtR™1P1/2[Q"T =
Is+ AtR™1Y™1/2 it is immediately verified that Q"*! is orthogonal if and only
if Q is orthogonal.

Now, we rewrite At = At(Y" — [Y"]7) in terms of Q. We have At®" =
R(Q — I3) — At?S — (QT — I3)R + At?ST = RQ — QT R, since S is symmetric.
The equation At®” = RQ — Q' R is precisely the Moser—Veselov equation that
one has to solve for an orthogonal matrix Q. Similarly, At®"t! = QR — RQT =
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Scaling the initial condition g to mg/(1+At?T3), applying the RATTLE scheme,
and then multiplying back by (1+At?73), raises the order of the RAT TLE scheme
from 2 to 4, and preserves integrability and symplecticity.

Similarly, scaling the initial condition my to mo/(1 + At?13 + At* (715 — 272)),
applying RATTLE and multiplying back by the same scaling factor, improves the
order of RATTLE to 6. For more details on these methods and accompanying
numerical experiments, see [127].

8.5 Freely moving rigid bodies

So far, we have considered a single rigid body with its center of mass held fixed.
We now relax this condition and consider a freely moving rigid body. Let us
assume that a spatial coordinate system is given and that the represention of a
vector in spatial coordinates is denoted by g € R3. The particular spatial vector
that points from the origin of the laboratory frame to the center of mass of the
rigid body is denoted by gcn. We consider also a fixed reference vector r0 that
points from the center of mass to a given (fixed) point on the rigid body. Then
the position of this point is given by the spatial vector

3
a(t) = Gem(t) + QD) = aem(t) + 3 (5(0)7r°) g, (8.41)
j=1

where e, j = 1, 2, 3, are (fixed) coordinate vectors in the laboratory frame.® Thus
the motion of any fixed point on the rigid body is completely characterized by the
evolution of the center of mass gc» and the three vectors s;. Let us assume for
a moment that no external forces act on the rigid body. Then the equations of
motion for the center of mass and the rotation matrix decouple and are simply
given by

d d

Eﬂ:wa’lﬂ, Esj:ijT’lm (=1,223),
and

d. 1 LI

dtqcm— MpCmv dtpcm - .

M is the total mass of the rigid body and pcm, € R3 the momentum of the center
of mass. The combined system can be propagated in time by solving the center
of mass equations of motion exactly and by applying the second-order symplectic

®These coordinate vectors should be carefully distinguished from the fixed coordinate vectors &
in the body reference frame as defined in (8.3).
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integration method for the Euler equations as suggested in the previous section.
Let us denote the resulting time-At-propagator by Wa 7, where T stands for the
kinetic energy

1 1 _
T = WHPcmH2 + §7rTT L,

of the unforced rigid body.

Consider now a rigid body with an external force F acting at a (fixed) refer-
ence point r° on the rigid body. In other words, the force is assumed to be given
in spatial coordinates by

F(q) = _qu(Q)v q= Qro + dem-

Then, upon applying (8.41), we formally obtain

3
V(qcmy S1, 2, 53) = V(q) =V (qcm + Z (SJTrO) ej) .
j=1

It is easily verified (see Example 1) that the equations of motion corresponding
to the potential energy V are given by

d 0 /T d .
it xj;(ej F(q))sj, ESJ‘:O, (j=1,273),

and

d d
¢ em = 0, JgPem = F(q).

A symplectic splitting method can be based on
1 1
H= EV +7T+ EV' (8.42)

We have already derived several second-order symplectic methods Wp; s for the
integration of the Hamiltonian H = 7T (free rigid body). The equations of motion
corresponding to H = V can be integrated exactly since dqcn,/dt = ds;/dt =
dq/dt = 0. Let us denote the corresponding flow map by @; . Then a second-
order symplectic method for the integration of (8.42) is provided by the compo-
sition method

Ut = Ppeso v o War 7 0 Parjoy- (8.43)

This splitting approach to the integration of rigid bodies was proposed by TouMA
AND WispoMm in [193] and by REicH in [156].
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Example 2 Consider a completely symmetric rigid body; i.e. | = /1 = I, = I3, with
a spring attached to it at a point r° on the rigid body. The spring is assumed to have
a rest length L, a spring constant K, and its second end being attached to the origin
of the coordinate system. The potential energy of the spring is

K

V(@)= 5(r L),

where r = ||q||, ¢ = gcm + Qr°, and the spatial force is
r—L

F(q)=—-K q.

The force F.,, acting on the center of mass is

r—»L
Fem=F(q) = —-K

3
Gem + > (s r)e;
j=1
and the applied torque N in body coordinates is
N = Kr—_/ Zg:(qTe-)s- x r°
T j) 5 -

The kinetic energy of the rigid body is

1 1
T= Z‘"’T"f + WPCTmPcmv

with associated free rigid body equations of motion

d d ~ .

E‘n:O, ESJ':—/_]""'SJ', (=1,273),
and

d d _

Epcm =0, chm =M lpcm,

which can be solved exactly. Thus a symplectic integrator can be based on the splitting
1 1
==V =V,
H 5 + 7T+ 5

with each of the three entries being explicitly integrable.

We conduct a numerical experiment for the set of parameters = K =M =L =1
and r® = (0,0,1). The initial conditions are gc = 0, @ = I, ® = (1,1,2)", and
pc = (1,0,0)". See Fig. 8.6 for the numerical results obtained for At = 0.01. O
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Figure 8.6 Rigid body motion under an external force field.
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The approach described so far easily generalizes to systems of interacting rigid
bodies. The associated algorithm has been successfully applied to rigid body
molecular dynamics by DULLWEBER, LEIMKUHLER, AND MCLACHLAN [54].

We mention that one can also treat rigid bodies that are linked by constraints.
Take, for example, two rigid bodies that are connected by a rigid rod linking a
material point r{) on the first rigid body and a material point r2O on the second
body. The associated (holonomic) constraint can be formulated as

O=ro—1L,

where L is the length of the rod and rio = ||r2||

0 0
N2 =qem1+Qiri — qemo — Qar5.

The Hamiltonian of the systems is

7‘[:7-1+7-2+>\(f12—L).

Although such systems can be treated numerically by a natural extension of the
splitting methods considered in this chapter, it is probably conceptually easier
to apply an approach based on a RATTLE discretization in terms of rotation

matrices.
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8.6 Other formulations for rigid body motion

We next briefly outline other popular choices for formulating rigid body dynamics.
The following two approaches can be viewed as defining a set of generalized
coordinates £ in some appropriate configuration space, together with a map from
the parameter space to the 3 x 3 orthogonal matrices.

While each of these choices of parameters can be used as the basis for nu-
merical simulation, they have certain disadvantages compared with the methods
outlined in the previous sections.

8.6.1 Euler angles

It was observed by EULER (ca. 1776) that the orientation of a body in space can
be specified in terms of three successive rotations with respect to some set of
coordinate axes fixed in the body. The specific sequence of rotations used by
Euler is as follows:

1. A counterclockwise rotation about the z-axis through an angle a.
2. A counterclockwise rotation about the x-axis through an angle 5.

3. A counterclockwise rotation about the z-axis through an angle v.

The rotation matrix Q can be expressed as a product of these three planar
rotations according to

cosy siny O 1 0 0 cosa  sina O
Q= |—-siny cosy O |0 cosB sing3 —sina cosa O
0 0 1 0 —sinB cosp 0 0 1

There is nothing particularly special about the choice of axes for rotations
(z, then x, then z) used by Euler: the only restriction is that no two successive
axes of the sequence may be the same. The Euler angles provide a parameterized
description of the space of rotation matrices, and associated equations of motion
can be derived. However these equations do not cover all possible orientations of
a rigid body, and singularities in the equations defining the parameters complicate
numerical integration of the resulting equations of motion, not just at the point
of singularity, but also in the vicinity of it. One way of resolving the problem
is to switch to a new set of angle variables (defined by a different sequence
of axes) whenever integration proceeds into the vicinity of a singular point, but
this approach is algorithmically cumbersome and suffers from the several other
problems mentioned for local charts in Chapter 7. In particular, it is very difficult
to obtain a satisfactory geometric method based on this approach.
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8.6.2 Quaternions

Because of problems with the Euler angles, an alternative set of parameters
is more frequently used in simulations, based on Hamilton's quaternions. This
approach is essentially equivalent to the use of “Euler parameters” or “Cayley—
Klein variables,” although implementations may vary slightly.

Hamilton's quaternions are a quadruple of parameters o = (0g, 01,02, 03)
subject to the constraint 03 + 0% + 03 + 03 = 1. The rotation matrix is defined
in terms of the parameters by

0 —03 (%)
Q =I5+ 200€ + 282, €= 03 0 —01 | . (8.44)
—0>2 01 0

The quaternions obey coupled differential equations involving the body angular
momenta . These differential equations take the form

d d
—o = B(o)T !=; —q=aT! N
prid ()T ", it +N,

where T = diag(/1, 2, I3) is the (diagonalized) inertial tensor,

—01 —02 —03
0o —03 02
03 0o —01
—02 01 0o

B(o) =

and N is the applied torque in body coordinates.

The equations of motion can be shown to be Hamiltonian with a noncanonical
Lie—Poisson structure similar to that of the Euler equation. In fact, the same
splitting ideas as developed in Section 8.3.1 can be applied and lead essentially
to identical propagation schemes. The only difference is that one either works
directly with the rotation matrix Q € R3*3 or with & € R* and employs the
relation (8.44).

A constrained Hamiltonian version of the quaternionic description is also pos-
sible by viewing the quaternions as a set of generalized coordinates subject to
the holonomic constraint ||a||?> = 1. Using (8.44), we introduce o and ¢ into the
rigid body Lagrangian (8.5) and determine the canonical momenta through the
formula

oL
- 8o
Although symplectic integration methods based on such an approach can be

formulated, the RATTLE approach based on the rotation matrix @ is found to
be more efficient and conceptional easier to implement.

Po
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8.7 Exercises

1. Lagrange and Hamiltonian equations for rigid bodies. Verify the gradient
expression (8.16) using the definition (8.15). Also show that

1
PR™! = Ethr(PR’lPT).

Essentially the same result can be used to derive the constrained Lagrange
equation from the Lagrangian function (8.5). (Hint: You may find the iden-
tities

tr(A) = tr(AT), tr(AB) =tr(BA), u'v=tr(uv")

useful.)

2. Planar rigid bodies. Let us introduce a set of orthogonal unit vectors t; € R3,
I =1,2,3, such that

Q= [tl, to, t3] € R?’X?’.
We also write
Q = [t b, t3]

for the time derivative. The rotational kinetic energy of a rigid body can then
be expressed as

1, . 1S .
Trot = §tr(QRQT) =5 Z riill &2,
i=1

We have r33 = 0 for a planar rigid body and the rotational kinetic energy
reduces to
12
Trot = 5 Z rii||tiH2'
i=1
Since the third unit vector t3 is no longer part of the equations, we also
redefine the matrix @ by
Q=[t,t] € R3%2,

This matrix still satisfies Q" Q = I, but I5 is now the 2 x 2 identity matrix.
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a. Verify that
13 1 ..
Trot = 5 >_ rillltill* = Str(QRQ"),
i=1

with Q = [f1, £2] € R3*? and

| 0
R_[O rzzl-

b. The augmented Lagrangian takes the expression

[ = Trot(o) + Ttrans(dcm) - Vext(Qy Clcm) - tl’((QTQ - 12)/\)-

Derive the associated Hamiltonian equations of motion and suggest a
numerical implementation.

3. Mass tensor and inertia tensor. Let R be the diagonal mass tensor of a free
rigid body and T the corresponding diagonal inertia tensor. We have the
following relation between the diagonal elements of these two matrices

tij = Z Fij-
JF#i
Show that this relation implies that
bR+Rb=Tb
holds for any vector b and associated skew-symmetric matrix b.

4. [agrangian top. Show that the third component ms = 53T7r of the spatial
angular momentum vector m = Qm is preserved under the equations (8.38)—
(8.39) for the symmetric top. Show that the third component 73 of the body
angular momentum is also preserved. Denote the energy of the Lagrangian
top by E and introduce the four constants (compare [7, 73])

_ 2E—73/m3

— h ,
c
B_E'
a=13
=
b="2
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Provided that the distance between the stationary point of contact and the
center of mass is equal to one, it can be shown that the third component
u(t) = qa(t) of the center of mass motion gem(t) = Q(t)r° satisfies the
differential equation

0> = (1 - u?)(a—Bu) — (b—au).
Of particular importance are the two roots of
0=(1-u?)(a—Bu) — (b—au)?,

i=1,2,in theinterval u € [—1, 1]. With u; < up the motion in u(t) satisfies
1 < u(t) < up. Compute the two roots for the data given in Section 8.3.2
and compare with the computed motion in u(t) = gs(t) as displayed in
Fig. 8.3. Note also that the initial body angular momentum vector implies
that v, = b/a.

5. Structure matrix and Casimir functions. Find the structure matrix J corre-
sponding to the Hamiltonian equations of motion for a single rigid body with
Kinetic energy

1 1 _
T(pcm: 7l') = %P(_Tmpcm + EWTT 17!"
moving in R3 under a potential energy V(qcm, S1. S», s3). What is the rank of
J? Find the associated Casimir functions.

6. Angular momentum conservation. Show that total angular momentum

Mot = qem X Pem + Qm,

is conserved for any single rigid body with a potential energy of the form

V=19(laql). q=qcm+Qr°.

7. Numerical conservation of angular momentum. Consider the RATTLE algo-
rithm (8.17)—(8.21) for a free rigid body; i.e. Vext = 0. Show that the spatial
angular momentum matrix m" = P"[Q"]T — Q"[P"]” is exactly conserved
along numerical solutions. Hint: use the fact that m" is skew symmetric.

8. Coupled rigid bodies. Write the equations of motion for two identical rigid
bodies with total mass m and tensor of inertia T interacting through a har-
monic spring with rest length L and force constant K. The spring is attached
to the rigid bodies at the material points r°, i = 1,2. Give a second-order
composition method for the case | = /1 = I» # I3 (symmetric rigid body).
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9. Quaternions. Given a unit vector n € R3 and a real number w, verify
RODRIGUES" formula

Q — ewﬁ
where the rotation matrix Q is given by (8.44) with oy = cos(w/2) and
[01, 02, 03] = sin(w/2) [n1, 2, n2].

RoDRIGUES' formula is useful for implementing a splitting method for sym-
metric or nearly symmetric rigid bodies. Note that oy can be replaced by
oo = (1—w?/4)/(1+ w?/4) and

[01,02,03]2 [nl,nz,nz],

v
14+ w?/4

which provides an inexpensive approximation to the exact matrix exponential
for w <« 1.
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Adaptive geometric integrators

It is well known that during the integration of nonlinear systems of ordinary
differential equations changes in the character of the solutions may demand cor-
responding changes in the integration timestep. In the context of Hamiltonian
systems this need develops from fluctuations in the forces along a solution curve.
For motivation we need look no further than the historic Kepler problem which
was introduced in Chapter 3. Kepler's first two laws tell us (i) that a body in
bound gravitational motion moves along an ellipse with the fixed point at one
focus and that (ii) the orbit sweeps out equal sections of the ellipse in equal
times. This is diagrammed in the illustration below (Fig. 9.1), which shows a
Keplerian orbit and several points equally spaced in time along the orbit.

Figure 9.1 An orbit of the Kepler problem. The moving body sweeps out
equal areas in equal times, moving most rapidly in the vicinity of the fixed
body. The points shown along the Kepler ellipse are encountered at uniform
intervals in time.

Recall that the force acting on the moving body in the Kepler system is
inversely proportional to the square of the separation from the fixed body. When
the orbits in the Kepler problem (or, more generally, in a gravitational N-body
problem) are highly eccentric (as they are for example for Comets in our Solar
System) the magnitude of the force along orbits can vary considerably. It is clear
that the dynamics in the vicinity of close approach will be challenging to resolve
accurately. For this reason, some sort of adaptivity in time is essential.?

LOf course it must not be overlooked that the Kepler problem is exactly integrable, and methods
that are intended to be effective for N-body gravitation should inevitably take advantage of the
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The traditional approach to varying stepsize in ordinary differential equation
solvers is based on selecting a stepsize so that an error estimate is kept below a
prescribed tolerance. Because computing the global error is essentially impossible
in general purpose integration, the standard approaches use a local error estimate.
For example, it is common when integrating with a Runge—Kutta method to
add an additional stage to the method so that a higher-order approximation is
provided; the difference between the two approximations is then used as an error
estimate. Schemes like this can be designed to work with symplectic methods,
but the results obtained in numerical experiments are wholly unsatisfying. The
observation has been made that, for long term stability, fixed stepsize symplectic
methods actually outperform their variable stepsize counterparts when compared
on an efficiency basis. This raised a quandary when it first was discovered by
GLADMAN, DuncaNn, AND CANDY [72], CALVO AND SANZ-SERNA [42], SKEEL AND
GEAR [176] and others in the early 1990s. After all, the symplectic maps form a
group, hence the composition of symplectic integrators with various stepsizes

V= wAtlwAtQ .. -wAf/\/v

remains a symplectic map. Why should the performance be so poor? The same
poor behaviour was observed whether or not the stepsize sequence was obtained
from a series of computations based on the solution or was provided a priori.

The best explanation emerged with the development of the backward error
analysis. In order to construct the so-called perturbed Hamiltonian expansion for
a symplectic method, it is necessary to assume that the symplectic maps used
in each timestep are identical. If the stepsize varies, we have the problem that
we generate approximations to one, then another perturbed Hamiltonian as the
stepsize changes; there is no reason to expect that this sort of process would
produce a stable long-term propagation. It seems from this that the prospects
for getting good results from symplectic methods with traditional variable stepsize
techniques are dim.

9.1 Sundman and Poincaré transformations

The key to effective geometric integration with variable stepsize lies in the use
of a time transformation

dt

—_— = q' p , 91
& =g(a.p) (9.1)
nearly Keplerian character of many of the trajectories. However, in this instance we are merely
using the unmodified Kepler problem as a device to illustrate a general approach to variable
stepsize.
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where g is a smooth, positive scalar-valued function of positions and momenta.
We refer to this as a Sundman transformation. If this transformation is applied
to an autonomous system of differential equations, there results a new system of
differential equations whose solutions evolve in the rescaled, or “fictive,” time.
In fact, the actual orbits of the system do not change; they are just traversed at
a different speed. If the original Hamiltonian is H(q, p), the system that results
from application of (9.1) is

d  dqdt

G4 = - =9(a.p)VpH(a. p), (9.2)
d dpdt
G7P=grgr = ~9(a.p)VqH(a. p). (9:3)

This system is, in general, no longer Hamiltonian. (It is Hamiltonian in very special
cases, such as when the function g is a function of a first integral of the problem —
for example the energy — but this choice appears to be of little practical interest.)
On the other hand, if g(q, —p) = g(q. p) and g(q, p) > 0, then time-reversibility
can be maintained by the Sundman transformation. Sundman transformations
had actually been in frequent use in computational astronomy from the mid
1960s for varying the timestep (albeit without maintaining the preservation of
time-reversal symmetry under subsequent discretization).

Now consider the fixed-stepsize integration of (9.2)—(9.3) with a stepsize AT
in fictive time, generating a discrete trajectory {(q", p")}. Because of the time-
transformation, each fixed step in 7 corresponds to a time-step in t of length
At, =~ g(q", p")AT. This relation is not exact; in fact, to resolve the time variable
we need to numerically solve the differential equation (9.1) in tandem with the
system in order to determine the evolution of time. STOFFER [178, 179] pointed
out that the system (9.2)—(9.3),(9.1) could be solved by a reversible integrator,
yielding a reversible variable stepsize method. A related scheme, also based on
reversible Sundman transformation, was suggested in 1995 by the astronomers
HuT, MAKINO AND MCMILLAN as a modification of the Stérmer—Verlet method
[90]. The methods mentioned so far are all implicit, a consequence of the coupling
the various components of the vector field via the Sundman transformation. This
implicitness is undesirable in many of the applications where variable stepsize
methods are most likely to be needed, such as gravitational dynamics. A semi-
explicit approach (“Adaptive Verlet”) was eventually developed by HUANG AND
LEIMKUHLER [89].

Before turning our attention to this scheme, let us consider the symplec-
tic alternative. Along with Sundman transformations, there is another class of
time transformations which can be used as the foundation for geometric inte-
gration. From a given Hamiltonian H(q, p) construct a new Hamiltonian by first
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subtracting the energy E of a trajectory, then multiplying this difference by a
positive, smooth scaling function g(q, p)

A(q.p) = 9(q. p)(H(q.p) — E). (9.4)

Noting that the energy is constant along trajectories, we can infer that if at some
initial point on the trajectory H(qo, pO) = E, then this same relation is satisfied
at all points of the trajectory, thus, as well, H = 0 along this trajectory. The
equations of motion for the modified Hamiltonian (9.4) take the form

-a=9(a.P)VpH(a.p) + (H(a.p) — E)79(a. ), ©5
b= —9a.p)VaH(a.p) ~ (H(@.p) - ENVs(@p).  (96)

These equations can be seen to reduce to (9.2)—(9.3) along the energy surface,
thus the Poincaré and Sundman transformations are formally equivalent, in the
absence of perturbation. The transformation (9.4) has the same effect as (9.1)
with respect to the exact solutions. This suggests that we could implement a
variable stepsize integration strategy by first applying the Poincaré transforma-
tion and then discretizing the resulting system using a fixed stepsize symplectic
integrator, an idea independently suggested by HAIRER [78] and REeicH [158]. In
this case, our numerical method would consist of the iteration of a single sym-
plectic map, so standard backward error analysis (see Chapter 5) could be used
to justify the resulting method.

In the context of numerical integrations, however, it should be emphasized
that this approach raises some new issues. First, the energy is unlikely to be
exactly conserved, and this destroys the direct correspondence between time and
fictive time when the Poincaré transformation is used. From (9.4) we can see
that if an error AH is introduced in the Hamiltonian  at some stage of numerical
integration, then the true energy will satisfy

aH =21
g
thus in situations where g becomes very small (where the timesteps needed for
integration are small), the true energy error can be large, and the equations
(9.5)—(9.6) will differ significantly from the Sundman-transformed equations
(9.2)—(9.3); hence the correspondence between time and fictive time will be
destroyed at points where the computation is most difficult.

A second problem raised by the Poincaré transformation has to do with the
numerical implementation of the method. We know from earlier chapters that
the available methods for integrating Hamiltonian systems with a nonseparable
Hamiltonian are all implicit. Since (9.4) couples the positions and momenta,
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even when the original Hamiltonian H is separable, the methods may not be
practical for many applications. On the other hand, there are settings where such
a symplectic approach may be reasonable: for example, if the original Hamiltonian
is of low dimension or is given in a nonseparable form, or if certain combinations
of numerical method and time transformation are employed. We will briefly return
to discuss the symplectic approach later in this chapter.

9.2 Reversible variable stepsize integration

We now consider the application of reversible adaptive methods. Eventually, we
will see that this approach allows for construction of efficient higher-order variable
stepsize methods, and we will see how this reversible adaptive framework can be
combined with more sophisticated methods such as those used to regularize few-
body close approaches in N-body gravitation.
Recall that a differential equation system

d d
—z = f(2), zeER
T (2)
is reversible with respect to a linear involution S (a mapping of RY with §2 = 1)
if

—5f(Sz) = f(2).

In particular, a canonical Hamiltonian system is reversible with respect to p — —p
if H(g,—p) = H(q, p). A system of differential equations

d
—qg=F
4;9=F(a.p).
d
JiP=Gla.p)
is reversible under the same involution if F(q, —p) = —F(q, p), and G(q, —p) =

G(q.p).

From the definition, it is easy to see that applying a Sundman transformation
(9.1) with positive scaling g and g(Sz) = g(z) to a reversible system %z =f(z2)
will yield another reversible system. If we discretize the rescaled system

% 2)(2)

by some numerical method we obtain a discrete trajectory {z"}, and each point
on this trajectory will correspond to a point 7, in the rescaled time. Evidently,
we must solve (9.1) along with the differential equations for the phase variables
in order to resolve the temporal variable.
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It remains to find a suitable discretization of the system (9.2)—(9.3). One
approach, which is usually acceptable for low-dimensional problems, is just to
apply the implicit midpoint method (or some other reversible integrator) to the
rescaled equations. This has the advantage of simplicity and generality. We will
illustrate this general approach to adaptive integration with a simple example:
the soft impact oscillator with one degree-of-freedom Hamiltonian

PPl ko,
H(%P)—;*‘?*‘EC] :
The orbits of this problem are periodic. A phase plane orbit (for k = 0.1) is shown
below (Fig. 9.2), along with graphs of each coordinate against time. Note that
the momenta must change very rapidly on a short time interval as the material
point approaches the origin, and then gradually on the remainder of the period;
this problem can benefit from some sort of adaptivity in the timestep.

5 15
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time
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Figure 9.2 An orbit of the “impact-oscillator” for k = 0.1. The figure to
the left shows the motion in the phase plane; in the right, the positions and
momenta are graphed against time. Note the sharp change in the momenta
as g approaches the origin.

We solve this system numerically for the following initial condition g(0) = 2,
p(0) = —4 for t € [0, 100] using the following three related second-order meth-
ods: (1) the trapezoidal rule (abbreviated “TR"), (2) an implementation of the
trapezoidal rule with a third-order error estimate (TR23), and (3) Trapezoidal
Rule applied to the rescaled equations

d

Ea—g(q)p,

d

—p= 2q73 — k
7P 9(q)(2q q),

2This solver is implemented in MATLAB 6 as ode23t and is specifically recommended for
problems with little or no damping.
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with the rescaling function

1

g(q) = Tq,g

(abbreviated TRS).

- TR
§ 0 e e Rl il A _$§§3'
o ’ ¢ — . ! w . ; - =
5 —0.5_ : - : v \ i
2 ‘ '3 : :
v -1 g ; : . 1000 steps |
-1.5 ! 1 1 1 1
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time
0.05 . ; . . ,
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S — TR23
] O‘P_H*—_-*_-_*—__—'__—-f_——r—_ﬁ; H
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] A : . : N : i : ‘ : ;
g -oaf : ' : : ¢ : ' ¢ 4000 steps |
d L % : H L] H ] H L H
-0.15 L L L . .
0 20 40 60 80 100 120
time

Figure 9.3 Energy errors in simulations of the impact oscillator using the
three variants of trapezoidal rule. In the upper figure the simulation timestep,
tolerance, and fictive timestep were all tuned so that a total of 1000 timesteps
were taken to cover the time interval [0,100]. In the lower figure, 4000
timesteps were used.

The energy errors for representative simulations are shown in Fig. 9.3. In
order to perform comparable experiments, we tuned the integration parameters
(timestep, tolerance, or fictive timestep) so that all methods required the same
number of trapezoidal rule steps to integrate to time 100. Observe that the
energy of both the trapezoidal rule and the traditional variable stepsize methods
fluctuate substantially, in the vicinity of the “collision.” On the other hand, the
reversible variable stepsize method shows a stable, relatively mild energy variation
with no secular drift. Comparing the upper and lower panels of Fig. 9.3, we see
that the results are qualitatively similar regardless of the number of timesteps
used in the simulation.

The mechanism which leads to the energy drift in TR23 becomes clearer
when we look at the close-up of the energy in the vicinity of collision (Fig. 9.4).
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Figure 9.4 Close-up of the energy evolution in the vicinity of a collision.
The TR and TRS schemes return to the pre-collisional value. By contrast,
the TR23 method loses a substantial amount of energy during the collision.

For the TR and TRS methods, which are time reversible, the energy error graph
can be seen to be geometrically symmetric around a vertical line through the
time of collision. Because the energy is nearly exactly maintained far from the
collision, the symmetry in energy implies that it must go back to the correct
value as we leave the point of collision. By contrast, the TR23 method, which
actually controls the local error in energy at the point of collision somewhat
better than TRS, does not possess the symmetric energy behavior of the other
methods. As a consequence, even on the relatively modest interval considered, the
reversible variable stepsize method easily wins this competition, when compared
on an efficiency basis (with efficiency measured by energy error per timestep); on
longer time intervals or in larger problems, one can expect the results to be even
more dramatic. The important symmetry property for the evolution of the energy
error is not guaranteed to be present in all simulations. It can be shown to hold
for two-body problems with central forces [109]. The benefits of the reversible
adaptive framework are less apparent in the presence of interactions between
three or more bodies. We will return to this issue in the section on Coulombic
problems, below.

The choice of the time-rescaling function is critical to the success of the
symmetric adaptive methods. We discuss this problem in the following and sub-
sequent sections of this chapter.
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0.2.1 Local error control as a time transformation

Given a symmetric one-step method Wx,, an adaptive method can be generated
by solving the equations

zn+1 —_ wAt,,(zn)v
0= P(At,, 2", 2"

If the scalar function P is symmetric with respect to transposition of its last two
arguments, then the resulting method will be symmetric.

As suggested by STOFFER [179] (see also [83]) we can base P on an estimate
for the local error using various schemes, such as finite differences. In the case
where the underlying method Wa; Is a symmetric Runge—Kutta or Partitioned
Runge—Kutta method, a traditional embedded error estimate can be developed
using the stages of the method; the only restriction is that the formula for the
error estimate we use should be symmetric.

To illustrate, suppose we start with the trapezoidal rule,

ZM = 2" 4 % {f(z”) + f(z”“)} . (9.7)

The local error in one step of Trapezoidal Rule is

At d3
le=—— .
15 gZ®)

This error can be estimated in a variety of ways. We can also use the differential

. . . 3 . . .
equation itself to define %z along the solution. In a one-dimensional case we
would have

(or in higher dimensions, a more complicated version of this formula). The local
error in the nth step of trapezoidal rule can then be approximated by

At3
le  —(f"f*+ ).
e~ 15 ( + f°f)

Setting the magnitude of this estimate to a prescribed tolerance tol yields
12 tol ]1/3
|f//f2 + f/2f|

Note that the stepsize has been written as a function of tol and the solution
itself. We could, for example, evaluate the estimate at z"*1/2 = (2" 4+ z"t1) /2,
then introduce the expression for At directly into (9.7), the result being a second-
order implicit adaptive integrator. The parameter tol acts in the usual way to

|
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allow a refinement of the approximate solution. In practice we would need to
modify the stepsize formula to avoid singularities and to ensure the smoothness
of the timestep map.

Alternatively, if we define AT = tol/3, we see that we are simply solving a
certain Sundman rescaling of the original problem, so that any of the schemes
mentioned in this chapter could be used. This example is a special case of a
more general observation that symmetric methods based on error estimates can
be viewed as reversible discretizations of a Sundman-transformed problem (see
[179]).

Controlling local error makes sense if the goal of computation is a numerical
solution with a small trajectory error, but this is not necessarily the situation we
confront when using a geometric integrator. On the other hand, there are likely
to be situations where some combination of various types of stepsize controls,
including one based on local error, should be used in simulation.

In the following subsections, we consider the construction of efficient methods
for implementing reversible variable stepsize based on time reparameterization.
The schemes described above are implicit. In the sequel we show how semi-explicit
and even fully explicit methods can be developed.

9.2.2 Semi-explicit methods based on generalized leapfrog

We consider a reparameterization of a separable Hamiltonian system

dq _
= = 9(a.pM'p, (9.8)
% =—9(q,p)V4V(q). (9.9)

The system is not solvable by the standard Verlet method.
On the other hand, if we apply the generalized leapfrog method, we obtain
the following system

A
¢ = q" + S (g(q" p"E) + (g7 p )M PR, (9.10)

2
1 AT 1
p'ts = p - 7g(qnv PV (g™, (9.11)
1 AT 1
pn+1 = p'ts — 79(q”+1, pn+2)vq\/(qn+1). (9.12)

The equations (9.10)—(9.12) are implicit, requiring the solution of a nonlinear
system at each step, but the fact that g is scalar means that a relatively efficient
Newton solver based on rank-one updates is possible, as pointed out in [89].
Moreover, in case g is a function only of g (or p) the scheme actually becomes
semi-explicit, in the sense that the timestepping can be performed with only one
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force evaluation per timestep. Specifically, if g = g(q), then (9.11) gives p”*é
explicitly. If we evaluate g on both sides of (9.10) and set v"+! = g(g"*!), then
we arrive at

AT

Y =9(a"+ 5

(,Yn + ’)’n+1)M_1pn+%),

but since p"t1/2 is now known, this is just a scalar nonlinear equation for y"*1,
readily solvable by Newton iteration. This scheme will be efficient provided the
evaluation of g and its gradient are inexpensive. For example if the system involves
long-ranged forces, but the time reparameterization is short-ranged — a typical
case — then the per timestep cost of incorporating adaptivity in this way will be
neglible.

9.2.3 Differentiating the control

We next describe an approach based on introducing the stepsize control as a
new variable along with its own differential equation. After discretization, this
results in an algorithm requiring evaluation of the Hessian of the potential energy
function, or rather its products with certain vectors. Differentiating v = g(q, p)
with respect to the reparameterized time 7 yields

(%’Y = (Vq9(a. p))TdiTq +(Vp(a, p))Tdi’Tp
= 9(a.p) [(Vq9(a.p)) M~"p — (V,9(a.p)) " VoV(q)]

We then look for a discretization for the coupled system in (g, p,y). We will
illustrate for the choice

9(a.p) = (" M~2p + [VgV(a)|?) 2.

Since Vpg(q.p) = —9(q,p) *M~2p and V49(q,p) = —39(q.p) 3V4q(q)
VqV(a),
iry _ PTM_lqu(q)qu(q) - PTM_2VqV(q) — G(q. p)
dr 9(a, p)? I
Next, we partition the variables as g and (p,7y) and discretize using the
generalized leapfrog

qn+1 — qn + A,Tgn—i-%M—lpn-&-%, (9_13)
A
Y= %G(q”,p”%), (9.14)

A
Pt = p" = SLg"EVV(q"), (9.15)
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AT
NHL g t1/2 =G, pta), (9.16)
A
ptl = prtl/2 27 N3y (g™, (9.17)
thi1 =ty + ATY"TE, (9.18)

It can be shown that these equations reduce to solving a cubic polynomial for
y"1/2 after which all steps are explicit. For details see [89], which also includes
numerical experiments with the method. This scheme works well in practice. For
the application of this idea in the context of gravitational dynamics, see [134].

Note that, for N-body systems, efficient schemes are typically available which
allow the rapid computation of matrix—vector products involving the Hessian
matrix in tandem with the force evaluation [118].

9.2.4 The Adaptive Verlet method

We now describe a reversible adaptive timestepping scheme which admits both
semi-explicit and fully explicit variants. The idea is to write the Sundman-
transformed equations of motion for a Newtonian mechanical system as a con-
strained differential equation system, in the form

d

- M1

-4=7M"p,

4y VoV (q)

d’?’p_fy qv\q),
v =9(q.p).

This approach broadens the possibilities for methods, since we may now eval-
uate g at different points than the vector field. A broad class of second-order
symmetric methods can be written in the form

g2 = g 4 At’y M—1prt1/2,
1
pn+1/2 _ pn + EAt’YanV(qn),
O:R(qn qn+l qn+1/2 pn pn-l—l n+1/2 ,Y 'Y,H_l),
qn+ :qn+l/2+ At’Yn_HM 1 n+l/2
pn+ :pn+1/2+ EAt'Yn+1qu(qn+l)-

Here R is a smooth function depending on g(gq, p), invariant under q" — ¢"*1,
p" — p"t1, 4" — "1 and approximating to second-order accuracy the equa-
tion v = g(q, p). Note that the method has the form of two separate Verlet
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half steps with a stepsize adjustment in between, but in some cases the step-
size adjustment could make the whole calculation fully implicit. These schemes
are referred to collectively as the Adaptive Verlet method. The simplest explicit
scheme of this type is defined by

,Yn Jr,Yn—I—l — 2g(q”+1/2, pn+l/2)' (9'19)

An alternative method, originally suggested by HUANG & LEIMKUHLER in [89], is
defined by

1 1 1 1
! + A" - g(q"t1/2, pn) + g(qnt1/2, prtly’

When cost is measured in terms of function evaluations, the Adaptive Verlet
method is usually much more efficient than the implicit schemes mentioned ear-
lier. For example, when compared against the symmetric adaptive trapezoidal rule
discretization (TRS in the previous section), applied to the same impact oscilla-
tor problem and with the same rescaling function, the Adaptive Verlet method
requires about a quarter of the work required for the implicit scheme to compute
solutions with the same accuracy. These considerations are likely to be ampified
for larger systems.

(9.20)

9.3 Sundman transformations

Reversible variable stepsize methods require the specification of an auxiliary time-
reparameterization function g(q, p). It is possible to choose this rescaling function
based on a functional of the vector field; in this case the method becomes more or
less problem independent, since the computations performed for varying stepsizes
can be fully automated.

9.3.1 Arclength parameterization

In some sense the most natural rescaling is one which is provided by the vector
field itself. Recall that the arclength s of a parameterized solution curve in the
interval [to, to + At] is

tod+-At
s = [ 1 &2l

to
If we introduce a Sundman transformation of the form

dt 1
dr gzl
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the arclength along solution curves is normalized to the fictive timestep. We term
this method “arclength reparameterization.” Note that the Sundman transfor-
mation can be expressed as a function of the phase variables only by using the
differential equations

dt 1
dr [If(2)II

(9.21)

It is entirely possible that the vector field will vanish at a point on a solution
curve, in which case the arclength reparameterization becomes singular. This
can be corrected by introducing a regularizing parameter as discussed below in
Section 9.3.3. Arclength reparameterization has the virtue of simplicity, but it is
not usually the optimal choice on an efficiency basis.

9.3.2 Rescaling for the N-body problem

A particularly important application for variable stepsize methods arises in the sim-
ulation of Coulombic systems, including both gravitational dynamics and classical
atomic models [19, 108]. In N-body systems, it is natural to choose the rescal-
ing function as a homogeneous function of the distances. Here we show how
a time transformation for two-body gravitational interactions can be naturally
constructed as a consequence of a scaling symmetry, based on the treatment in
[36]. This transformation is useful in Coulombic N-body applications.
Recall that the Kepler Hamiltonian is

1

1
H(q,p) = =|lpl* — —. 9.22
(a.p) = 5Pl ~ 1o (9.22)
with equations of motion
d
—q = 9.23
Gi9=P (9.23)
d q
—p=—0. 9.24
A Tk ©-24)

The system possesses angular momentum and energy as first integrals. (The
existence of an additional first integral, the so-called Runge—Lenz vector, places
the Kepler problem in the class of “super-integrable systems,” a consequence of
which is the existence of closed periodic orbits for a wide range of initial data.)
Indeed, the Kepler problem admits three types of orbits expressed in terms of
the projection of the phase variables on to the position plane, based on the value
of the energy: (i) a closed ellipse for H < 0, (ii) a parabola for H = 0, (iii) a
hyperbola for H > 0.
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The Kepler problem possesses an important scaling symmetry. If we rescale
the variables t, g, and p as follows

t = at, q = a?/3§, p=a 1/3p, (9.25)

then we find that the form of the system of equations (9.23)—(9.24) expressed
in these new variables is the same as the original. This scaling symmetry reflects
a natural invariance of physical systems with respect to changes of units.
Now consider a Sundman transformation of the form
dt

— =|q|I*? 9.26
g = lall”’=, (9.26)
which changes the Kepler equations to
d 3/2
—q = 9.27
7-a=lal**p. (9.27)
d —3/2
—p=- . 9.28
——p=—llal~q (9.28)
Observe that the scaling symmetry for this new system becomes
T =7, E=E, g = a?/3§, p= a’1/3ﬁ. (9.29)

The time variable has been made invariant under the action of the scaling
symmetry. This choice of Sundman transformation has additional consequences.
For example, it can be shown that with this choice, the collision event occurs in
approximately the same fictive time regardless of the energy of the colliding par-
ticle [24, 109]. This choice is also found to be approximately optimal in numerical
experiments.

9.3.3 Stepsize bounds

Regardless of which stepsize controls are used, it is usually necessary to modify
the control to limit the stepsize to some range of values. Let us define Atnin
and Atmax as minimum and maximum stepsizes, respectively. Let g be a given a
stepsize control, such as one of those discussed above. Since the effective stepsize
is gAT, and AT is known and fixed at the start of simulation, the problem is just
to define a monotonic function g — § = ¢(g), so that the interval [0, c0) is
remapped to [a, b], where a = Atyin/AT, and b = Atmax/AT. This is easily
accomplished. For example, let
pI e

g+b
Alternative remappings are possible, but this simple heuristic works in most cases.
Note that in Adaptive Verlet, stepsizes are allowed to oscillate slightly around the
target value, so these are only approximate bounds on the actual stepsize that
would be observed in simulation.

g=
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9.4 Backward error analysis

A criticism that may be made of time-reversible adaptive methods such as Adap-
tive Verlet is this: since the method does not define a symplectic map, we lose
the powerful Hamiltonian backward error analysis (as considered in Chapter 5).
However, it turns out that a meaningful backward error analysis is possible for
time-reversible systems. Indeed, a theory of backward error analysis and preser-
vation of approximate first integrals for reversible integrable systems has been
developed without any recourse to the Hamiltonian structure (see the text [80]
for a summary of the main results).

The idea first followed by HAIRER AND STOFFER [83] is to start with a pertur-
bation series for the numerical flow, defining a sequence of interpolating vector
fields fk(z; At), k =0,1,..., which constitute approximate modified equations of
a given order, and then to show that if the numerical method is reversible under
involution S, then the perturbed vector fields ka(z;At) satisfy the reversibility
condition

~5f(Sz2) = fi(2).

In this way we can view the numerical solution obtained from time-reversible
discretization as approximately determined from the evolution of a reversible
continuous dynamical system as already mentioned in Chapter 5.

As for symplectic methods, there are some limitations to this type of back-
ward error analysis. First, one finds that the theory only guarantees in general
that the best truncation of the modified equations accurately determines the
numerical solution on an interval of length O(At™1!). Work is in progress to try
to determine estimates that would hold on much longer intervals (for example,
O(e/At)), but the current efforts require that the system be close to integrable.
At the time of this writing, it is not clear how this theory will develop. In many
applications, particularly in large scale systems with chaotic solutions, the idea
is often to use very large timesteps (just small enough to guarantee stability of
the method) so that the accessible timescale is as large as possible, but in these
cases there are serious questions concerning the practical relevance of backward
error analysis. Nonetheless, backward error analysis is certainly valid for some
types of simulations and its usefulness is likely only to increase as theoretical
work continues on this topic.

We will restrict this discussion to the case of the Adaptive Verlet method,
which is the most commonly used scheme. A backward error analysis of the
Adaptive Verlet method is given in [45]. The method can be formally written as

q" = q(ms) + (=1)"4(7,), (9.30)
p" = p(7n) + (=1)"p(7n), (9.31)
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¥ = () + (=1)"4(74), (9.32)
where 17, = nAT and the modified equations are

G =M p+AT’Qa() + - G=ATQa() + -,

B =GF(@) + AT P()+-,  p=ATA()+- -,

¥=G(4.p)+Am°Go()+- ¥ =G()+AT?G( )+,

with uniquely determined initial values satisfying

g = G(0) +4(0),  po=p(0)+p(0), v =7(0)+4(0).

All of the expansions are formal and in even powers of AT. The functions in the
above equations depend only on ¢, p and 4; importantly the formulas for G, @2,
Q>, P> all contain 4 as a factor. In addition it can be shown that 4 = O(AT2)
and this, with the above equations, gives § = O(AT?%), p = O(AT?).

An instability can arise when the oscillating terms in the expansion for -y,
grow with time. The leading oscillatory term is of the form

A2 = Go(Tn) AT
The presence of this artificial dynamic is the price we pay for a fully explicit
scheme. In many applications, these wobbles are essentially invisible, but in certain
applications, for example Coulombic problems, the oscillation may grow quite
large at the most difficult points along the trajectory (points of close approach
of two bodies). (In extreme cases, the oscillations can make the stepsize become
negative, leading to a complete breakdown of the integrator.)

In general, the behaviour of g, depends on the stepsize update formula and
the differential equations, in a complicated way. For the important special case
where g, is a function of g only, it can be shown that for the stepsize update
(9.19), we have, as we approach the collision,

92(1) ~ K1 /7,

while for the choice (9.20), the operative formula is

9o(T) ~ Ka.
Neither of these will present a significant problem in the case where the stepsize
variation is moderate, but in applications such as gravitation, for which v — 0 in
the vicinity of close approach, the stepsize formula (9.20) gives far better results
than the other choice.

In practice, (9.20) is generally the safer choice, for the magnitude of -y would
typically be inhibited in the design of the scaling function (see below), whereas
its reciprocal would generally be allowed to grow substantially at difficult points
on the trajectory. A scheme for eliminating wobble in Adaptive Verlet to leading
order was also given in [45].
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9.5 Generalized reversible adaptive methods

As discussed in [86] it is possible to generalize the variable stepsize apparatus to
allow reversible adaptive integration of systems admitting a general linear revers-
ing symmetry. Such methods can be constructed starting from the assumption of
a certain base discretization method (not necessarily symmetric) Wa, together
with its adjoint method W3,. Recall from Chapter 4 that we can construct a
symmetric method by concatenation

_ *
WUpy = W%Atll/%m.
A reversible variable stepsize method can also be constructed based on W,
n+1/2 _ n
z = W%’Y”AT(Z ),

,Yn + ,YnJrl _ 29(2n+1/2)’

Zn+1 — wgfyn+1A7—(2n+1/2)'

Clearly this method maps (z",v4")) to (2", y™1). It is easy to compute
the inverse of the associated map and to check the reversibility condition (with
respect to the involution 7 — —7,z — Sz, — -v. Because of symmetry, the
method is of even order. The scheme is evidently convergent (since it is based
on two applications of a convergent method), so it must be second order.

If we identify At with v"AT, we could eliminate the variable 4" and write
the method in a more compact form. As we will shortly see, it turns out that it
is also necessary in many cases to consider a different choice of the symmetric
update for the time-rescaling parameter. In general we term this class of methods
symmetric adaptive composition schemes:

SYMMETRIC ADAPTIVE COMPOSITION

Given Was, a convergent integrator for %z = f(z), and
R(to, t1,20,2,21,7) a function satisfying R(tp, t1,20,2,21,T) =
R(t1, to, 21,2, 29, T), g—g #% 0, The following equations define a

reversible method

2 =Wy, (2,

0= R(Aty, Atpiq, 2", 2"FY2 21 A7),

n+1 _ yr* (Zn+1/2)_

V4 =
%Atn-#l

This method reduces to Adaptive Verlet in case the base method is a sym-
plectic Euler.
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9.5.1 Switching

The idea of the variable stepsize method can be generalized to provide a tool for
developing reversible methods with more complicated algorithmic features, such
as variable order of accuracy or even adaptive replacement of one integrator by
another. The idea of the Adaptive Verlet scheme is roughly this: we apply a given
standard integrator with a particular stepsize, modify the stepsize in a symmetric
way, then apply the adjoint of the integrator using the new stepsize. A similar
idea can be used to modify the features of the method that is used or to allow
additional forms of adaptivity in the numerical solution.

Consider the following problem. We have a vector field f, and two integrators
IIAI&) and lIA/ft) preserving some given geometric structure associated to f. Suppose
further that we have an indicator (monitor) function M(z) which quantifies some
aspect of the solution, say the difficulty of computing it, or simply the usefulness
of one of the two techniques compared with the other. We wish to develop a
new integrator with the following properties:

1. It should automatically switch between llAlEt) and !IAIE) so that when M(z) <
B, say, we integrate with the first method, while when M(z) > 3 we use the
second method, and

2. It should be smooth and preserve the same geometric structures as each of
the two maps.

The idea is to introduce a smooth switching function, o(m) (sometimes called a
sigmoidal function) on an interval containing B, smoothly passing from 1 to 0.
Shifted scaled arctangent functions can be used for this purpose, but it is generally
better for efficiency purposes to use a piecewise polynomial switch defined on a
compact interval [m—_, my] containing 3. It is easy to construct a polynomial o,
with zero derivatives at m_ and my of any desired degree, with the properties:
o(m-) =1, c(my) =0, 0 monotone decreasing on [m_, my].
Now we construct a splitting of f

f=hH+h, f(z) = o(M(2))f(2), f(z) = (1 = a(M(2)))f(2),

and recover the solution by iterating for example the following concatenation of

~

maps: Wa; = wc(ra//(z))mOl’?((lzia(/vl(z)))m- When M(z) < m_, the switch o will be
fully “on" (value 1), so that the effect will be to apply method llA/élt) to f. When
M(z) > my, the switch o will be fully “off” (value 0), so that the the numerical
solution will be propagated by applying method lIA/ft) to f. Between m_ and my,
both methods contribute to the numerical solution, by solving in each case some
polynomially rescaled version of the original vector field. In other words, what



9.6 POINCARE TRANSFORMATIONS 253

we have done is to construct a homotopy of the two numerical integration maps
IIAI&) and llAlézt).

The challenge is to implement, in an efficient manner, schemes based on
this idea. In general, we cannot expect the structure o(M(z))f to match the
structure of f, for example.

One symmetric method that could be used in the general case is as follows

+1/2 _ (2 (1)
2" /2= w(lfa(M(z”+1/2)))At/2 © wo‘(l\/l(z"))At/Q(Zn)'

2" = wém(znﬂ))m/z ° w((12)j:7(l\/l(z”+1/2)))At/2(zn+1/2)'
The notation ¥}, indicates the adjoint map of Wy, defined by W, =¥ .. The
reversible switching integrator is symmetric. It is also second order. It switches
the integrators completely. Its major drawback is that it is implicit, even if the
two methods on which it is based are explicit.

Based on our experience with adaptive timestepping, the most natural ap-
proach to explicit schemes is to introduce a discrete variable o, which can be
udpated according to a symmetric formula. However, such methods tend to in-
troduce a small oscillatory component in the error in o; since o is zero in a
substantial part of the domain, the numerical errors will tend to introduce an
instability in the method. An explicit alternative is likely to be more successful if
we change our perspective so that we switch based on the value of M(z) rather
than based on o. Specifically, we could introduce a discrete monitor variable w,
and employ an explicit scheme of the following sort

172 _ 2 (1)
22 =W a2 © Youae2(27),

Wn+1 + Mp = M(ZnH/Z),

+1 _ 5 (1) ~(2)% 1
2" =W e O Y o uar2 ()

If each of the two schemes involved is explicit with explicit adjoint, then the
overall method is also explicit. The indicator function M should be designed so
that M(z) is bounded well away from zero, to avoid the possibility of 4 becoming
negative during the integration.

In practice, we expect that adaptivity must be introduced in a problem-specific
way. For a detailed discussion of switching in the context of few body Coulombic
systems, see [101].

9.6 Poincaré transformations

In this section, we briefly discuss the implementation of Poincaré transformations
for symplectic variable stepsize integration. Recall that there are many explicit
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symplectic integrators for Hamiltonian systems in separated form, H(q,p) =
T(p) + V(q), but all known symplectic integrators which work for general H
are implicit. In general, the Poincaré-transformed equations will require treat-
ment with an implicit method, since the transformation couples the position and
momenta variables.

Experience with reversible and symplectic methods in a variety of applications
suggest that symplectic schemes often exhibit improved stability compared with
their reversible counterparts. Comparisons of symplectic and reversible methods
for small model problems also suggest that a symplectic scheme may be more
reliable. On the other hand, efficiency considerations typically demand, even for
moderate-sized applications, an explicit integrator.

It turns out that it is often the case that the time-reparameterization function
g can be chosen to be a function of positions only, g = g(q). In this case, a semi-
explicit first-order method is possible.

The equations of motion after Poincaré transformation become

%q =9(q)VpT(p),

d
d
J-P=—9(@)VqV(a) - (H(a.p) — E)Vqe9(q).

If we discretize this system with the symplectic Euler method, there results
q"t =q"+ A1g(q")V,T(p™Y), (9.33)
p"tt=p" = ATg(q")VeV(q")

—AT(T(p") + V(") — E)Vq9(a"). (9.34)

Define vectors
a=p"—A19(q")VqV(q") — AT(V(q") — E)Vq9(q"),
and
b="V49(a").
Then we can write an implicit formula for the kinetic energy
T =T =T(@a-Th).

Under normal circumstances, this is an inexpensive problem to solve for T. For
example, if T(p) = %pTM_lp, it becomes a scalar quadratic equation in T.
Once T is known, this can be inserted in (9.34) to vyield p™t1, and then g"*!
can be computed from (9.33).

It would be desirable to find higher-order semi-explicit symplectic methods
under these assumptions. A natural candidate for a second-order method would
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be based on the concatenation of (9.33)—(9.34) with its adjoint. The problem is
therefore to find an efficient way to solve

g™ =q"+ A1g(q" )V, T ("), (9.35)
pn+1 — pn _ A,rg(anrl)qu(anrl)
—AT(T(p") +V(a") — E)Va9(q™h). (9.36)

The calculation is all explicit after g is obtained from (9.35), hence the chal-
lenge is to solve equations of the form

9:=9(q""") = g(a + gb), (9.37)

where a’ and b’ are fixed vectors. If this calculation can be performed efficiently,
the entire method may be viable. In some cases, as when arclength reparameter-
ization is used, the work required is similar to that of an implicit scheme for the
full problem. However, in other cases, the work may be much less to solve (9.37)
than it would be to apply an implicit method to the whole system. An example
is where we know that the timestep is strongly dependent on only one or a few
of the variables of a large system.

Another difficulty for the symplectic approach arises when the underlying
fixed stepsize method which is most suited to the structure of the problem is
a complicated construction, perhaps resulting from composition of a number of
building blocks and coordinate transformations. In this case, the time-reversible
approach is to be preferred, since its implementation is essentially independent of
the details of how the fixed stepsize method is constructed; it is much easier to
retain the explicit (or partially explicit) structure of the underlying fixed-stepsize
scheme.

0.7 Exercises

1. Sundman transformation. Show that if a Sundman transformation is a func-
tion of the energy of a Hamiltonian system, the rescaled system is also Hamil-
tonian. Is this likely to give good results? Why or why not?

2. Scaling invariance. Show that (9.25) expresses a scaling invariance for the
Kepler problem. How is the energy changed under this scaling of the variables?

3. Poincaré transformation. Show that the symplectic Euler method can be
made explicit for the Poincaré transformation g(q).

4. Constrained dynamics and adaptivity. Develop an adaptive method for simu-
lating a constrained Hamiltonian system such as the spherical pendulum (unit
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length, unit mass, and unit gravitational constant) subject to soft collisions
(inverse power repulsion) with a fixed body at position gg. The equations of
motion can be written as

g=M"1p,
p=-VqV(q) —qX
lgl> =1,

where the potential

V(g) =z + ¢(lg — qol). ¢(r)=r"°,

is the sum of gravitational potential and the distance-dependent interaction
potential between the pendulum bob and fixed body. The Sundman transfor-
mation should be chosen to reduce the stepsize in the vicinity of collisions
between the bob and the fixed body. Test your method and report on its
relative efficiency as a function of the power a in the repulsive wall and the
choice of Sundman transformation function.

5. Switching. Discuss the construction of a time-reversible integrator to switch
order of accuracy. As an example, consider the pair of methods consisting
of the Stormer—Verlet method and the fourth order Yoshida method given in
Chapter 6. Design a method which automatically changes the effective order
of from 2 to 4 in a certain given region R of phase space.



Highly oscillatory problems

Hamiltonian systems often exhibit dynamical phenomena covering a vast range of
different time scales. In this chapter, we will discuss systems with two well sepa-
rated time scales. More specifically, we consider systems for which the fast motion
is essentially oscillatory. Such systems can arise from very different applications
such as celestial or molecular dynamics and they might manifest themselves in
very different types of Hamiltonian equations. Hence, the discussion in this chap-
ter is necessarily limited to special cases. However, the basic principles and ideas
have a much wider range of applicability.

A standard integrator, whether symplectic or not, will, in general, have to use
a stepsize that resolves the oscillations in the fast system and, hence, one might
be forced to use very small timesteps in comparison to the slow dynamics which
is of primary interest. However, in special cases, one might be able to individually
exactly solve the fast oscillatory and the slow system. Following the idea of
splitting methods, this suggests to compose these two exact propagators and to
apply a stepsize that is large with respect to the period of the fast oscillations.
Such a method is then called a large timestep (LTS) method. Often the fast
oscillations cannot be integrated analytically. A natural idea for the construction
of an LTS method is then to assign different timesteps to different parts of the
system. This approach is called multiple timestepping (MTS) and can often even
be implemented such that the overall timestepping procedure still generates a
symplectic map.t We will explain the basic idea of symplectic LTS/MTS methods
in Section 10.1.

While the idea of LTS/MTS methods is very appealing, they have severe
limitations which are linked to numerically induced resonances [20, 67] and a
break-down of backward error analysis. The instability problem can be partially
overcome by combining LTS/MTS methods with the idea of averaging. Averag-
ing over a highly oscillatory degree of freedom is a very powerful tool in classical

1Symplectic/reversible MTS methods were first discussed in the context of molecular dynamics
by GRUBMULLER, HELLER, WINDEMUTH, AND SCHULTEN [75] and TUCKERMAN, BERNE, AND MARTYNA
[195].

257
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mechanics and a short introduction to the idea of averaging and the concept
of an adiabatic invariant will be provided in Section 10.2. In Sections 10.3 and
10.4, we will describe two numerical methods that utilize averaging to eliminate
or weaken resonance-induced instabilities in MTS methods. More specifically, the
mollified impulse (MOLLY) method of GARCIA-ARCHILLA, SANZ-SERNA, AND SKEEL
[67] was the first method to improve the stability properties of a symplectic MTS
method by replacing the slow potential energy terms by an averaged (mollified)
contribution. We will explain the basic idea of mollified MTS (MOLLY) in Section
10.4. MOLLY was subsequently extended to a wider class of averaging procedures
by HAIRER, HOCHBRUCK, AND LUBICH (see the monograph [80]). A somewhat dif-
ferent approach, called reversible averaging (RA), was suggested by LEIMKUHLER
AND REICH [112]. Reversible averaging will be discussed in Section 10.3.

10.1 Large timestep methods

In this section we will investigate large timestep (LTS) methods for Hamiltonian
systems with slow and highly oscillatory degrees of freedom. We will in particular
develop the idea of multiple timestepping (MTS) methods and investigate their
numerical behavior for simple model problems. We will observe that MTS methods
work well except for instabilities near certain choices of the stepsize At. These
instabilities are caused by numerical resonances which can already be observed
for LTS methods applied to a single oscillatory degree of freedom and which are
caused by a break-down of backward error analysis as discussed in Section 10.5.

10.1.1 A single oscillatory degree of freedom

Let us start with a numerical example.

Example 1 Consider a fast harmonic oscillator subject to a perturbation, for example
q=uwp, p=-wqg—(q.

For w > 1, the solutions are highly oscillatory and the eigenvalues of the solution
operator

0 w

_ atA _

W(t) =e"™, A[wl O}’

are on the unit circle for all w > 0, i.e. the eigenvalues have modulus equal to one.
From a numerical point of view, one could be tempted to split the equations of

motion into its highly oscillatory contribution
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and the perturbation
g=0, p=—q. (10.2)

If we denote the associated matrix-valued solution operators by W;(t) and Wh(t),
respectively, a second-order numerical propagator is obtained, for example via the
matrix product

Mae = Wa(At/2) Wi (AL) Wa(At/2). (10.3)

24 T T T T T T T T T
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Figure 10.1 Modulus of eigenvalues of numerical propagator Ma; as
a function of wAt.

We compute the modulus of the eigenvalues of M, for w = 10 as a function
of the stepsize At < 0.2. Regions of instabilities can be clearly seen in Fig. 10.1 for
wAt = km, k=1,2,3.

A similar behavior would be observed for the LTS splitting method (10.3) applied
to a nonlinearly perturbed harmonic oscillator

d=wp, p=-wqg—9g'(q). .

We now give a heuristic reasoning for these numerically observed instabilities.
We first introduce action-angle variables (J, ¢) via ¢ = V2Jcos¢ and p =
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—+/2Jsin ¢. Next we rewrite the given Hamiltonian H = w(p? + ¢°)/2 + g(q) in
the form

H(p, J) = wd + Hs(¢, J). (10.4)

where Hs = g(+v/2J cos ¢) and, hence, H(¢, J) is 2m-periodic in the angle ¢. Both
Hf = wJ and Hs can be solved exactly and we define the LTS method Wx; as a
simple second-order composition of the associated flow maps, for example

Unt = Ppryo p, © Pat,He © Pat/o,H,- (10.5)

According to a result by KuksIN AND POSCHEL [100] (see also MoOAN [135]), the
symplectic method Wa; can be written as the exact time-one-flow map of an
extended Hamiltonian system /:/At(qﬁ, J's, E), where Hat is 2m-periodic in the
parameter s. We may assume (see the Exercises) that the variable s evolves
according to the differential equation s = —m. The variable E is the "“action”
variable conjugate to s. The embedding of Wa; into such an exact time-one-flow
map can be chosen such that His a real-analytic function of the general form

Hae(g, Js, E) = Qard — TE + Atfar(¢, J.s), (10.6)
where fa; is an appropriate function and Qa; € [—m, ) is defined by
Qat = [WAL + T modor — T

The definition of Qa; is motivated by the fact that
Ppt,Hy = P g

with Hf = QarJ/At = @J. Hence the numerical method (10.5) cannot distin-
guish between w and @ = Qa¢/At.

For Atw — 0, we obtain Qa; = Atw and one can average over the (fast)
variable s in I:/At and that leads to the modified Hamiltonian of standard backward
error analysis [143, 16]. However, for the LTS methods considered in this chapter,
wAt and hence Q¢ are not necessarily small. In fact, [€2a¢| is only bounded by 7.
To understand the possible implications let us investigate the canonical equations
of motion

b = Qar + AtV far(d ¢, 5), J=—AtVefae( 9. s),
$=—m, E = —AtVsfae(¢, J.s).

The associated flow map ¢T,,;, completely characterizes the behavior of the
numerical method Wa¢. In particular, the numerical method is called effectively
stable? if J(7) and E(T) remain bounded over long time-intervals |7| < n- At,

2Effective stability is weaker than strong stability. However, boundedness of J and E over time
intervals that are, for example, of order O(e/2") is clearly “almost” as strong as boundedness
for all times.
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n > 1. We only state at this point that the averaging principle (see, for example,
[8]) implies that J(7) and E(T) are approximately constant provided

(i) the two natural frequencies 23 = —m and Q2 = Qa¢ of the system are
non-resonant® and

(ii) there is separation of time scales, i.e. the two frequencies Q1 and Q, are
much larger than |J| and |E]|.

Condition (ii) is clearly not satisfied for
wAt =2k, k=1,2,3,...,
since this implies
Qo =Qa =0.
On the other hand, for
wAt =k, k=1,3,5 ...,
we obtain
Qo = Qpr = —m = Qq,

and Condition (i) is violated. These heuristic arguments provide some indication
why numerical instabilities are observed for wAt equal to integer multiples of .
See the Exercises for more background material.

10.1.2 Slow-fast systems

We now extend the idea of LTS methods to a more general class of slow—fast
Hamiltonian systems. This will lead us to the concept of multiple timestepping
(MTS). Let us assume that we are given a Hamiltonian function H that can
be split into two parts Hf and Hs; i.e. H = Hf + Hs. The assumption is that
the equations of motion associated with Hs can be solved with a stepsize Ats,
while the dynamics of Hf requires a stepsize Aty < Ats. A standard symplectic
integrator will then require that a stepsize of At =~ Ats is used for the overall
system with Hamiltonian H. Of course, one would like to make use of the fact
that part of the system evolves on a slower time scale and to develop an LTS
method.

3Two frequencies Q1 and 25 are called resonant if there are two integers ki and k» such that
k121 4+ ko2 = 0. For linear LTS methods only the k1 = k» = 1 resonance is of interest while
for nonlinear systems higher-order resonances can play a role in the stability of an LTS method.
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To illustrate the basic idea we consider a standard Newtonian system with
Hamiltonian

1 _
Hs=5p"M~'p+V(q)

and assume that it is coupled to a rapidly oscillating degree of freedom with
position x, momentum py, and Hamiltonian

Hr = 2% P2+ Vi(x. @),

where € > 0 is a small parameter and V is an appropriate potential energy func-
tion. An example of such a fast system is provided by a stiff harmonic oscillator
whose position x vibrates about an equilibrium position L > 0 that depends on
the slow coordinates q; i.e. L = L(q). The associated Hamiltonian is

Hr P2+ (x = L(a))?] (10.7)

1
=5 |
Another example is provided by a stiff harmonic oscillator whose “spring” con-
stant K > 0 depends on gq; i.e.

H P2+ K(q)x?] . (10.8)

_ 1 [

2

In either case, we can write the total Hamiltonian H as
H = Hf + Hs

and obtain the equations of motion

p=-VgV(q) —e'VeUh(x.q), ¢=Mp,
Px = _E_IVXVf(Xv q)v X = E_lpx,

which can be integrated by the Stérmer—Verlet method. However, for stability
reasons, the stepsize At has to be proportional to €.

A simple idea to improve this situation is to integrate the equations of motion
associated to the Hamiltonian Hs; i.e.

p=—c'Voh(x.q). dq=0,
DX = _871VX\/f(Xv q)! X = Eiler

either exactly or to apply the Stormer—Verlet method with a small stepsize 6t ~ €.
We denote the associated propagator by Ws: 1. Then we apply Ws: 1y, over N
steps, where the integer N is chosen such that the slow system

p = _vq\/(q)v q = Milpv
pX = 01 X = O'
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can be integrated by the Stormer—Verlet method with stepsize At = 6t - N. Let
us denote this propagator by Wa¢ 1. A symmetric one step method is now given
by the composition

N
Unt = Warjom, © (WsrHe] ©War/o ks (10.9)

This is an example of a multiple timestepping (MTS) method. To summarize,
the general idea of MTS is to split the given Hamiltonian into a slow and fast part,
to integrate the fast and slow systems using a symplectic method with different
timesteps, and to obtain an overall timestepping method by proper composition
as in (10.9). The resulting one-step method is symplectic. However, the map
Wa; is not necessarily close to the identity and standard backward error analysis
does not apply. Hence it is not clear whether such a method will be stable and
conserve energy.

10.1.3 Adiabatic invariants

To gain insight into the solution behavior of the slow—fast systems introduced
in the previous subsection, let us discuss the limiting case € — 0 for bounded
Hamiltonian H. We view Hf as a time-dependent Hamiltonian

1 1
Hi(x, px, t) = 5_p% + Vi (x, a(1))

in the fast degree of motion (x, px), where q(t) is a given slowly varying function.
Because of the bounded energy assumption, we necessarily have py(t) = O(1/?)
and x(t) = O(e'/?). Note also that, because of the explicit time dependence,
the equations

pr=—6 'V U(x ),  x=g"ps (10.10)

do not preserve the Hamiltonian Hg. However, for € small enough, the solutions of
(10.10) form nearly closed curves, with approximate period T = O(¢), due to the
time dependence of V4(x, t). Hence, over one period, we can formally “shadow”
the exact trajectory by the curve obtained for the same initial data and the same
equations but with t temporarily frozen to its initial value t = . Let us denote
the region enclosed by this periodic curve by A(f) C R%. We can compute the
area A of the region A for any value of t = t; i.e.

A(t) = / dpAdq.
A(t)

Note that the area necessarily satisfies A(t) = O(g) for bounded energy Hf =
O(e%).
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The flow map of (10.10) is symplectic and hence area preserving. It can be
shown using normal form theory [7, 8] that this implies that the ratio A(t)/A(0)
remains equal to one along the flow of (10.10) up to order O(¢g) terms. These
small perturbation terms are due to the fact that the rapidly rotating solutions
do not exactly form closed loops.

The scaled quantity

A
ow
is equivalent to the action variable in the standard transformation from (x, px) to
action-angle variables (J, ¢). Hence the action J is a “near-invariant” of (10.10)
for € sufficiently small and is called an adiabatic invariant [7, 8]. See also Section
5.2.3 in Chapter 5.
Let us discuss the precise form of J for (10.7) and (10.8). Assuming a fixed
length L, the Hamiltonian (10.7) describes harmonic oscillations of frequency
w = €1 and the solutions are given by

x(t) = Rsin(¢(t)) + L, Px(t) = R cos(¢(t)),

where ¢/(t) = ¢! and R is a constant of integration determined by the initial
conditions. The area of the circle described by (x(t), px(t)) is given by A = TR?.
On the other hand, we have Hf = R?/(2¢) and, hence, the associated adiabatic
invariant is given by

1

J=eHi =3 P2+ (x = L(a)?)] .

In a similar manner, we obtain
€

1
VK@ T k@

as the adiabatic invariant for the Hamiltonian (10.8). Indeed, for fixed K = K(q),
solutions of (10.8) are of the form

P2+ K(a)x]

X() = g sn(@(1),  pult) = RKY cos((t)).

where ¢/'(t) = w = e 'v/K and R is again arbitrary. The area of the ellipse fol-
lowed by (x(t), px(t)) is given by A = mR? and the energy by Hy = K1/2R?/(2¢).
Hence, we obtain J as given above. In both cases, the equality

He = wJ (10.11)

holds, where w is the frequency of the rapidly rotating motion.
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10.1.4 The effect of numerical resonances

Let us now return to the LTS methods. Composition methods have been con-
sidered before in this book. However, the method (10.5) is different from those
composition methods since the map Wa; is not close to the identity. Hence,
although (10.5) generates a symplectic map, long time energy conservation can-
not be concluded from backward error analysis. Sharp increases in energy are
indeed observed for particular values of At and these are associated with numeri-
cally induced resonances as briefly discussed in Section 10.1.1 for single frequency
systems. To explore this issue in more detail in the context of slow—fast systems,
we discuss two simple model problems.

A linear model problem

Consider a linear system with Hamiltonian

_ 17 2 I 2
H_E[D +q}+g{px+(x—q)]. (10.12)
The associated equations of motion are
q 0 1 0 0 q
p| |-1—-¢t! 0 ¢t 0 p
X 0 0 0 gt X
Dy g1 0 —1 0 DPx

These equations can, of course, be solved analytically. This is also true for the
fast and slow subsystems and we can implement an LTS method in the form

MAT_‘ — eAf/ZB . eAtA . eAt/2B' (1013)
where
0 0 0 0 0 1 0 0
—e 1 0 ¢! 0 -1 0 0 O
A= 0 0 0 g1 B = 0O 0 0 O
et 0 -t o0 0 0 0 O

The eigenvalues of the exact solution operator

WAt _ eAt(A+B)

are all on the unit circle. For the numerical approximation Mas to be stable, we
have to require that all its eigenvalues be on the unit circle as well. To check this
property, we define
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Figure 10.2 Stability of LTS method as a function of At/e.

where X\;(At), i = 1,..., 4, are the eigenvalues of Mas. The linear stability
boundary for the Stormer—Verlet method is wAt < 2, where w is the highest
frequency in the system. Here we have w =~ ¢~! and it can be seen from Fig. 10.2
that the LTS method becomes unstable for the first time at about Atw = .
Of course, if one excludes the domains of instability by a proper choice of At,
then a much larger timestep could be used in principle. One can also see from
Fig. 10.2 that the domains of instability shrink for smaller values of €. The precise
motion of all four eigenvalues \; as a function of At/e, € = 1/40, can be found
in Fig. 10.3. Note that the eigenvalues leave the unit circle near fast—fast or fast—
slow eigenvalue crossings (resonances) which implies an exponential instability of
the method.

A nonlinear model problem

We take a Hamiltonian of type (10.8) with K(q) =1+ ag? a=0.1; i.e.

H= % p? + ] +% P2+ (1+ag®)x?]. (10.14)
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Figure 10.3 Eigenvalues of LTS propagator as a function of At/e, € = 1/40.

The equations of motion for the fast subsystem

. — . _ . . a
x=e"po pe=-e'(1+ag)x, ¢=0 p=-_xq

can be solved analytically. The frequency of the fast motion is

w=¢e1/1+ag?, (10.15)

and the solution in (x, px) (for frozen q) is given by
Px(0)
V1+ag?
px(t) = px(0) cos(wt) — x(0)4/1 + ag?sin(wt).
The update for the momentum p becomes
plt) = (0) - <200 [X?Q

PX(O)2
2(1+ aq(0)?)

x(t) = x(0) cos(wt) + sin(wt),

(wt 4 cos(wt) sin(wt)) +
x(0)px(0)

Vv1+ aq(0)?

We denote the associated flow map by ®@a; .. The timestepping method is given
by

(wt — cos(wt) sin(wt)) + sin?(wt)| .

Unt = Ppeo H, © Pat,He © Pasa He

where @ ,_is the solution operator for the (slow) harmonic oscillator

q=np, p=-—q.
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We set € = 0.025, g(0) = x(0) = 0, p(0) = 1, p(0) = 2e/2, and integrated
the equations of motion over a time interval of t € [0, 200] for stepsizes At in
the range of e 'At € [1,10]. In Fig. 10.4, we plot

|H(t) — H(0)| |J(t) — J(0)|
AE.. — H@) =HOI 5, 1J(8) = JO)]
max = T H(0) | Dme = a0y

as a function of the scaled stepsize At/e. Significantly increased errors in energy
and adiabatic invariant are clearly visible in the vicinity of At/e = km, k = 1,2, 3.
However, since we observe exactly the same energy behavior for a simulation over
the longer time interval t € [0,800], the increased errors are not linked to an
instability of the method. This is in contrast to the linear test problem (10.12),
where exponential instabilities occurred near At/e = km, k = 1,2,.... The
somewhat favorable behavior of nonlinear over linear problems is observed quite
often in practice and can be traced back to the fact that the frequency (10.15)
of the fast system is not constant but varies in time as a function of g(t).

At/e

Figure 10.4 Maximum relative errors in total energy and adiabatic invariant
as a function of At/e, € = 1/40, for LTS method.
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10.2 Averaging and reduced equations

We have seen in Section 10.1.3 that the highly oscillatory motion in a single fast
degree of freedom gives rise to the existence of an adiabatic invariant J. We will
now use this adiabatic invariant to discuss the effect of the fast motion in (x, py)
on the slow degrees of freedom (g, p). The relevant equations of motion in the
variable (g, p) are

G=M7"p,  p=-V4V(q) —e 'Ve4(x(t) q), (10.16)

where x(t) is now assumed to be a given function of time. In fact, we can deduce
from the previous discussions that x(t) has to be of the form

2J

X(t) =~ —
() -~

sin(¢(t)) + b(q),
with ¢'(t) = w and w = w(q(t)) is the instantaneous frequency of the fast
oscillations. For example, consider the Hamiltonian (10.7), then w = &~* and
b(q) = L(q). On the other hand, we obtain w = £~ */K(q) and b(q) = 0 for
the system (10.8). Recall that the action J is an adiabatic invariant. In accordance
with this, we may set J = const.

Let us now sketch the basic idea of averaging. See [197, 7, 8] for more details.
Assume we are given a second-order time-dependent differential equation

y=f(y (1)),

where ¢(t) is a given function such that ¢/(t) = w(t) > 1 and f(y,T) is 27-
periodic in 7. One can think of these equations as a mechanical system driven by
a highly oscillatory time-dependent excitation of instantaneous frequency w. Let
us assume that w(t) > e~ ! and w(t) is slowly varying in time, then the motion
in the variable y is characterized by the averaged equations

y=f0).  F =5 [ e

over time intervals of order one up to an approximation error of O(¢) [197, 7, §].
Let us apply this result to the system (10.16). We assume that w(q) > ¢!
and obtain the averaged equations

g=M"'p,  p=-VV(a)+ Flq) (10.17)

Fi ——i/%elv % 2—Js.in(T)—l—b( ). q|dr
= "5 0 qVf w a).q .

where
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Once the averaged force F; is known, the equations (10.17) form a set of reduced
equations in the slow variable (q, p).
Let us explicitly compute F¢ for our two examples. We find that

2T
%/O (x(1) = LYdT =0,

and

1 [ 5 1 /™2 J
g/o x(T) d'r—g/O c1/z Sin (T)dT—Kl/z,

respectively. Hence we obtain Fr = 0 for (10.7) and

J _
F = —quK(q) = —e ' UV,\/K(q),

for (10.8), respectively. Furthermore, the averaged equations (10.17) can be
written in canonical form with Hamiltonian

H(q.p) = Hs(q, p) + w(q)J,

andw = e~ ! orw = e 1\/K(q), respectively. The value of the adiabatic invariant
J is taken to be constant and is determined from the initial values of (q, x, px).
We mention that H can, formally, be obtained from H = Hs + Hs, the identity
(10.11) and the adiabatic invariance of J.

With this we complete the short discussion on the concept of averaging and
the idea of reduced equations. See, for example, [165, 18, 28, 163] for further
results on mechanical systems with a single fast degree of freedom.

Let us compare the full dynamics to the reduced dynamics for the Hamiltonian
(10.14). The reduced Hamiltonian is given by

7 1 2 2
Hzi(p +q%) + /14 ag?J

We take the same initial conditions and parameter values as used in Section 10.1.4.
In Fig. 10.5, we plot the solution curves in the slow (q, p) variable for the unre-
duced and reduced equations. Note that the equations obtained by simply drop-
ping the high-frequency part altogether, i.e. ¢ = p, p = —q, would have com-
pletely circular solutions.

The averaging approach and the complete elimination of the highly oscillatory
degree of freedom, as just outlined, is difficult to generalize to systems with
more than one fast degree of freedom. This is because of possible resonant
interactions between the fast modes which lead to non-constant action variables
[190, 27, 160]. However, the idea to average the fast forces can still be utilized
in numerical methods and we will devote the rest of the chapter to two such
numerical averaging approaches.
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Figure 10.5 Comparison of slow g-component of the solutions to the unre-
duced and averaged equations.

10.3 The reversible averaging (RA) method

Let us now develop a numerical method that uses the idea of averaging to allow
for larger timesteps. The main motivation is to avoid the loss of accuracy or,
even worse, the instabilities near resonances that we observed for standard LTS
methods. We wish to emphasize that the idea of averaging in the context of
LTS methods and symplectic integration was first proposed by GARCIA-ARCHILLA,
SANZ-SERNA, AND SKEEL [67]. The associated method MOLLY will be discussed
in detail in the following section. In this section, we will focus on the reversible
averaging (RA) method of LEIMKUHLER AND REICH [112].

Let us assume that a numerical approximation z" = (q", p”, x", p?) is given
at time level t,. We first describe a procedure to numerically compute a time-
averaged force Fr at t = t,. The idea is to freeze the value of g(t) at q”
and to compute the solution (x(t), px(t)) to the associated fast equations of
motion

x =€ tpy, px =€ 'V, 4 (x, "),
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over the time interval t € [t,—1, tp+1] with initial (“middle”) conditions x(t,) =
x" and px(t,) = p2. We determine a time-averaged force along this solution

_ 1 At B
Fr = _ELAts WoVs(x(ta + 7). q") dT. (10.18)

The reversible averaging (RA) method is now defined by the following
sequence of steps

THE REVERSIBLE AVERAGING (RA) METHOD

1. Compute the time-averaged force F'f” using (10.18) and apply the
Stérmer—Verlet method to compute the new position g"*! at t,41

At =
o2 1 AL [ v v,
gt = q" + AtM 1 p"t1/2,

2. Compute the solution (x(t),px(t)) to the fast equations of
motion

X = 5_1p><: Px = 8_1VX\/f(Xv ﬂ(t)),
over t € [tp, tpy1] with g(t) varying along the linear path

qn+1 4 qn

5 + (t— tn+1/2)M_lpn+1/2v

a(t) =

and initial conditions equal to x(t,) = x", px(tn) = pZ. Next set

n+1

X :X(thrl), Py :px(tn+1)-

3. Compute the time-averaged force F"t! and update the
momentum

At 1=
p'tl = prtl/2 4 = [an—i-l _ qu(qnﬂ)] _

If the force acting on the slow particles is linear in x, then the average to be
computed for the slow momentum update simplifies to

Ff = —eVai(x". q"),
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where

X”—l/Atx(t +7)dT
_2At —At n '

The same simplification may be used whenever |x" — x"| is sufficiently small.

The RA method is a symmetric one-step method. This implies that the
method respects the time-reversal symmetry: S : (g, p, x, px) — (@, —p, X, —Px),
since it is easy to verify that

SOpi(2) = P_pr(S2).

However, the RA method is, in general, not symplectic.

10.3.1 Numerical experiments

Let us explore the properties of the RA method by numerical investigation of
three model problems.

A linear test problem

Let us apply the RA method to the Hamiltonian (10.12). Since the system is
linear, one can explicitly construct the associated linear timestep map Ma;.
We first consider the motion of the fast system

x =€ 1py, px = —€ Yx—q), (10.19)
for g = q" fixed. We introduce the new variable £ = x — g and obtain the solution
&(t) = £(0) cos(wt) + px(0) sin(wt),

w = e~ L. The averaged £” is given by
= 1 At " 1
- — &N g A 10.2
13 AL _Atg(t)dt 13 A sin(wAt), (10.20)

where £" = x — @". Hence the update of the slow variables becomes

At q" — x"
n+1/2 _ n _ n,c
p P 5 [Cl + c } :

qn+1 — qn +Atpn+1/2,
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where
sin(wAt)
C=———=.
wAt
Next we have to find the propagator for the linear system (10.19) along

q(t) = q" + tp"t1/2. We again use the variable £ = x — g and obtain the linear
system

n+1/2)' Py = _wg_

£ =w(px—ep
The solutions of this system are given by

£(t) = £(0) cos(wt) + (px(0) — ep"" /%) sin(wt),
px(t) = ep"/% + (p(0) — p™1/?) cos(wt) — £(0) sin(wt),

and we obtain the propagator

X = gy (") cos(wDt) + (B — " M) sin(wAt) | (10.21)
pItt = ep™2 4 (p7 — ep™/2) cos(wht) — (x" — ") sin(wAt). (10.22)

We finally update the momentum by

qn+1 _ Xn+l

p

n+1 _ pn+l/2 _ % [qn+1 +C

It is found that the associated propagator is stable for all values of At. The
precise motion of all four eigenvalues can be found in Fig. 10.6. Note that the
eigenvalues stay on the unit circle.

We wish to point out that the proper choice of the average in (10.20) is
crucial. For example, replacing (10.20) by

- 1 At/2 N 2 )
£ = A—t/_m/zg(t)dt_g —sin(wAt/2),

leads to resonance instabilities similar to those observed in Fig. 10.2.

The linear system (10.19) could also be integrated along a constant g =
g2 = g" + At/2p". In this case, the linear propagator (10.21)—(10.22) sim-
plifies to

XM= g2 4 (X" — ¢"/2) cos(wAt) + pf sin(wAt),
pItt = pl cos(wAt) — (x" — ¢"1/?) sin(wAt).

However, this modification degrades the performances of the RA method. See
the numerical experiments in the following subsection.
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A nonlinear model problem

Let us come back to the nonlinear model problem (10.14) of Section 10.1.4. The
momentum update for the RA method becomes

o2 _ 12 _ ppan ag” K(Xn)z n (p2)? ) "
2\/1+ a(qn)? 1+ a(gn)?
2 (Pg)z .
+ ((xn) _ 1—i—a(q”)2> cos(wAt) sm(wAt)] ,
15 |
1
05
T 0
-05
-1
-15
Y ‘ ‘ ‘
-2 -1 0 1 2

Re\

Figure 10.6 Eigenvalues of RA propagator as a function of At/e, € = 1/40.

where w = €71y/1 4+ aq?. The fast system is propagated by integrating

L2 p=0, x=¢e1p pe=— (1 +ag)x,

a=r
using Stormer—Verlet with a small stepsize dt = 0.1¢ subject to the constraint
that At/dt is an integer. We call this the RA-1 method. For comparison, we also
implemented the following version of the RA method. The momentum update in
p is kept the same as for RA-1. But the fast system is propagated via

n+1/2 _ n+1/2

At
q"+ —p

9 2

followed by the exact solution of

X=e1pe px=—€ (1+a(q"?)?)x,
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and

qn+1 — qn+1/2 + %pn—l-l/g
We call this method RA-0. We performed the same numerical experiment as
described in Section 10.1.2 for the MTS method. The results can be found in
Fig. 10.7. While RA-0 is cheaper to implement than RA-1, its performance does
not match that of RA-1. The largest relative error in energy over the whole range
of stepsizes At/e € [1,10] is AEmax =~ 0.0271 for RA-1 and AEmax ~ 1.2124 for
RA-0. RA-1 also clearly outperforms the MTS method of Section 10.2. Again,
we emphasize that the increased errors in energy are not linked to instabilities but
are to be attributed to a reduced accuracy of the method. The nearly level error
in the adiabatic invariant for the RA-1 method is due to a constant resolution of

the fast oscillations by choosing §t &~ 0.1¢ independently of At.

1 2 3 4 5 6 7 8 9 10
T
10° RA 0O i
1 072 7 M M
1 0_4 | RA 1 i
| | | | | | | |
1 2 3 4 5 6 7 8 9 10
At/e

Figure 10.7 Maximum relative errors in total energy and adiabatic invariant
as a function of At/e, e = 1/40, for RA methods.

10.4 The mollified impulse (MOLLY) method

The mollified impulse method (MOLLY) [67] has been designed for a slightly dif-
ferent class of Hamiltonian systems than those considered so far. Let us therefore
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assume that we are given a Hamiltonian

1 _
H==-p "M 'p+Vi(q)+ Vi(q),

2
such that the reduced Hamiltonian
1 _
He = 5p" M~1p+ Vi(q)

well captures the motion of the overall system over short time intervals. Note that
we do not have an associated splitting into slow and fast variables as assumed
so far.

An MTS method can be implemented in the following way. We integrate Hf
by the Stormer—Verlet method using a small timestep §t. Denote the associated
timestepping map by Ws; .. Now consider the symplectic composition method

War == Barov, © [User]" 0 Parjov (10.23)

At = 0t-N. If we apply this MTS method to a linear test problem, then resonance
instabilities are, in general, observed (see BIESIADECKI AND SKEEL [20] and GARCIA-
ARCHILLA, SANZ-SERNA, AND SKEEL [67]).

The basic idea to eliminate or weaken some of these resonances is to replace
the “slow” potential energy V5 by an averaged potential energy. In the mollified
MTS (MOLLY) method, as suggested by GARCIA-ARCHILLA, SANZ-SERNA, AND
SKEEL [67], this is achieved in the following way. Let q(t) denote the solution
of H¢ with initial conditions q(0) = g and p(0) = 0. Then one can compute an
averaged @, for example the long average [67]

B 1 At

The relation between the initial g and the averaged g can be viewed as a map
q=A(q).

This map is applied to the potential energy function V4 to yield a new (filtered)
potential energy

V(a) = V(A(q)).
MOLLY is now characterized by the modified MTS method
Wat = Ppypo © Wt 1" 0 Ppypo: (10.24)

Note that @,,,, ; denotes the exact time-At/2-flow map associated to the
smoothed potential energy function V4. Hence the overall timestepping generates
a symplectic map.
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An important limitation of MOLLY should be pointed out. Since averaging
and differentiation do not, in general, commute, the smoothed potential energy
can only be used when the difference between g and A(q) is small or the system
is (nearly) linear.

Let us come back to the linear test example (10.12). We split the Hamiltonian
Into

He= 5 [P+ e (02 + (x— a)?)]

and

1
Vs(x, q) = §q2.

The propagator for the fast He-system is e2tA with

0 1 0 0
—e 1 0 ¢! 0

A= 0 0 0 g1
el 0 -t o0

and z = (q, p, x, PX)T. The next step is to construct a mollifier A. To do so, it
is convenient to introduce transformed coordinates g1 = q and g» = x — g. The
corresponding canonical momenta are given by p = p1 — p» and py = p>. Thus
the transformed Hamiltonian Hs is

- 1 _
Ar =5 (o= p2)? +e71(R3 + @3)]
with associated equations of motion

pr=0, Gi=p1—p2 Po=-€ "' G=p—pt+e p.
We solve these equations subject to zero initial conditions in p; and po, i.e.
p1(0) = p2(0) = 0. We immediately conclude that pi(t) = 0 and the equations
of motion simplify to

1=—-p2, Po=—€ ‘G, G=(1+e " )p.

The frequency of the fast oscillations in (go, p2) is

w= /e 1(1+e1),

and solutions are given explicitly by

q2(t) = g2(0) cos(wt), pa(t) = _qig))

sin(wt).
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Hence, we obtain

q2(0)

el (cos(wt) — 1)

q1(t) = q1(0) —

and the averaged value

_ 1 At ¢-(0)  /sin(wAt)
h= ZTAt/—Atql(t)dt = a(0) - 14+¢e1 ( Atw 1) '

If we translate this result back to the original variables, then the mollifier A is
given by

G= Alx.q) = q— X—q (sin(wAt)_1>

1+¢e! wAt
and the mollified potential energy V; by

_ 1. 1 C?
\/s:§q2:§qz+?(X—C/)2+C(q—X)q.

where

1 sin(wAt)
€= 1+¢e1 ( wAt 1>'

The propagator for the mollified slow system is ebtB \yith

0 0 0 0
B —(14+C)? 0 C+C%? 0
- 0 0 0 0

cC+C2 0 —-C?2 0

Fig. 10.8 reveals that the mollified LTS method is vastly more stable than
the original LTS method (10.13). However, tiny resonance instabilities are still
present near multiples of 2.

See problem 4 in the Exercises for another example of a mollified MTS
method.

10.5 Multiple frequency systems

So far we have exclusively dealt with systems that possess a single fast degree
of freedom. This is, of course, not the situation typically encountered in applica-
tions such as molecular dynamics or numerical weather prediction [47]. The LTS
methods described in Sections 10.3 and 10.4 can still be applied to such more
general highly oscillatory systems but they encounter additional difficulties. Take
the case of two fast degrees of freedom with frequencies w; and w». Following the
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Figure 10.8 Stability of MOLLY as a function of At/e.

discussion in Section 10.1.1, a standard LTS methods leads to the investigation
of the two associated frequencies 21 o+ and €2, o+ which are both in the range
Z = [—m, 7). While wy and wy will in general be different and non-resonant, we
can now always find a stepsize At such that €23 o+ = {22 A¢. Hence, for that par-
ticular At, the two modes are in one-to-one resonance which, typically, manifests
itself with a numerical instability of the associated integration scheme. Further-
more, these instabilities are not easily mollified because they can occur for any
value of Q1 a¢ = €2, a¢ in the interval Z. See also [67].
The only known stable MTS method for general Hamiltonian systems of type
H= 20" M+ V(a) + 5 59(a) 9(a) (10.25)
has been proposed by IZAGUIRRE, REICH AND SKEEL [93] and makes use of the
holonomic constraint g(q) = 0 in the definition of the mollifier A. See the
Exercises.

10.6 Exercises

1. Non-autonomous backward error analysis. Following a result by KUKSIN AND
POScHEL [100] (see also MoaN [135]), we can imbed a symplectic method
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into the time-one-flow map of a non-autonomous Hamiltonian system with
Hamiltonian of the form

Har = 2me + AtH(q, p) + Atgae(q. p. ),

where ga¢ is an appropriate function which is 2m-periodic in 7. The symplectic
structure of the extended equations in (g, p, T, e) is

w=dpANdqg+deAndrT.

a. Perform a canonical change of variables from (e, 7) to E = —2e and
s = —7/2. Verify that the new equations of motion can be written in
the form

g =+AtV,[H(q, p) + hat(q, p, s)],
p=—AtVy[H(q.p) + hat(q. p, )],
S=—m,

E = _AtvShAf(qv P, S)'

and find ha; in terms of ga¢.

b. Use the result from (a) to "justify” the modified Hamiltonian (10.6).

2. Resonance instabilities for single-degree-of-freedom systems. Consider a one
degree of freedom linear system

g =wp, p=—-wq-—q,
which we write as
z=wlz+ Bz,
with z = (g, p)7. An LTS method can be defined by
Mpe = W (At /2)Wy (wAt)Wa(At/2),
where
Wi (wAt) = e¥At, W»(At/2) = eht/?B,

a. According to standard stability results for symplectic matrices (see [7]),
we know that Mp; is stable provided
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(i) At is sufficiently small,
(ii) the eigenvalues of Wi (wAt) are on the unit circle and simple.

What values of 7 = wAt give rise to double eigenvalues of Wi (T)?
b. Assume that At has been chosen such that
|wAt — 27| < At. (10.26)
Show that Ma; is equivalent to
Mp: = Wo (At /2)Wr (wAt — 2m)Wa(At/2).
Determine the parameter @, |@| < w/At, in the equation
z=wJz+ Bz, (10.27)
such that the associated matrix exponential,
W (At) = ebt@I+B),
satisfies
Mp: = W(At) + O(At?),

as At — 0 and w — oo subject to (10.26).

Show that @ can become negative for certain values of At. What impli-
cations can we deduce for the solution behavior of the modified equation
(10.27)? Compare your findings with the results from Fig. 10.1.

Resonance instabilities for single-degree-of-freedom systems. If one applies
the LTS method (10.5) to the nonlinear oscillator

d=wp, p=-wq—4g(q), (10.28)

g'(q) an odd function in g, numerical instabilities can be observed for wAt ~
kT, k a positive integer. We have seen in Section 10.1.1 that the LTS method
(10.5) leads to a modified Hamiltonian H with an effective frequency & ~ 0
for stepsizes At such that wAt ~ 2km. A similar statement can, in fact, be
derived for the case wAt = km. We write the LTS method (10.5) applied to
(10.28) in the abstract form

Zn+1 — wAt(zn)’ zN = (C]n, pn)T.
Next we perform a change of variables

N — (_1)nzn
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and formally obtain a numerical method
2" =W (27),
in terms of the new sequence of variables {2"}.

a. Derive an explicit expression for W, assuming that ¢’(—q) = —¢/(q).

b. Show that Wa; is equivalent to the LTS method (10.5) applied to the
nonlinear oscillator

-(ergle oo i)ess
q=|\w At P, p= w Atng'

c. Following the arguments of Section 10.1.1, discuss the numerical be-
havior of Wx; for wAt ~ km, k an odd integer. See also the previous
problem.

4. Mollified LTS methods. We develop a mollified version of the LTS method
(10.5) applicable to the nonlinear oscillator (10.28). The basic idea is to find
a mollified slow Hamiltonian Hs such that

Ppisof, =id,

for wAt = km, k a positive integer. This implies that the numerical method
reduces to

Up: = d’At,Hf = ewAtJ,

for resonant stepsizes At.

a. Consider the matrix

C(t) = %J_l (e - 1)

Show that (i) C(1) — I, as 7 — 0 and (ii) C(1) = 0 for 7 = k.
Remark: Condition (i) is necessary for convergence of the method as
7 — 0.

b. Given an arbitrary Hamiltonian Hs(z), we define the associated mollified
Hamiltonian

Hs(z;T) = Hs(C(T)2).
Find Hs = Vi for Hs = Vs = ¢°/2.
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c. Using the result from (b), implement the mollified LTS method
Unt = Ppso, © PatHe © Patyo A,
for Hs = g°/2. How does the method behave near wAt = km as com-

pared with the non-mollified method?

Many-degrees-of-freedom systems. Additional difficulties arise when consid-
ering systems with two fast degrees of freedom, for example

H= % (b +a2) + % (P2 + @3) + Va(ar, a0).

For simplicity, we set w1 = w and wp = 4w and concentrate again on linear
systems.

An LTS method of type (10.5) will produce a symplectic matrix Ma; which
can be thought of as a small perturbation of the symplectic matrix

0O 1 0 O
-1 0 0 O

_ WwAtA _
W(wAt) =e , A= 0 0 0 2
0 0 -2 0

Hence we have to make use of the perturbation theory of symplectic ma-
trices. A good introduction to this topic and the associated theory due to
KREJN (1950) can be found in [7]. Below we give a brief discussion on the
implications for LTS methods.

a. For which values of 7 = wAt # 0 does W () have non-simple (repeated)
eigenvalues on the unit circle? (Hint: sufficient condition is At(w1+ws) =
k. Is this condition also necessary?) For future reference, let A denote
the double eigenvalue with Im X > 0. (Recall that the complex conjugate
of X is also an eigenvalue.)

b. Take one particular value of 7 found under (a) and call it 7*. Determine
the two-dimensional plane spanned by the complex-valued eigenvectors
v of W(1*) corresponding to the double eigenvalue X. Denote this plane
by My C C2.

c. The matrix W(T) introduces a quadratic form

0 1 0O O
-1 0 0 O

N T _
k(x,y;T)=x"JW(T)Yy, J= 0 0 0 1
0O 0 -1 0

Find an explicit expression of k(x, x; 7*) for your choice of 7 = 7*.
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d. A standard result in symplectic perturbation theory [7] implies that the
symplectic matrix W () is stable under small (symplectic) perturbations,
if its eigenvalues are simple or, in case there is a non-simple eigenvalue
A, if the quadratic form k(x, x; T) has the same sign for all real vectors
x in IMy.

Is W(T*) stable for your choice of 7 = 7*? (Hint: The matrix is unstable
under perturbations for all resonances satisfying At(w; + wy) = 27k, k
a positive integer [67].)

6. Averaged equations and adiabatic invariant. Consider a particle of unit mass
with coordinate g = (g1, ¢2)7 € R? subject to the potential

V(@) = 56 + 5oz (llall — L@,

where the equilibrium length L is given by L(¢) = 1+ 0.2sin?¢ and —m <
¢ < mis the angle of ¢ = (g1, q2)" with the gi-coordinate axis. We set
€ =0.01.

a. Reformulate the problem in polar coordinates (r, ¢). Clearly, for ¢ — 0,
the motion in the radius r(t) is highly oscillatory about its equilibrium
value L(¢). Find the associated adiabatic invariant J, the fast frequency
w, and the reduced/averaged Hamiltonian.

b. Implement a symplectic method for the unreduced Hamiltonian system
and compare the results with a simulation of the constrained formulation

1 1
Hconstr(q: P) = EHPH2 + EQ% + >\(||CI||2 - L(¢)2),

subject to ||q||? = L(¢)?. Choose your initial conditions such that either
J=0orJ=c¢.
Explain your numerical findings.

7. The MTS method equilibrium. We derive the LTS method Equilibrium [93]
for a Hamiltonian of the form (10.25). Given a set of coordinates q, we
first define the “projection” map g = A(q) as the solution to the nonlinear
system

d=q+G(q)x
0=9(q).
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The map A(q) gives rise to the mollified Hamiltonian

Hvly = 507 M~ p + V(A(@) + 5 59(@) g(@).  (10.29)

a. Find the equations of motion corresponding to the mollified Hamiltonian
(10.29).

b. Describe an implementation of the associated MTS method (10.24).



Molecular dynamics

Over the past several decades, molecular simulation has become increasingly
important for chemists, physicists, bio-scientists, and engineers, and plays a role
in applications such as rational drug design and the development of new types of
materials. While many levels of detail can be incorporated if desired, in most cases
work is performed with a simplified atomic model, consisting of a large number
of mass points interacting in various types of forces, i.e. an N-body problem.

There are essentially two principal types of simulation methodology in com-
mon use. In Monte-Carlo (MC) methods, random steps are taken in order to
achieve a rapid sampling of the most likely states of the molecule. In molecular
dynamics (MD), the idea is to construct approximate trajectories for the N-body
problem and to use these to gain an understanding of how the molecule evolves
in time, for example in response to a stimulus, during a transition between states,
or as a means for calculating averages. It should be stressed that only MD and
not MC methods allow the theoretical possibility of obtaining time-dependent
quantities from simulation, while both schemes can in principle be used for the
same statistical-mechanical calculations. Increasingly, one finds that MD and MC
schemes are combined in various ways to seek improved efficiency. In this chapter
we will focus only on (pure) MD methods, and in particular on the geometric in-
tegration issues associated to computing MD trajectories. For a more complete
perspective on molecular simulation, the reader is referred to a text on the sub-
ject such as that of ScHLIck [174], ALLEN AND TILDESLEY [4], RAPPAPORT [152],
or FRENKEL AND SMIT [66].

Because of the very rapid oscillatory motions that are characteristic of molec-
ular systems, very small timesteps of about a femtosecond (10~ !°sec) are typi-
cally used in molecular dynamics. This means that in order to get estimates for
parameters of interest from simulation, it is necessary to perform runs involving
enormous numbers of timesteps. Even a nanosecond is a very short time relative
to physical phenomena, and that already represents around one million timesteps
in a typical simulation. At the same time there are severe size limitations due to
the complexity of the force evaluations that must be performed at each timestep.

287
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The type of forces involved in the model can make a huge difference. If the atoms
have charge, then a very long-ranged Coulombic potential will be needed. Impor-
tant advances have been made in the design of efficient algorithms for these types
of non-bonded interactions, but the costs are still prohibitive: at the time of this
writing, systems of this type of dimension up to only several hundred thousand
particles can be simulated, typically for times of at the most a few nanoseconds.
The physical dimensions of such systems are only a few tens of angstroms at
most. This is the typical situation for biomolecular models, which invariably in-
clude charge. Other types of molecular systems arising in materials science and
condensed matter physics may not have any long-ranged forces; in such cases,
the complexity of the force calculation is greatly reduced and systems of up to
even a billion atoms can be simulated.

The first systems to be studied using direct simulation were purely collisional
“hard sphere” systems [3]. Work on hard body models continues to the present
[200, 181, 183, 88]. We will restrict ourselves to models involving a smooth
potential energy function, especially those used most commonly for molecular
liquids, as introduced by RAHMAN AND STILLINGER [151] and VERLET [198].

A simple gas such as argon can be described easily using a Lennard—Jones

potential
(p(r):4e<<%>12—2<%)6>, (11.1)

where r is atomic separation, € the well depth, and o is the equilibrium atomic
separation.

To define a molecular system, we arrange N particles in a cubic box with edges
of length L, with “periodic boundary conditions” imposed so that at any instant
a particle with coordinates (x, y, z) inside the computational domain interacts
with an infinite number of periodic images obtained by adding or subtracting
multiples of L from each coordinate of each atom. When only short-range forces
are involved, the potentials may be cut off so that particles in the computational
domain do not interact with their own image. Ultimately, we are left with a system
of Newton's equations

M¢ = F(q) == —VqV(a),

where M is the mass matrix. We typically simulate the system from some given
positions and velocities q(to) = qo, 4(to) = qo.

Positions and velocities in a molecular system represent sample points from a
certain ensemble of states. Because arbitrary initial data usually correspond to an
unrepresentative state for the ensemble of interest, a crucial stage in molecular
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simulation is the so-called “equilibration” or “thermalization” of the system, usu-
ally performed by evolving the system for some time from provided data (typically
a few thousand timesteps suffice). At the end of this initial phase, the positions
and velocities are taken as the starting points for a sampling trajectory.

For simple homogeneous liquids, one sometimes begins by placing the atoms
on a regular “crystal lattice” and introducing random velocities of appropriate
maghnitude. In the case of more complicated systems such as biomolecules, the
approximate structure of the system must be encoded in the position data, for
example based on a computation using nuclear magnetic resonance (NMR) imag-
ing. Again, randomized initial velocities will likely be used at the start of the
equilibration phase. It is sometimes necessary for the simulator to correct certain
very nonphysical initial positions and/or velocities in order to be able to get a
successful initial run.

There are several key computational challenges to be addressed when com-
puting trajectories of a Lennard—Jones fluid. First, the greater part of the com-
putational effort involves the calculation of the %N(N— 1) interaction forces and
potentials between pairs of atoms, even though the force acting between distant
pairs is very weak. Verlet resolved this difficulty by imposing cutoffs based on
distance according to which the potential is replaced by zero for atomic separa-
tions greater than a certain cutoff value r. (typically 2.50-3.30). A system for
keeping track of close pairs, now referred to as the Verlet table, was introduced.
All distances are computed from time to time, and those pairs within distance
vi, v > re, are recorded in the table. Force evaluations are limited to entries in
the table. The “skin” ry — ro must be chosen carefully in accordance with the
temperature of simulation, typical particle speed, and frequency of updating of
the Verlet table so that no particle pairs can move into the cutoff range between
table updates. Other techniques are available for tracking local interactions, such
as retaining linked lists of neighbor atoms for each given atom, and adjusting
these lists during simulation.

In case long-ranged potentials (especially the r=! Coulomb potential) are
involved, we must include even very distant images in the force summation. If
the interaction between particles is uniform, in a box of side L, then the potential
energy of the system is

N
V(g)=>_> ¢(la —a;— Lkl]),

ko i<j

where the sum is taken over pairs of atoms (/, j) and the repeating images defined
by the multi-index k with three integer components. Various techniques are used
to simplify the computation of this infinite sum. In particular the method of fast
Ewald summation computes the Coulomb potential at a point due to a periodic
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lattice of point charges by dividing the computation into sums over near and
far terms through introduction of a smooth “screening potential” of a particular
type. The sum of the screened terms converges rapidly. The complementary
summation converges very rapidly if calculated instead in the Fourier domain. A
scaling parameter in the screening potential allows for balancing the work done
in each part of the calculation for maximal efficiency. An alternative approach,
the so-called fast multipole method, is in some ways more flexible than Ewald
summation since it does not depend on having an infinite periodic sum, although
there are complex efficiency trade-offs between the two schemes, particularly in
the context of parallel computing. Both methods are employed in MD simulations.
Other methods of treating long-ranged solvent forces include implicit solvent
models based on a simplified continuum description. While the development and
assessment of force calculation techniques is an important area of research, it
does not directly influence the time integration issues (as long as a sufficiently
accurate approximation is used).

The next issue is the choice of integrator. In Chapter 4, we introduced the
Stormer—Verlet method, a popular explicit second-order symplectic scheme and
applied it to a “planar molecular system”; in fact this was one of the first used
for continuous potential molecular dynamics simulation. Verlet observed in his
1967 paper, “small irregularities in the total energy” but commented that “the
error is of no consequence.” What Verlet and those who followed him observed
was the lack of any systematic or secular drift when the Stormer—Verlet method
was properly implemented. We have seen similar behavior in our simulation of
the planar system in Chapter 4. Given the symplecticness of the method, and
our understanding of the properties of symplectic discretizations (see especially
Chapter 5), it is perhaps not surprising that the Stormer—Verlet method achieves
good conservation of energy.! The reason that backward error analysis seems
to be accurate for molecular models is probably related to the presence of the
Lennard—Jones potential (or other short-ranged repulsive component of the en-
ergy); through repulsion, very close approaches of atoms are ruled out. As we
shall see below, the presence of a perturbed energy function is also of dramatic
importance for validating computed statistical mechanics from MD trajectories.

11.1 From liquids to biopolymers

During the 1970s and 1980s, work continued on MD simulations of water [151]
and other molecular liquids with internal degrees of freedom. Today molecular dy-
namics methods are being applied routinely to simulate large flexible biomolecules.

!Note: careless implementations of cut-offs, boundary conditions and other simplifications of
the force calculation can easily introduce systematic drifts, as symplecticness may be broken if
the force does not remain an exact gradient.
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The simple model of an MD pair potential requires a number of changes for more
complicated systems. For example, the interaction between atoms of polyatomic
molecules typically requires both Lennard—Jones and Coulombic terms between
all atoms, not just simplified potentials between molecular centres. The poten-
tial energy function then must maintain internal geometries by including bonds
(lengths, angles, and dihedral angles). This results in a more complicated molec-
ular energy function of the form

V=W; +Vc+Vp +Vap + Vab + Vi, (11.2)

where V| and V¢ represent Lennard—Jones and Coulombic nonbonded poten-
tials, Vip., Vab., Va.p. correspond to length bonds, angle bonds, and dihedral angle
bending, respectively. The latter terms consist of sums over various pairs, triples
and quadruples of spatially localized groups of atoms. Table 11.1 describes the
typical functional form of each term. All coefficients kp, K¢, K¢, and the equilib-
rium values 7, G_Uk, é,jk, are derived from empirical values; these coefficients may
be different for each pair, triple, quadruple of atoms admitting the corresponding
type of bond. (Another type of term, a so-called improper dihedral term, may
also be present.)

Some of the most popular parameterizations for potentials are those provided
by the software packages CHARMM, AMBER, NAMD and GROMACS.?

Because molecular simulation is concerned with very small regions of space
and small time intervals, it is useful and numerically sensible to use an appropriate
system of units. In practice, typical MD codes perform an internal conversion
to a standard system such as the AKMA convention detailed in the following
table:

AKMA Units
length angstrom
energy kilocalorie/mole
mass atomic mass unit (amu)
charge electron charge e
time 20.455 ps
kg 1.987191 x 1073

coulomb constant 1/(4meg) 3.320716 x 102

In typical MD codes, unit conversions are performed internally.

2Because of the great volume of parameters involved in a model for even a modest molecule,

it is essential to have access to a suitable software package. GROMACS and NAMD
are freely distributed. Both CHARMM and AMBER are available for purchase; for aca-
demic users, the cost is relatively very modest. For CHARMM pricing and availability see
the website at http://yuri.harvard.edu/. For AMBER pricing and availability, see the web-
site at http://www.amber.ucsf.edu/amber/amber.html. For GROMACS, see http://www.
gromacs.org/. For NAMD see http://www.ks.uiuc.edu/Research/namd/.
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Table 11.1 Typical components of the molecular dynamics energy function.

Nonbonded terms
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The terms in the potential energy include interactions on a broad range of
spatial scales (including bonds with equilibrium length 1 A=1071% m, as well as
very long-ranged Coulombic terms). Likewise the variation of timescales is vast,
ranging from rapid oscillations of the CH bond (around 1074s) to conformational
changes such as the rotation or folding process of a large molecular component
that may take milliseconds or even seconds. We have already learned in Chapter 2
that the numerical stability of an integrator will be limited by the fastest harmonic
components (i.e., the bond stretch), which means that in molecular dynamics
stepsize is limited to around a femtosecond. Much work is therefore concentrated
on developing advanced multi-scale timestepping schemes (such as those we have
encountered in Chapter 10), and on rapid evaluation of non-bonded forces.

The MD potential is highly nonlinear. When many terms are present, the
potential surface will be very rough. If we think of dynamics in terms of the
analogy of a ball rolling on a potential energy surface, then it is easy to see how
the dynamics may be trapped for long intervals in highly localized regions. We
have mentioned that MD is often used as a sampling device. We typically assume

—Q
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that MD models are ergodic, implying that all but a few special trajectories will
visit the entire allowable phase space. The critical practical question for MD
simulation is how long does it take for this to happen; on a highly corrugated
landscape sampling may be achieved very slowly, and algorithmic devices are
needed to accelerate the process. Another related problem sometimes treated
using dynamics is minimization of the potential energy; this problem is also very
challenging, since there are likely to be many local minima.

Example 1 One of the most popular small models used in biomolecular simulation
is the alanine dipeptide (N-Acetylalanyl-N'-Methylamide), which serves as a common
test example for demonstrating enhancements in simulation methodology. The all-
atom model contains 22 atoms (carbon, hydrogen, nitrogen and oxygen) as described
by Figure 11.1. The labels in 11.1 are those used in describing the molecule and its
interactions for input to a molecular dynamics code. These labels are defined in a
"PDB" (protein databank) file which gives representative atomic positions, atomic
types, and linking topology of the molecule. The force field parameters are then pro-
vided automatically by the MD software. There may be slight or even substantial
differences in force parameters depending on which software package is used, so care
is needed in comparing numerical simulation results.

2:HY13:HY241HY3 8:HN 16:0 20:HT111HT2221HT3
\/
1:CAY 7N 10:HA 15:C 19:CAT
5:CY 9:CA 17:NT
6:0Y 11:CB 18:HNT

12:HB1 14:HB3
13:HB2

Figure 11.1 Diagram showing atom numbers and labels for the alanine dipeptide
used in a PDB file and for CHARMM simulation.

The Alanine Dipeptide exhibits many of the features characteristic of bio-
logical molecules. While the dynamics is complicated, it turns out that the study
of the energy surface can be simplified by reference to two central dihedral
angles (¢ and ¢ corresponding to the successive atom quadruples 5-7-9-15 and
7-9-15-17 in Fig. 11.1, respectively). For each pair of dihedral values, a global
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-180

0 -180

180 180

Figure 11.2 Reduced energy surface for the alanine dipeptide, see text for
description.

constrained minimization is performed over all degrees of freedom. The resulting
“reduced energies” are plotted in the lower diagram in Fig. 11.2, with three states
marked by the molecular conformations corresponding to the three stable local
minima.

Together with the dipeptide molecule (the “solute™), one has to introduce as part
of the modeling process a collection of surrounding water molecules (the "solvent™).
Typically for the alanine dipeptide, this might require 500 additional water molecules.
The whole system is then typically treated using periodic boundary conditions and
Ewald summation for the long-ranged forces. The result is a model Hamiltonian of
considerable detail with which simulations can be performed.

As an illustration, we simulate the all-atom model using CHARMM. We first
“equilibrated the system” to a temperature of 300K by solving with a thermostat
(see later in this chapter for a discussion of thermostatting). The thermostat was
then turned off and constant energy simulation was performed. On the left in Fig. 1,
we illustrate a short-term (2500 timestep) simulation with 1 femtosecond timesteps
by plotting the trajectory of the central dihedral angles. At the energy level used,
the constant energy trajectory will visit both of the two local minima near the initial
point (the two left-most conformations shown in Fig. 11.2). This is illustrated by
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plotting snapshots every 100 timesteps of a longer (1M timestep) simulation (Fig. 1,
right).

180
120

60

Figure 11.3 Short (left) and medium-length (right) trajectories for the alanine
dipeptide. See text.

The relative smoothness and simplicity of the reduced energy surface for the
alanine dipeptide suggests that, if the “right” variables in a molecular system can be
identified (the so-called essential degrees of freedom), then the study of molecular
conformations might be made much more tractable. However, one should keep in
mind that identifying essential degrees of freedom is not always so easy a task and
that most biomolecules will have many more atoms than the alanine dipeptide and
many more conformational states, and even the reduced energy landscape will be
highly complicated. Even when, as here, the system reduces elegantly in the essential
degrees of freedom, one must be cautious about the interpretations that are made
regarding the “dynamics” on this surface, since no simple formula relates the slow
timescale to the rapid timescales of the original system. O

11.1.1 Constraints

We have already discussed in Chapter 7 the use of constraints to remove the
fastest oscillatory terms due to the presence of stiff springs with rest length.
Since a bond stretch is nothing other than a stiff spring with rest length, this
device is commonly used in molecular simulations. In this way, the energy function
will be slightly smoothed, but it has often been argued in the molecular dynamics
literature that the resulting simplification typically does not alter the dynamics
appreciably on the timescales used in current simulation practice. However some
caution must be exercised with regard to the thermodynamic equilibrium behavior
as has been first pointed out by FixmAN [61].

See the Exercises for an example of using SHAKE in the molecular modeling
context.
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11.2 Statistical mechanics from MD trajectories

Given the small size of any atom, it is not obvious that simulating an atomic
system consisting of several thousands or millions of particles can provide useful
information about even the smallest realistic system. Only when the principles
of statistical mechanics are brought into play can we extrapolate from the tiny
simulated system to that of a much larger aggregate. Statistical mechanics begins
with the identification of an appropriate density or ensemble of states with respect
to which all averages are computed. The key premise is that any given state is
representative of a continuum of similar states, and that the probability of finding
the system in any given region R of phase space at any arbitrary instant can be
viewed as proportional to an integral of the provided density over R.

We will assume that any individual motion in the system is governed by a
Hamiltonian H. In general, we expect the density to be invariant under the evo-
lution of the system, so that p is a steady state of the Liouville equation, i.e.

O 0. HY = Vo VpH — Vo Vg
One way, and in the generic case the only way, to guarantee this is to demand
that p be a function of H.

In general several parameters must be chosen to define the characteristics
of the system. One approach is to fix the number N of atoms and assume that
these atoms comprise an isolated system which evolves in a fixed volume in space.
While evidently unrealistic from a physical point of view, this finite model provides
the simplest framework for simulation on a computer. (The restriction to a finite
volume is achieved most readily by the use of periodic boundary conditions as
mentioned previously, which introduces a modification of the potential energy
function.) Because the system is isolated, its evolution is completely defined by
the system Hamiltonian and the energy is a constant of motion. We still must
define a suitable density. Since the density is to be a function of energy and the
energy is a constant of motion, it seems that a natural choice for the density in
these circumstances is

Pmicrocanonical = 5["—/ - E]v

which, when normalized, implies that the relative likelihood of finding the system
in a given bounded measurable subset of the energy surface H = E is pro-
portional to the corresponding surface area. Because this approach relies on the
assumptions of constant particle number N, volume V/, and energy E we typically
refer to it as the NVE ensemble. It is also commonly termed the microcanonical
ensemble.

A more realistic assumption than constant energy is that our finite system is
continually exchanging energy with a larger bath of atoms at a fixed temperature.
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The instantaneous temperature of a molecular system with N atoms is defined
by

1 Y )
Tinst := m ;miHViH . (11.3)

The canonical ensemble assumes the density
1
Pcanonical = eXp(_—H) =. eXp(_BH)-
kgT

Here kg is Boltzmann's constant, T represents the fixed temperature of the bath,
and B = 1/kgT. Again, the number of particles N and the volume of the system
V are fixed, but the energy is now allowed to fluctuate. (The precise justification
for the exponential function is due to Gibbs and is based on a simplified kinetic
theory.) Whereas simulating the dynamics of a system in the microcanonical en-
semble requires nothing more than numerical integration of the Hamiltonian sys-
tem, the NVT ensemble demands some sort of stochastic or dynamic mechanism
to model the effect of the bath. We will return to this issue momentarily. Note
that just because the temperature of the environment is assumed to be fixed, it
does not imply that Ti,st is constant. Rather, this quantity, which is a function
of the N variables of the system, will fluctuate along trajectories, although its
long-term average will tend to T.

Some other examples of useful ensembles include the NPT (constant pres-
sure, temperature and particle number) ensemble and the grand canonical en-
semble (in which both energy and particle number are allowed to fluctuate). It
is also possible to work with a more general density. In some cases, general-
ized ensembles are introduced based on physical arguments; in other instances
they may be used as modeling devices to increase the sampling rate in phase
space.

In defining statistical mechanics as we have done here, we make several
assumptions about the Hamiltonians involved, in particular that the energy is
bounded below and that the total integral of the density function is bounded. An
important assumption we commonly make about a physical model is that aver-
ages taken along trajectories reproduce the appropriate ensemble average. This is
what is meant by ergodicity: that a typical trajectory will eventually visit all states
with p > 0. If we treat a system in the NVE ensemble, then we can infer that
the energy is constant, but we cannot necessarily infer that all possible states
on the constant energy surface will be reachable from any particular state. For
small systems, it is common to find periodic orbits or quasi-periodic tori motion
that restrict a typical trajectory to a small portion of phase space; more gener-
ally, the presence of strong potentials such as those due to harmonic bonds may
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introduce barriers which similarly confine trajectories. If ergodicity is assumed,
however, then we can use trajectories as sampling devices, simply averaging a
given quantity along the computed dynamics to obtain ensemble averages.

11.2.1 Ensemble computations

As we have stated, the typical use made of molecular simulation is to compute
averages with respect to the underlying density. Examples of such computations
include finding the internal energy, spatial extent, or the time constants associated
with local relaxation of a perturbation. We will denote the average of some
function A(q, p) with respect to the NVE ensemble for a given Hamiltonian H
by <A>HVE, and use similar notation for other averages. Under the ergodicity
assumption, a macroscopic quantity, which for real systems could be observed
or measured, can be thought of as a long-time average A(T), T > 1, of some
(instantaneous) function A(t) = A(q(t), p(t)) which depends on the collective
position and velocity at time t. The temporal average is defined as

) = lim Ar) = lim_ [ Aa(e).p() o

Ergodicity in the NVE ensemble now becomes equivalent to the statement that
(A) = (Ave-

In practice, trajectories are computed at a large finite number of discrete
times T1,..., Ty, in which case the integral is replaced by a (finite) discrete
sum.

Some macroscopic quantities of interest are collected in Table 11.2. In this
table, the Boltzman constant is denoted kg, and instantaneous temperature T is
proportional to kinetic energy and is defined as in (11.3). Specific heat at constant
volume measures the rate of change of temperature due to a change in energy.
The velocity autocorrelation function measures how the velocities at time t are
related to velocities at a later time t + 7. The pair correlation function, or radial
distribution function for a system of particles with volume V/, gives the number of
particles n(r) situated at a distance between r and r + Ar from another particle.
The mean square displacement R(7) measures average atomic fluctuations over
time windows of length 7. With t = 0, the value of 7 at which R ceases to change
significantly can be understood as the time required for a simulated system to
achieve equilibrium. The diffusion coefficient D is proportional to the slope of
R(T) over long times via the Einstein relation given in Table 11.2. More details for
computing these quantities can be found in ALLEN AND TILDESLEY [4], RAPPAPORT
[152], and FRENKEL AND SMIT [66].
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Table 11.2 Some computable quantities

Specific heat at constant volume

2 _4qr—md] T,
3N 9 (T)2 B

Velocity autocorrelation function

Z(t) = <%v() -v(. + T)>

Pair correlation function (radial distribution function)

Mean square displacement after time 7

LN
R(T) = <N > (i +7) - f/(-))2>

i=1

Diffusion coefficient, D,

1
21D = gR(T)

11.3 Dynamical formulations for the NVT, NPT and
other ensembles

Some modification of the dynamical system (or the introduction of a stochastic
perturbation) is necessary to make the dynamics sample the other ensembles, for
example the canonical one. There are many ways to do this, but the most popular
techniques are Nosé dynamics and Langevin dynamics. In Langevin dynamics,
the combination of a damping force and a stochastic term maintains the system
at a given temperature. (The stochastic component models the interactions with
a temperature bath; the damping simulates the transfer of energy to the bath.)
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The dynamics take the form
MG = —-V4V(q)+ R(t) — 4,

where the dissipation rate <y and the vector R(t) of white noise processes are
linked via the fluctuation—dissipation relation. Because of the presence of damp-
ing and the introduction of a random forcing, the dynamics are not any longer
Hamiltonian. As the geometric integration of stochastic differential equations is
beyond the scope of the current text (and indeed still at a preliminary stage of
development compared with the deterministic theory), we consider rather alter-
natives which compute trajectories in the canonical ensemble from a modified
continuous dynamics.

NOSE [146] proposed to augment the phase space by an additional variable s
and its canonical momentum 75, and to work with the extended Hamiltonian

2
Ts

2Q
Here B8 = 1/kgT and g = N+ 1, where Nf is the number of degrees of freedom
of the real system (typically N¢ = 3N, where N is the number of atoms, but
this may be reduced if constraints are present). The constant @ represents an
artificial “mass” associated with s. One should note that p is the canonical
momenta associated with the position variable, g. The tilde is used to distinguish
it from the from the real momenta given by p = p/s.

To understand how Nosé's extended Hamiltonian yields canonical averages,
we consider the following sequence of calculations.

Hnose = H(q, p/s) + + 91671 Ins. (11.4)

1. From elementary calculus, we know that for any a, the following holds
o
e 9= / d[a+Ins]ds.
0

Since here and below, all integration is over the entire real line, we will sup-
press the limits and simply write

e 9= /6[3 +Ins]ds.
2. A very slight generalization results in
e PHap) — 5/6[H(q, p)+B tins]ds.
3. We can also include a power of s outside the §-function, as in

e a9~ [o[1i(q.p) + g Hns] 57 ds.
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4. Note that for a scalar function h(x) of an N¢-vector x, we have, via change
of variables,

//.../h()?/s) d%id% ... d&y, = //.../sth(x) dxidxz ... dxy,.

Again, the integration is over all real space. We introduce another shorthand
at this point, writing, simply,

/ h(x/s) dVrx = / sV h(x) dVix.

As a consequence, we may write:

/.A(q, p) e PH(@.p) gNrp — S// A(q.p/s)b[H(q, B/s) + gB Ins] dVp ds,

where, as before, g = N¢ + 1.

5. Finally, we note that

[ [ Aa.B/s)6lH(a.B/5) + 957 ns] 0" ds =

¢ [ [ ] A@.5/9)61Hnose — E1d"p dr ds.

where C is a constant, and E is the pseudo-energy level. It follows that
the NVE ensemble average for the Hamiltonian (11.4) is equivalent to the
canonical NVT ensemble for the original system with Hamiltonian H in the
following sense:

(A(a. B/9) e = (Ala. p))fivr

The conclusion is that trajectories of the Nosé extended Hamiltonian generate
canonically distributed averages, given assumptions of equal a priori probabilities
and ergodicity, hence Nosé dynamics can be used for canonical sampling. The
Nosé formulation is the starting point for numerical schemes for realizing the
canonical ensemble from trajectories, but it is not yet clear precisely how the
extended Hamiltonian dynamics are related to the those of the original system.
We take up this issue in the next subsections.
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11.3.1 Coordinate transformations: the separated form

Consider first a canonical Hamiltonian of the form

TM-1p

M
H = a(a)>—5—

where a is a positive scalar-valued function of position g, V is a potential and
M is a mass matrix. Introducing a Poincaré type time transformation, we can
reduce (11.5) to mechanical form

H-E p'M'p V(g —E

a(q) 2 a(q) '

where E is a constant representing the value of the energy integral along a given
trajectory. The problem of separating the variables in the Hamiltonian therefore
means finding a change of variables to the form (11.5).

While we cannot flatten out just any metric using such simple coordinate
and time transformations, it is possible to do this neatly for Nosé dynamics.
First replace s by its logarithm, also modifying the momentum to make the
transformation canonical:

+V(q), (11.5)

A=

9 =1Ins, s = exp(—0)my.

We then follow with a rescaling of time by e2?, so that the Hamiltonian becomes

T -1 2
W + % +e?(V(q) + 9816 — E).
Because the transformation is canonical, it is also area preserving, and it can be
shown that the averages of functions of g and p/s are not disturbed.
The elementary form of the separated Hamiltonian can simplify the interpre-
tation of Nosé dynamics. With g/B replaced by an arbitrary positive parameter
7, we can define an “isothermal potential” by

V(q,6) = e*(v6+ V(q) — E).

This has stationary points (g, 8), where § is a stationary point of V and 6 =
(E —V(q))/y — 1/2. The stability is determined from the original system. A
stable center in the original mechanical system is thus mapped to a corresponding
stable center in the constant temperature dynamics.

Due to the shift of energy in the Poincaré transformation, all motion takes
place on the zero-energy surface of the Nosé Hamiltonian. Since the kinetic en-
ergy is everywhere non-negative, the entire range of negative isothermal potential
energy will be explored. For a fixed value of 8, the new potential is a shift and
scaling of the original potential. For positive 8, the motion in a bounded poten-
tial is uniformly bounded, while in principle the dynamics may make very long

A=
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Figure 11.4 “Isothermal” potential surface corresponding to the double well
potential at small (left) and large (right) values of r.

excursions in the negative 6 direction. With 8 = 0 we have V(q,0) = V(q) — E,
and

9—|I>Too V(q,0) = +o0, ekrpoo V(q,0) =0.

The modified potential has a unique global minimum in 8, so the modified po-
tential can be viewed as a “valley” with sides rising in 6.
Let us illustrate this with the example of a double well potential

V(g) = q*(qg — 1)°.

In the constant energy dynamics, low energy orbits are automatically confined
to one or the other of the two energy wells. The isothermal system does not
exhibit such a separation, but the transition between wells becomes rare at low
temperature. See Fig. 11.4.

11.3.2 Time-reparameterization and the Nosé—Hoover method

The Nosé Hamiltonian generates configurations from the canonical distribution,
but it also introduces an unnatural scaling of the intrinsic time. This introduces
some practical computational difficulties, since the configurations are not avail-
able at equally spaced points in real time. A similar problem is encountered when
the separated formulation is used as the basis for computation, as described
above. An alternative real-variable reformulation of the equations of motion was
proposed by NOSt [146] which incorporates a time transformation. Simplifica-
tions to the real-variable system were suggested by HOOVER [87] resulting in the
traditional treatment of the Nosé Hamiltonian called the Nosé—Hoover method.
Let us briefly review the properties of the Nosé—Hoover system of equations, and
discuss some of the common numerical methods.
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The Nosé Hamiltonian generates the equations of motion

da _
dr  m;s?’

ds _ .

ar Q'

dp;

i g v

dms N Hﬁ/”z .8_19
dr XI: mj s3 s

The following change of variables can be applied

p,-:% m=Ts/s. (11.6)

This is followed by a time-transformation, % = s yielding the non-Hamiltonian

system in terms of the “real” variables

. Pi
qi = —,
mj
ST
)i = -V V(q) — pi—,
pi eV (q) Pig
s__527r
Q"

Introducing & = s /Q and replacing In s by 1, one not only eliminates the variable
T, but also decouples the variable s from the system; this yields the Nosé—Hoover
formulation:

G = (11.7)
mj
pi=—VqV(q) —pi&, (11.8)
n=g (11.9)
.1 p; 1
525 (Za—ﬁ 9) . (11.10)

Canonical sampling in Nosé—Hoover can be shown to require g = N¢ (the number
of degrees of freedom of the real system). This reduction in the degrees of free-
dom is needed to recover configurations at the correct temperature. Although
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this system is not Hamiltonian, it does have a conserved quantity, the total ex-
tended energy

E _Z||P||/2+V Qe -1 11.11
ext =2 5 V(@) + = +gfn (11.11)
!

This system is time reversible, and it is advisable to solve the equations of motion
with a reversible integrator. A number of schemes are available, for example:
[66, 126, 94].

11.4 A symplectic approach: the Nosé—Poincaré method

We introduce two different kinds of error when calculating an ensemble average
using a molecular dynamics sampling technique. First, every timestepping scheme
introduces some error at each timestep, and these accumulate in a complicated
way. Second, the calculation of stochastic quantities from simulation is generally a
slow-converging process, so very large numbers of timesteps will often be needed
to deliver good estimates. Indeed, in systems with a large number of local minima,
we may need to greatly restrict the space over which our trajectories sample in
order to achieve any sort of useful estimates at all.

In the most general setting, there is also not much we can say about the
effect of the numerical error on the ensemble calculation, other than that if
we use an off-the-shelf integrator, we expect the error to grow fairly rapidly
with time. Methods which do not stay near the energy surface very soon lead
to unrealistic averages. On the other hand, is it enough for the integrator to
preserve energy approximately in order for us to trust the averages? The answer
is of course, no: in the simplest case, we could think of using any arbitrary method
projected on to the energy surface. We could apply this scheme in conjunction
with any arbitrary method to obtain perfect energy conservation, but it would not
generally be effective. For example if the method introduced dissipation, causing
trajectories to spiral towards equilibria, we would expect to see similar artifacts
in the projected method’s dynamics.

If we use a symplectic method, we usually expect good energy conservation,
but something else comes into play. There is also an associated perturbed sta-
tistical mechanics — a consequence of the Hamiltonian structure of the modified
equations! Thus a symplectic scheme not only stays near the modified energy
surface /:/At, it allows us the possibility of computing averages in a modified mi-
crocanonical ensemble, for example 6[Flm — E}. Does this idea carry over to
Nosé dynamics? If we solve the Nosé system at constant energy using a symplectic
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method, then what we are actually able to compute (assuming ergodicity) is a
sampling with respect to a modified microcanonical ensemble of the form

PHB = § (Hnose + A2AHo + ... — E} .

In order to move things forward we must show how to complete each of the steps
described in the proof of Nosé dynamics of integrating out the variables s and 7,
on which the above density depends, resulting in a modified canonical distribution.
This introduces some new challenges, since all transformations involved must
be global, and it is difficult to say anything about the perturbative expansion
far from the trajectory of interest. However if we are willing to assume that
trajectories of our system stay uniformly bounded for all time, then it is possible
to invoke the implicit function theorem, which allows us to compute the integral
over s as in the proof of Nosé's theorem, and using this we can show that
the effective combination of Nosé dynamics and symplectic discretization is real
variable sampling of a modified canonical ensemble of the form exp(—ﬁ/:lm).
This viewpoint is addressed in [25]. This perspective offers concrete motivation
for using a symplectic method, since for bounded systems, at least, the symplectic
property is crucial for establishing effective sampling.

Note that the separated formulation makes possible a very simple symplectic
discretization of Nosé dynamics based on Stormer—Verlet, see [110]. However,
although the method of implementation is trivial, the computation of autocor-
relation functions typically requires data equally spaced in time, and since the
separated form works in an artificial timescale, this requires some interpolation.
It simplifies things to work with a scheme that is formulated in real time.

In this section we will outline a procedure for scaling time while preserving the
Hamiltonian structure. The method used here was first given in [26]. We have
already seen in the separable formulation (and earlier in the context of variable
stepsize) that a time transformation can be implemented as a rescaling of the
Hamiltonian of the system, shifted to zero

H = f(q.p)(H—E), (11.12)

where f > 0 is a “time scaling” function, and the constant E is the initial value
of H along a trajectory of interest. With H = E, the dynamics of the transformed
system will be equivalent to those of the original system, up to a transformation
of time dt/dt/' = f.

In order to correct the Nosé timescale, the appropriate Poincaré transforma-
tion is dt/dt’ = s, applied to a slightly modified version of the Nosé extended
Hamiltonian in (11.4)

H = ZM+V(G)+W—§+95—1|ns—E s. (11.13)
/ 2 m, 52 2Q
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The modification comes in that we must take the constant g = Nf (as opposed to
g = N¢+1), as in Nosé—Hoover. The constant E is chosen to be the initial value
of the Nosé Hamiltonian, Hnose. It is not difficult to show that this transformed
Hamiltonian (11.13), which we call Nosé—Poincaré, generates configurations from
the canonical distribution in the variables g and p/s, see [26] for details.

The disadvantage of the general Poincaré transformation in (11.12) is that
it mixes the variables so that a straightforward explicit symplectic treatment of
the extended Hamiltonian is not, in general, possible. However, the fact that the
scaling function f depends only on s means that the discrete equations can often
be decoupled, and we can easily formulate semi-explicit symplectic methods.

Returning to the Nosé—Poincaré Hamiltonian, 7, we write the equations of
motion

d B
dt’"  mjs’

d

giPi = sVq V()
s _ T
dt Q'

dm pill? - b
T L o s
i !
where

5+ ()+%+gﬁllns—E (11.14)
The value of E is chosen such that AH (g(0), p(0), s(0), ws(0)) = 0. We apply
to this the generalized leapfrog algorithm (see Chapter 4). Since we are treating a
time-reversible Hamiltonian system, the resulting method is symplectic and time
reversible

~n+1/2 ~n At

i T =p = 5"V V(") (11.15)
2
At 1 (1157 _
+1/2 _ 1
L /_WQJFT(ZF,(IT - 9B
—A—AH( n ~n+1/2 n 71.?-‘1—1/2) ) (1116)
At ﬂ_n+1/2
n+1 __ _n = n+1 n s
st =5"+ > (s +s) o (11.17)

At/ 1 1\ pri/?
g =g —i——( +—> e 11.18
! ! 2 \sntl = gn m; ( )
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2
At 1 (13 B
R 5 (Z m ( én+1 ~9p™"
I' I

—%AH (qn—l-l, ﬁn+1/2' S+l 7Tg+1/2> . (11.19)
ﬁln+1 _ ﬁln+1/2 _ %Sn-&—lvqi\/(qn—kl)_ (11.20)
Solving (11.16) requires us to find the roots of a quadratic equation for ot/
f—é (”2“/2)2 +mlT P4 5=0, (11.21)
where
~n+1/2)2
5:% gﬁ_l(l—klns”)—z/:%#—V(q”)—E — 7.

To avoid subtractive cancellation, we use the following quadratic formula to solve
(11.21)

-2
nitl/2 = 0 (11.22)

S 14+/1-0At/Q

The remaining steps of the method are explicit.

11.4.1 Generalized baths

In [102], an alternative to Nosé dynamics is proposed based on a more pow-
erful family of extended Hamiltonians. By examination of the proof that Nosé
dynamics recovers the canonical ensemble, we can observe that also the follow-
ing Hamiltonian would have this property

Hon = H(q, B/s) + 9B tins + G(ms, 01,00, ..., Ok, M1, T2, ..., k), (11.23)

Here new configuration variables o1, 09, . . ., oy and the corresponding momenta
T, T, .., T, represent augmenting variables designed to (i) increase the rate of
convergence to the canonical ensemble, or (ii) enable the bath to resonate with
several components of the Hamiltonian system. It is possible to show that, under
certain assumptions, the constant energy trajectories of the generalized bath
Hamiltonian sample the canonical ensemble. The precise form of the term G will
be important both for the dynamical behavior and for the issues of numerical
integrator design. However, there are some limitations on the choice of G, as
illustrated in the following examples.
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Example 2 Nosé—Hoover chains are often used to enhance ergodicity. The idea is
to introduce additional thermostatting variables which successively “thermostat the
thermostats.” It is natural to look for a Hamiltonian formulation of Nosé—Hoover
chains, such as

2 2 2 2

Hehain = L 44— L

chain (q p/s) + 252Q + 2522Q1 + + QSEQr—l + 2Qr
+98 tIns+ g8 Insi +...9.8 tIns,, (11.24)

which is clearly in the form (11.23).
Take the case r = 1, in which case the microcanonical partition function is

P= / 8 [Henain — E] dVdsds,dmsdm

2 2
/ [H(q p/s) + Q + ﬁ + 98 tIns+ g8 tIns, — E} dVdsds dmsdmy,

where dV = dNrqd"p is the volume form in phase space. We attempt now to integrate
out with respect to s;. Set ms/s; = 7, so dm = s;d7 and

=2 2
P:/5 {H(q, B/s) + % + % + g8 Ins+ g s, — E} sy dVdsds, dTdm.

This yields, for g; =2

2 2
Pz/exp (— H(q,p/s) + — 20 72,) + g6~ 1Ins—E])d\N/dsdTrdwl,

but now following this by p/s = p, we obtain

2 2
Pz/exp (— H(q, p)—&-—Q—&-T—i—gﬁ YIns — E])SNFdVdsdirdwl,

dvV = dNrgdVp, if we then choose g = N, it appears in the exponential that
exp(—glns) = s~ N7, but we must still perform the integration with respect to s
which is unbounded! O

In order to correct this problem there are several approaches one can take, in-
cluding modification of the chain Hamiltonian in order to bound the s-integral.
On the other hand we can also try completely different kinds of couplings, such
as the following from [102]:

Example 3

b M P —1 ( +ZU2)7T
/Hvertex—T"'V(q)"’_g:8 |I’15+ +Z_+Z

QQ,
(11.25)

i=1,m
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The o; are coupled to the original variables through 7 (a common vertex). To this
generalized Hamiltonian we add a time transformation of Poincaré type in the same
manner as for Nosé dynamics, resulting in

- E|,

252 2Qs

. p'M~p _ +> O’
’HVertexzsli—i—V(q)—&-gﬁ 1In5+( +E —+ g 2Q

E = Hyortex(0). In this case a splitting method can be generated from the composition
of the flows on

1+ 0)m2 1 -
Hy = —s %+§Za?+gﬁ 1In5], (11.26)
- ﬁTMflﬁ 7TI_2
Hs = s[V(q) — E]. (11.28)

This splitting is very similar to one proposed by Nosé for the original Nosé—Poincaré
method [147]. The flows for Hy and Hs are easily computed. For H; we propose the
use of a symplectic method such as the generalized Leapfrog scheme. O

Example 4 A well-known system with reasonably good ergodicity properties is the
three-ball billiard system with three hard-sphere particles in a square box. While we
could use a hard-sphere bath [88], this would introduce some complications. Instead,
we suggest to use a simplified bath consisting of three “soft” spheres (with pair
potentials of the form r~P) constrained to a small region via a harmonic tether to the
origin. We can use this system as a generalized bath. Define

Hopilliard = HNose(P, 4., S, Ts) + Hpatn ({07, ®;}) + Hine(7s, {07, 7;}),

where

H1r,H2 o2 2
Hath = Z Z +> > loi—ajl” (11.29)

iog>i

and

3 2
R 12 s
Hint = (;_1 lloill ) Q. (11.30)

The bath positions and momenta o; and #; are vectors in R3. The Nosé—Poincaré
equations for this system can be integrated using a Hamiltonian splitting like that used
in the vertex coupling. This is left as an exercise.

Experiments with both of these generalized baths are discussed in [102] and, at
the time of this writing, research is on-going into design of optimal baths. O
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Ep

Figure 11.5 A simple energy rescaling function (left) and effect on energy
of a double well model (right).

The development of flexible é-like schemes with good ergodicity properties is
a topic of current. The interested reader is referred to the articles by LEIMKUHLER
and SWEET [113a, b].

11.4.2 Simulation in other ensembles

It is interesting to consider alternatives to computation in the microcanonical
or canonical ensembles. One example is the constant temperature and pressure
(NPT) ensemble. Schemes for NPT calculations can be derived which are very
similar to the methods discussed above for NVT simulation. For example, a vari-
ant of Nosé—Poincaré has been adapted for NPT simulation [182].

The development of non-standard distributions is often seen as a way to ac-
celerate the configurational sampling of complex molecular systems having highly
corrugated potential landscapes, for which the time scale of standard molecular-
dynamics simulations is insufficient for convergence of statistical averages. This is
especially true of macromolecules, biomolecules, and amorphous materials. Over
past decades, numerous schemes have been proposed for enhancing sampling effi-
ciency, usually based on the systematic deformation of the potential (or total) en-
ergy surface to accelerate barrier crossings, either by lowering the barriers or rais-
ing the potential valleys. From a statistical mechanical perspective, such energetic
modifications induce a corresponding alteration of the phase-space distribution by
enhancing the statistical weight of configurations which otherwise would be rarely
visited. If we have detailed knowledge of the modified sampling distribution, it is
possible to “reweight” the computed trajectories to obtain averages in the original
ensemble.

One of the simplest smoothing consists of introducing an energy scaling at
high energy. We consider a function n(E), as depicted in Fig. 11.5, and define
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the “smoothed energy” by
H' = n(H)H.

Canonical sampling with respect to this energy implies an ensemble density of
the form

pcanonical(Hl) = eXp(—,BH/) = eXD(-ﬁ”)(H)H) = p/(H),

which can be viewed as a noncanonical sampling with respect to the original en-
ergy. Now suppose that we have computed a sampling trajectory for this ensemble
using Nosé dynamics, then

im > [ #(a(e). B()/s() dt o [ £(a.p) () v

Of course this is not what we want! What we would like is to be able to recover
the correct sampling with respect to the canonical ensemble. However, if we
define

AH=H-H,
then
1 /T -
im = /O exp[—BAH(a(t), B(£)/s()] F(a(t),
A(8)/5(t)) dt x [ £(a. p)pcan(H) dV.

This is what we mean by ensemble “reweighting.”

Alternatively, if the density is given, expressed as a function of the phase
variables, one can typically derive both extended Hamiltonians and numerical
methods from a reformulation of the problem to one couched in the canonical
ensemble. If p(q, p) is the given (positive) ensemble density, we solve

p = exp(—BH)

for H, where B is essentially a free parameter. Averages with respect to Hamil-
tonian H in the p ensemble are now recovered directly by computing canonical
averages of the system with Hamiltonian /. However, in this work, care is needed
to develop sensible geometric integrators. The Nosé Hamiltonian for Generalized
Density Dynamics (GDD) is

2

1 - T _
Hiose = g p(a.B/s) + 55 + 9P ins. (11.31)
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After Poincaré transformation, this results in the equations of motion

. Gt ~

q= —mvﬁ/sP(P/S. q),

. Gt -

p= mvw(q,p/S),

. STs

s = R 1
Ts = %Vﬁp(q: p/s) — gﬁ_l - AHﬁlosé :

A separable Hamiltonian H will not result in a separable A, and the result is that
a straightforward treatment based on applying Nosép—Poincaré to simulate H
would have to be fully implicit. In [14] this difficulty was analyzed in some special
cases, for example where p = pa(q)ps(p) and for p = p(H). In both of these
cases, it turns out to be possible to derive semi-explicit second-order symplectic
schemes which require only a single force evaluation per timestep.

11.5 Exercises

1.

Smooth potential cutoff. Often, one replaces the Lennard—Jones potential by
a cut-off version whose derivative has compact support. This should be done
so that the potential remains at least smooth (continuously differentiable),
for example

A dLi(r), r<Ri
¢Li(r) = ¢Ly(r) =4 P(r), R1<r <Ry,
0, r> R2

where P(r) is an interpolating polynomial (Fig. 11.6). A C™-approximation
(meaning that the approximation can be differentiated m times) can be ob-
tained by introducing a higher-order Hermite interpolant P(r) = Ag + A1r +
.+ Aopm—1r®™~1 and determining the 2m coefficients to satisfy the 2m
conditions P (Ry) = ¢ (Ry), PY(Ry) =0, k=0,1,2, ..., m — 1. Find
a C2-cutoff of the Lennard—Jones potential.

SHAKE discretization of Methane. Each molecule of Methane has five atoms
(a carbon and four hydrogens) (see Fig. 11.7), arranged at the vertices and
center of a reqgular tetrahedron. Let us order the atoms as follows: the central
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Figure 11.6 Smooth potential cutoff by Hermite interpolation.

Figure 11.7 Methane.

carbon of the first methane molecule, first hydrogen of first methane, second
hydrogen of first methane, ..., fourth hydrogen of first methane, central
carbon of second methane, first hydrogen of second methane, etc., indexing
them from 1. Just considering the equations for the first methane we have
constrained equations of the form

41 = mc'py,
dk = mypr, k=23,4,5,

4
p1=Fc— > Mlar — qesr),

k=1
Px = Fupk—1) — M—1(ak — q1), k=2345,
1 1
5 llaw — al® = EL%H

Here m¢c, my represent the masses of the carbon and hydrogen atoms, re-
spectively, Fc and Fypey, kK = 1,2,3,4 are the forces acting on the carbon
and each hydrogen atom due both to interactions with the other atoms of
the first methane as well as to intermolecular interactions, and Lcy is the
natural length of this bond. The shape of the molecule is maintained by angle
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potentials between the hydrogens and the central carbon atom. After appli-
cation of SHAKE and simplification, we find that we are left with a relatively
simple system of four quadratic equations in A1, ..., A4. Since the equations
look the same for each Methane, the SHAKE equations will only involve the
Lagrange multipliers of the local group, so in a system of s methanes, we will
face only s decoupled four-dimensional nonlinear subsystems, each of which
can be solved by an iterative method.

Determine the coupled quadratic equations that must be solved at each step
of SHAKE discretization.

3. Generalized Nosé dynamics. State and prove conditions under which canonical
sampling can be recovered from (11.23).

4. Generalized Nosé dynamics. Write a discretization scheme for the soft-particle
(“billiard™) bath model in Example 4.



Hamailtonian PDFEs

Many physical processes of interest not only evolve continuously in time but also
possess a continuous spatial structure and, hence, can be described by partial
differential equations (PDEs). Furthermore, many fundamental laws of physics,
such as quantum mechanics, electrodynamics, ideal continuum mechanics, can
be formulated within an extension of the Hamiltonian framework discussed so far
to PDEs. In this chapter we focus on two particular examples of such Hamiltonian
PDEs and discuss a number of numerical discretization techniques. The reader
should, however, keep in mind that the solution behavior of PDEs is much more
complex than that of ODEs and that the choice of an appropriate discretiza-
tion will depend very much on the anticipated type of solutions. The techniques
described in this chapter are very much restricted to smooth solutions such as
solitons [53, 201] and balanced geophysical flows [169]. This excludes, in par-
ticular, the consideration of shocks [201]. A general introduction to numerical
methods for PDEs can be found, for example, in [140].

12.1 Examples of Hamiltonian PDEs

12.1.1 The nonlinear wave equation

Let us consider the nonlinear wave equation
ugr = 0o’ (uy) — ' (u), u=u(x,t), (12.1)

where o and f are smooth functions. If o(uy) = u2/2, then the semi-linear wave
equation

Ute = Uxx — F'(U)

is obtained. Other choices for o(uy) lead to idealized one-dimensional models for
fluids and materials.

Throughout this chapter, solutions v = u(x, t) of (12.1) are assumed to be
smooth in the independent variables x and t and we impose periodic boundary
conditions u(x,t) = u(x+L,t), L > 0.

316



12.1 EXAMPLES OF HAMILTONIAN PDEs 317
We introduce the total energy E[u] by

€] —/OL Eu§+a(ux)+f(u) dx.

and observe that, using integration by parts,

%E[U] = /OL [utuee 4 0" (Ux) uxe + F'(u)ue] dx
= /OL Ug [Utt - aXU/(Ux) + f/(U)] dx.

However, the term in brackets is equal to zero along solutions of (12.1) and,
hence, the total energy £[u] is conserved.

Let us denote the space of smooth and L-periodic functions in x by S =
C®°[0, L]. Our assumption then is that u(.,t) € S for t > 0 or in short hand
u(t) € S. This smoothness assumption explicitly excludes the consideration of
shock-type solutions [201].

Furthermore, upon rewriting (12.1) as

ut =v,
ve = Oxa’ (uyx) — f'(u),

the wave equation can, formally, be viewed as a Hamiltonian system with phase
space (u, v)" € S x S, symplectic form,

L
EJ:/ du A dvdx, (12.2)
0
and Hamiltonian functional

Lr1

Hlu. V] :/ [EVQ +o(u) + F(u)| dx. (12.3)
0

The Hamiltonian equations of motion are derived in the following way. First,

the gradient V, of classical mechanics is replaced by the “variational” gradient

0, =(6,.6,)",z=(u,v)T € SxS. The variational derivative §,G of a functional

Glu] is defined by

Glu+ edu] — Glu]
- ,

/L(5ug[u]6u) dx = lim
0 e—0

for any du € S. Let us demonstrate this for §,H[u, v] which is equivalent to the
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variational derivative of G[u] = fOL [o(ux) + f(u)] dx

L . 1 L
/o (6,G[u)du)dx = elino R {/o [o([u+e€du]x) + f(u+edu)] dx —

/L [0(ux) + F(u)] dx}

L
(ux)(Bu)x + f'(u)du] dx

—0x0'(ux) + f'(u)] du dx.

-
/ —0x0' (ux)du + ' (u)du] dx
-

Comparison of the left- and right-hand side vyields
8uH[u, v] = 0uGlu] = —0x0” (ux) + f'(u).

One also obtains 6, H[u, v] = v.
Next we rewrite the symplectic form (12.2) as

1 L
5 §/ (J;'dz) A dz dx,
0

with the (local) structure matrix

o 41
J2_[—1 0

and dz = (du, dv)". Then the wave equation (12.1) becomes equivalent to an
abstract Hamiltonian system

z = o, Hlz]. (12.4)

We finally note that the nonappearance of the independent variable x in
the functions f and o implies another conserved functional for the PDE (12.1),
namely the total momentum

L
Mlu, v] :/ Vi dx.
0

Indeed

d

L
EM = /o (Vely + Vuye) dx

_ /OL(ux[aXa'(uX) — F(U)] + vw) dx
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_ /L[—U(ux) — f(u) + v2/2]x dx

° x=L
= [—o(w) = f(w) +v?/2]
0.

12.1.2 Soliton solutions

Waves are one of the most important features of fluid dynamics [201]. Particular
types of waves are those that travel at a constant speed ¢ # 0 without chang-
ing their shape. These waves are called traveling waves or solitons [201, 53].
Mathematically a soliton is described by a (smooth) function ¢ such that

u(x, t) = ¢(x — ct).

Let us introduce the new variable £ = x — ct, then uy = ¢¢, ur = —ce, etc.
Hence, assuming a solitary solution, the wave equation (12.1) gives rise to a
second-order ODE,

e = 80’ () — F(¢), (12.5)

in the independent variable €. Equation (12.5) is a Euler—Lagrange equation
and to obtain the corresponding Hamiltonian formulation we introduce the new
dependent variable (conjugate momentum) 9 = c?¢¢ — o’(¢¢). Let us assume
that this relation is invertible, i.e., there is a function g(1) such that ¢¢ =
g (¥). Hence one can rewrite the second-order ODE (12.5) as a conservative
system

Ve =—f(¢),  ¢e=7(¥) (12.6)

with Hamiltonian

H=g(¥)+f(¢).

A solution ¢(&) gives rise to a soliton solution if the boundary conditions ¢¢(+o0) =
0 are satisfied, i.e., ¢(§) approaches some constant value as £ — +oco. In partic-

ular, let (¢;, ;) denote the equilibrium solutions of (12.6), then any homoclinic

or heteroclinic solution of (12.6) gives rise to a (not necessarily stable) soliton

solution of the nonlinear wave equation (12.1).}

A homoclinic solution is a solution connecting an equilibrium point (¢;, ;) with itself, i.e.,
limes 100 @(€) = @i, and a heteroclinic solution is a solution connecting two different equilibrium

points (@i, ¥i), (&, ¥)). i-e., liMesioe B(€) = @i, liMers—os P(§) = @5
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Example 1 Let us consider the sine-Gordon equation
Ut = Uxx — Sin(u).

Traveling wave solutions u(x, t) = ¢(x — ct) must satisfy the second-order ODE
e = dee — sin(@).

We introduce the momentum 9 = c?¢¢ —¢¢. For ¢ # =£1, this relation can be inverted
and we obtain ¢¢ = 9/(c? — 1) and g(¢) = $9?/(c? — 1). Hence the Hamiltonian
equations are

. 1
Ye = —sin(¢), P = C2_11l)
with Hamiltonian
_ ¥
H= m—F(l —COS¢).

These are the equations of motion for a nonlinear pendulum with mass m = ¢2 — 1.
Hence we first consider the condition |c| > 1. The nonlinear pendulum possesses
heteroclinic solutions connecting pairs of hyperbolic equilibria (¢, ) = (km,0) and
(¢, ¢) = ((k+2)m,0) for k = 1,£3,£5, .. .. These heteroclinic connections are easily
found as the contour lines of constant energy H = 0. Unfortunately, the associated
soliton solutions are all unstable [201, 53]. For |c| < 1, the equilibrium points (k, 0),
((k+2)m,0), k =0,42,44, ..., become hyperbolic and give rise to stable soliton
solutions. An explicit soliton solution with wave speed ¢, |c| < 1, is given by

(x,t) =4 arct ( x—ct
uix, = arctanexp | ——— .
V1-—c?

Because of their special shape, these solutions are called kink solitons. O

12.1.3 The two-dimensional rotating shallow-water equations

Large-scale geophysical flows in the atmosphere and ocean are essentially incom-
pressible and often stratified into nearly two-dimensional layers. Furthermore, the
effect of the earth’s rotation significantly affects large-scale patterns away from
the equator, for example in mid-latitude or near the poles. See ANDREWS [6]
and SALMON [169] for an introduction to geophysical fluid dynamics and MORRI-
SON [139] for further details on the Hamiltonian formalism of geophysical fluid
dynamics.

A simple one-layer model system is provided by the two-dimensional rotating
shallow-water equations (SWEs) [139, 169]

Ut + Uty + vuy, = +fv — c3hy, (12.7)
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Ve + uvy + vy, = —fu— cghy, (12.8)
he + uhy + vh, = —h(ux + v ), (12.9)

where u = (u,v)" € R? is the horizontal velocity field, cc = +/gH, g is the
gravitational constant, H is the mean layer depth of the fluid, h > 0 is the
normalized layer depth with mean value scaled equal to one, and f > 0 is twice
the angular velocity of the rotating fluid. For simplicity, we will consider the SWEs
over a double periodic domain of size L x L and keep f = fy constant.

We next introduce the material time derivative of a function w(x, y, t)

Dw

E: Wt + UWx + VW, = Wi + U - Vxw,
and rewrite the SWEs (12.7)—(12.9) in the form

Du

D = fodou — Cgvxn, (12.10)

Dh

B = —hV, - u, (12.11)
where x = (x,y)T, h=14m, and

0 +1
2= [—1 0

Given a function w(x, t), the material time derivative characterizes the change
of w along motion of a fluid particle X(t) = (X(t),Y(t))” € R?, which is pas-
sively advected under the velocity field u, i.e.

DX
B =
As an example consider absolute vorticity

u. (12.12)

CZVX_Uy‘i‘fO:VxXU‘i‘fO-
Using
Du 6D 06D
Dt oxDt 9y Dt
= (Ve + uvx + vvy)x — (ur + uug + vuy),

= (vx — Uyt + u(vx — uy)x + v(ve = ty)y + (vx — ty)(ux + vy)

= DB,

Vi X

it is easy to conclude from (12.10) that absolute vorticity satisfies the continuity
equation
D¢

= —CVeu (12.13)
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The ratio of absolute vorticity ¢ and layer depth h is called potential vorticity
(PV) g ={/h [169]. The PV field g is materially conserved since, using (12.11)
and (12.13)

Dg 1 {DC Dh} 5
Dt n\Dt YDtf "
Let us now assume that, for the scales and motion of interest, we find that
the velocity field u satisfies
1 Du N
fo Dt
Then the momentum equation (12.10) reduces to
2

0~ Jbou— %Vxn. (12.14)

The right-hand side can be solved for the velocity and one obtains the geostrophic
wind approximation

o
Ayl (12.15)

9_ _
Y 7

We next assume that potential vorticity g is materially advected along the geo-
strophic wind u9, i.e.

gr + u9 - Vxq = 0. (12.16)
Potential vorticity g, with u replaced by u9, can be expressed as

_ Vi X u9 + fy :fOL,z?szn+1
1+7m 1+mn

where we used h = 1 + 7 and introduced the Rossby deformation radius Lr =
co/fo. The final step in our approximation is provided by the assumption

L2V + 1

~ |2 1-—
1+7] RVX2'7+ 77'

which leads to

q/fo— 1~ LEVim — .

This approximation gives rise to the (linear) PV inversion relation

= (1-13%) (a/f- D). (12.17)
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Equation (12.15) with 7 replaced by n9 together with (12.16) provide a closed
set of equations called the quasi-geostrophic approximation [169]. The quasi-
geostrophic approximation is a valid approximation to the full SWEs for a layer
depth h evolving on a typical horizontal length-scale L > Lg and for velocities
u with a typical scale U such that the associated Rossby number satisfies Ro =
U/(foL) < 1.2 The ratio of Lg to L is called the Burger number: Bu = (Lr/L)?.

Instead of solving the reduced quasi-geostrophic equations, one is often in-
terested in numerically approximating the full SWEs (12.10)—(12.11) subject to
initial data satisfying (12.14). We will describe a numerical method in Section
12.2.2. The method is based on a Lagrangian formulation3 of fluid dynamics,
which we outline next.

The Lagrangian description of fluid dynamics is a particle-based formulation
with the continuum of particles being advected according to (12.12). Hence,
the positions of all fluid particles X = (X,Y)T are given as a time-dependent
transformation from a label space A C R? to position space X C R?

X=X(at), a=(ab)l s X=(XY) ex?

The labels are fixed for each particle and a natural choice is provided by the
particle’s initial conditions, i.e. a = X(a, 0), which we assume from now on.

The fluid layer depth h is defined as a function of the determinant of the
2 x 2 Jacobian matrix

L B(X,Y)

Xa= d(a, b)

through the relation
h(X, t)| X, = ho(a), (12.18)

where, for the specific labels defined above, ho(a) = h(a, 0) is the initial layer-
depth at t = 0. Differentiation of (12.18) with respect to time and using (12.12)
yields an expression that is equivalent to the continuity equation (12.11). Hence
(12.18) and (12.11) are essentially equivalent statements.

Consider the integral identity

h(x, t) = / (X, t)6(x — X) dX dY

2More precisely, we also have to request that |n| < 1 [169].

3The Lagrangian formulation of fluid dynamics is not to be confused with the Lagrangian vari-
ational principle. The Lagrangian formulation of fluid dynamics, as opposed to the Eulerian
formulation, is based on fluid particles and their velocities as dependent variables, while the
Lagrangian variational principle is complementary to the Hamiltonian formalism and provides
a way to derive conservative equations of motion.
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defining the layer-depth h at time t and Eulerian position x. Here § denotes the
Dirac delta function. Using dX dY = |X;| dadb and (12.18), we can pull this
integral back to label space, arriving at the relation

h(x, t) = /ho(a)é(x—X(a, t)) da db, (12.19)

which can be taken as the definition of the layer depth in a Lagrangian description
of fluid mechanics.
The SWEs (12.10)—(12.11) are now reformulated to

% = fodout — c2Vxh, (12.20)
%—): =u, (12.21)

where h is defined by (12.18) or (12.19). Note that the material time derivative
was replaced by the partial derivative with respect to time. This reflects the fact
that the material time derivative becomes a partial derivative in a Lagrangian
formulation of fluid dynamics, where time t and labels a € A are now the inde-
pendent variables. Next we introduce the canonical momenta

p = hou,

and the equations (12.20)—(12.21) become canonical with Hamiltonian

_l/pp g /
H= > e dadb + > hohdadb
and symplectic two-form
hof;
@ ::/( OzodX/\Jng—l—dp/\dX) dadb. (12.22)

12.1.4 Noncanonical Hamiltonian wave equations

We have already encountered in Chapter 8 the rigid body as an example of a
noncanonical Hamiltonian system of the general form

iz = J(z)V,H(z).

dt
For PDEs, this generalizes to
ur = J (U)o, H.

Here J(u) is a linear (in general, differential) operator, called the Poisson oper-
ator, that has to satisfy certain properties similar to those for the matrix J(z)
[139].
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A well-known example is provided by the Korteweg—de Vries (KdV) equation
[53]

Ur 4+ Uly + Uyxxx = O. (12.23)

Here the operator J is equal to

0

="

and the Hamiltonian functional is given by

e [ L L) o

We can also introduce a noncanonical Poisson bracket
{}—’ g} = - /(5u—7:)ax(6ug) dx,

and the skew-symmetry of {F, G} follows upon integration by parts. Similar to
the rigid body, the Poisson operator J is not invertible and this gives rise to the
Casimir function

Clu] = /udx.
Indeed, it is easy to verify that
d

dtC {C,H} =0,
along solutions of the KdV equation.

Inviscid fluid dynamics leads to Eulerian equations of motion that are also
noncanonical. However, compared with KdV, the situation is made more com-
plicated by the fact that the Poisson operator 7 is now no longer constant and
independent of the dynamical variables. In fact, one can draw an analogy be-
tween two-dimensional incompressible fluid dynamics and an infinite-dimensional
version of rigid body dynamics. See the review article by MoRrrison [139] for
further details.

12.2 Symplectic discretizations

The basic idea of symplectic discretization methods for Hamiltonian PDEs con-
sists of two steps:

(i) A spatial truncation that reduces the PDE to a system of Hamiltonian ODEs.
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(i) Timestepping of the finite-dimensional Hamiltonian ODE using an appropri-
ate symplectic method.

The crucial new step is the construction of a finite-dimensional ODE model that
retains the Hamiltonian character of the given PDE. The most popular approach
is based on the introduction of a spatial grid over which the equations of motion
can be truncated. Another approach, particularly well suited for Lagrangian fluid
dynamics, reduces the PDE to a set of moving particles interacting through an
appropriate potential energy function. Both approaches will be described below.

Finally we give a note of warning. Certain noncanonical Hamiltonian PDEs
resist a spatial truncation to a finite-dimensional Hamiltonian system. This is
true in particular for the Eulerian formulation of inviscid fluid dynamics. The
only significant exception is provided by incompressible fluids on a plane with
double periodic boundary conditions. See ZEITLIN [208] and McLACHLAN [128] for
a numerical implementation.

12.2.1 Grid-based methods

Consider the nonlinear wave equation (12.1). The first step towards a numerical
algorithm is to introduce N grid points x; = iAx, Ax = L/N, i =1,..., N,
and to approximate functions u € S by vectors u = (u1, Uo, ..., uN)T € RN
with u(x;) ~ uj. We define ujyn = uj, reflecting the fact that periodic boundary
conditions are imposed. The new state space is z = {z;} € R?N, z; = (u;, v;)" €
R?. The symplectic form (12.2) is naturally truncated to

N
=2 duiAdvidx =7 Zdz,AJ2 dz; Ax,
i=1 i=1

and the Hamiltonian functional (12.3) is approximated by the sum
N

=1
Hence, we obtain the system of Hamiltonian ODEs

d 1 .
EZ' = AXJQVZIH(Z), i=1,..., N.

Note that

v +o <A)L:'_1) + f(u,-)} Ax.

: 1
lim A—VUH — 0yH[u, v] and AI)l(n_w>O A—XV,,H — 0H[u, v],

Ax—0

and the spatially discrete equations formally converge to the PDE limit (12.4).
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For the specific Hamiltonian, as given above, the finite-dimensional truncation
becomes

d  d(wu)-d(w)

= . — '(u), (12.24)
d

Zui=v, (12.25)

r=1,..., N, with

_ Uiy1 — U U=
Wil = T A Wit A

The equations of motion can be integrated in time using any canonical method
such as a symplectic Euler method, for example,

"(wly) —ao'(w]")

o
n+1 _ .,n 1(,,n
vt = v 4 At A —f'(uM) |,
utt =yl Aty
where
n n n n
n_ Ui — U4 n _ U1 — U
Wi = ——F—, Wit, = —F7—
Ax Ax

See McLACHLAN [129] for further details on this classical approach to the numer-
ical solution of Hamiltonian PDEs.

This might appear to be the end of the story. However, the interpretation
of the wave equation (12.1) as an infinite-dimensional Hamiltonian system has
masked some of the interesting local features of the PDE. For example, let
us have another look at the Hamiltonian functional H[u, v]. We can write this
functional as

Hlu, v]—/OL E(u,v)dx, E(u, v):%vz—l—o(ux)—i—f(u).

The function E is called the energy density. Let us compute the time derivative
of E

E: = vvi + 0 (ux)uxe + F(u)ug
= v [0x0'(ux) — f'(u)] + o' (ux) vy + F'(u)v

= [vo'(uy)]x-
We have obtained what is called an energy conservation law

E:+F,=0, (12.26)
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where F = —vo'(uy) is called the energy flux. Under periodic boundary con-
ditions, the conservation law (12.26) immediately implies conservation of total
energy since fOL Fx = [FIXZ5 = 0. But the energy conservation law (12.26) is
valid independently of any boundary conditions. Hence it is more fundamental
than conservation of total energy.

Let us repeat the above calculation for the spatially truncated system (12.24)—
(12.25). We define the discrete energy density

1
Ei=vZ+o(w)+ f(u),

2
and find:
de + o’(w')iui Ui + ' (u;) G
dt ] Vi 1 AX ] 1
o Wi) =o' w) Vi Vi
- Vi AX + o (WI) AX
_ vio'(Wiy1) — o' (Wi)via
Ax
_ Fiyip=Ficp
N Ax ’
where
Fit10 = —Vio'(Wiz1),  Fi_1p = —vi—10'(w)).

Hence we have obtained a semi-discrete energy conservation law

iE,- N Fiv12 — Fic1/2

dt Ax =0

and Fj1q/, are approximations to the energy flux F(u(x)) at x = iAx &+ Ax/2.
Again this local energy conservation law is more fundamental than conservation
of total energy H. Applying a symplectic integration method in time, we can now
monitor the residual,

n+1/2 n+1/2
RIT1/2 . EMtt —EN . Fivip — Fizip (12.27)
! ' At Ax ' '
of a fully discretized local energy conservation law with
1
Ef = 5(\/,-”)2 +o(w) + f(uf),
and
1
1/2
I = 5 [0/ Gut) + 1o ]
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etc. Similar to the non-conservation of total energy under symplectic time inte-
gration, we cannot, in general, expect the residual R?H/z to be zero. But a formal
backward error analysis has been developed by MOORE AND REICH [137, 138] to
explain the remarkable global and local energy conservation of symplectic PDE
discretizations observed, for example, in [162].

One can also derive methods that exactly conserve energy. See, for example,

[96] and [115]. Such methods will, in general, not be symplectic.

Example 2 et us discuss the sine-Gordon equation
Ut = Uxx — Sin(u).

The energy density is

1
E= 5((%)2 + (uy)?) + (1 — cos u),
and the energy flux is
F = —usuy.

The spatial discretization (12.24)—(12.25) followed by a symplectic Euler discretiza-
tion in time yields

n n o _ N n+1 n
Vi Vi Wi m W up Ty

YA i LU0 iy vl A By v Y
(12.28)
The semi-discretized energy conservation law is
d |1 —ViWjp1 + Vi_1w,;
s E(v,2 +w?) + (1 —cos(u;))} + { ! H-lAX =0 =0, (12.29)

Note that, upon eliminating w” and v/, the method (12.28) is equivalent to the
classical centered leap-frog scheme

n+1 n n—1 n _ n n
Ut =20 U, 20,
5 = 5 —sin(ul).
At Ax O

We will come back to the local aspects of Hamiltonian PDEs and their numeri-
cal counterparts in Section 12.3. Numerical results will be presented in Section
12.3.4.

Let us briefly discuss a spatial discretization for the KdV equation (12.23).
The Hamiltonian is easily discretized to
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The spatial truncation of the Poisson operator J is potentially more challenging.
However, for KdV, any skew symmetric approximation of the differential operator
J = 0Oy is sufficient and will lead to a finite-dimensional Hamiltonian system.
This Hamiltonian ODE can be integrated in time by a symplectic integrator.
Symplectic methods based on splitting the Hamiltonian into integrable problems
are available. See, for example, QUISPEL AND MCLACHLAN [132] and ASCHER AND
MCcLACHLAN [9].

12.2.2 Particle-based methods

Standard grid-based methods are, in general, not applicable to Lagrangian fluid
dynamics. This is due to the ill-conditioning of the map from an initial grid (labels)
{Xij(0) = a;}, a;j = (iAx,jAy) to the advected particle positions {Xj;(t)}.
Since this map determines the layer-depth approximation in a standard mesh-
based Lagrangian method via a discrete approximation of (12.18), the quality of
the simulation results is usually rather poor and instabilities are observed.

On the other hand, general grid-based methods are very easy to implement
for an Eulerian formulation of fluid dynamics. See DURRAN [55] for an overview
of such methods. However, none of these methods respects the Hamiltonian
nature of the inviscid equations of motion. This is due to the already mentioned
difficulty of finding a spatial truncation of the underlying noncanonical formulation
of Eulerian fluid dynamics.

All these problems disappear if we give up the grid and work with the
Lagrangian instead of the reduced Eulerian formulation of inviscid fluid dynamics.
The resulting so-called mesh-free methods are based on an approximation of the
layer-depth h via the identity (12.19). The most well-known mesh-free method for
Lagrangian fluid dynamics simulations is the Smoothed Particle Hydrodynamics
(SPH) method of Lucy [120] and GINGOLD AND MONAGHAN [71]. Many different
variants of the basic SPH method have been proposed over the years. The first
application of SPH to the shallow-water equations is due to SALMON [168]. We
follow here the general framework of FRANK AND REICH [64].

Any spatial discretization will lead to a finite spatial resolution. For grid-based
methods that resolution is directly related to the mesh-size Ax. For a mesh-free
method, we have to instead introduce a smoothing or filter length ¢ > 0. Any
fluid motion below that length scale will not be properly resolved. Hence we may
replace the SWEs (12.20)—(12.21) by the ‘regularized /smoothed’ formulation

3]
el = fodotr - c3Vx(Ax h), (12.30)
9 x _ u, (12.31)

ot
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where the convolution A x h is defined in terms of a smooth kernel function
W¥(x,y) > 0 satisfying

e Y(x,y)=1vY(y, x) (symmetry),

e [(x,y)dxdy =1 (conservation of mass),

e Y(x,y)=¢(|x —y|) (radial symmetry).

More explicitly, we have
(A h)(x. 1) = / (d)(x,)_() / ho(2) 5(% — X(a, 1)) dadb> d% dy
_ / ho(a) </¢(x, X)6(% — X(a, t)) dx dy) dadb
_ /ho(a)w(x,X(a, t)) dadb.
A kernel often used in the SPH method is the Gaussian

1 2 2
Cy) — —llx=ylI2/
w(xiyra) - 7r3/2ae =y @ ]

where a > 0 is the smoothing length scale.

To set up the numerical method, we introduce a mesh in label space with
equally spaced grid points {a;;} and mesh-size Aa = Ab. The grid points are
enumerated by integers k =1, ..., N, which serve as discrete labels, so the map
s (i,j) — kis one-to-one. The particle positions at time t are denoted by X (t)
and initially Xx(0) = a;;. Each particle has a “mass” my = ho(aj;) and a velocity
uk(t) € R?. The layer depth at X, (t) is then approximated by

() =Y m(Xi(t), Xi(t)) Aalb.
I
Similarly, any integral of the form

/:/ho(a) w(X(a)) dadb
is approximated by

I~ mewi Aalb, wie = w(Xy).
k

From here on we can follow exactly the same approach as outlined for the
symplectic discretization of grid-based methods. The Hamiltonian functional

1 : 2
H:—/p pdadb+c—0/ho(A*h)dadb
>/ hy 2
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is approximated by the Hamiltonian

1 (N1 N
H=- | Y. —lpelP+ a5 D mem9(Xee, X)) Aalb | Aab,
2\ = e Ki=1

px = Miuy, and (12.22) is replaced by the symplectic form

N
f
oy =Y (m; SdX A J2dXi + dpi A ka> Aalb.
k=1

The resulting equations of motion are

d N
Uk = fodauy — G > mVxY(Xie, X)),
=1
d
— X, =
g Sk = Uk
k=1,..., N, where we have made use of the symmetry of 9(x, y) as well as

pk/mk = U, = %Xk, and defined
my = My AalAb.

Note that the mesh {a;;} is only needed at time t = 0 to give each particle
X an initial position and velocity and to allocate a mass my.

The behavior of the particle method depends crucially on a proper choice
of the kernel . The classical SPH method uses a radially symmetric kernel of
the form ¥(x,y) = ¢(|lx — y||), with ¢(r), for example, a Gaussian or a spline
function.

In [63], FRANK, GOTTWALD, AND REICH dropped the radial symmetry condition
and adopted the following somewhat different strategy called the Hamiltonian
Particle-Mesh (HPM) method. Following the standard particle-mesh procedure
[21, 85], one defines a computational grid {xmn}, Xmn = (MAx, nAy), with, for
simplicity, Ax = Ay. The choice Ax = 4Aa seems to work well in practice.
This implies that, initially, there are 16 particles per computational grid cell. We
introduce the interpolation function

1 Ix — Xkl |Y—Yk|)
$x =X = oo (Pt ) o (P )

where p(r) is given by the cubic spline

2-r24+1r8r<1
p(r)=9i2-r3 1<r<i.
0, r>2
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We define the scaling factor

¥ = /d)(x) dx dy
and approximate the layer-depth A" at a grid point xm,, by

m
OEDY 7k Gmn( X (1)) Dalb,  dmn(X) == (Xmn — X).
k
Let S = {5[’,7},”} denote the representation of a spatial averaging operator S over
the given grid {x,,}.# Since the cubic splines form a partition of unity on the
grid, i.e.

Z ¢mn(X) =1,

we can define a continuous approximation of a smoothed/averaged layer-depth
in space by means of

(Axh) (x, ) = Y $pq(x) Shi H™"(2),

pg.mn

and the kernel function 4, as used in the HPM method, is finally given by

W(x.y) :% 5™ Gon(x) STbpa(y) (12.32)

pg.mn

Note that

/U)(Xv)_() dxdy = z Spq Ppq(X) = Z‘bpq()_() =1,
mn,pq pq
and the constructed basis function is symmetric and satisfies conservation of
mass.

It is found that the inverse of the modified Helmholtz operator H = 1 — a2V2
computed over the grid {xm,} using FFT provides a good choice for the matrix
operator S. The smoothing length a is typically chosen between o = 2Ax and
a = 4Ax. We assume that a is shorter than the Rossby deformation radius L.
Hence the matrix operator S will filter out high-frequency waves but will leave
the balanced geostrophic layer-depth (12.17) essentially unaffected.

Note that the mesh has only been introduced to efficiently compute the kernel
function (12.32).

The geometric conservation properties of the particle method, including con-
servation of circulation and potential vorticity, have been discussed in [64] and
[32].

4The approximation S should be symmetric and qu Spy =1
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PV field at time t=0 PV field at time t =20

PV field at time t = 40 PV field at time t = 60

Figure 12.1 Time evolution of PV field under merger of two vortices.

As a simple demonstration we consider the merger of two vortices with pa-
rameters fy = ¢g = Lr = 1. The initial velocity field is set equal to u9 with
an initial layer-depth h such that the Rossby number satisfies Ro ~ 0.1 and
L ~ Lg, i.e. Bu = 1. This setting complies with quasi-geostrophic theory. We
show snapshots of the time evolution of the PV field g over 60 time units in
Fig. 12.1. In Fig. 12.2 we demonstrate the excellent conservation of total energy
and maintenance of geostrophic balance by monitoring the ratio of the L>-norm
of the ageostrophic velocity u?9 := u — u9 to the Lr-norm of the geostrophic
wind approximation u9

o)z
[us(e)]l2

Note that R(t) = 0 at t = 0. The simulation was run with N = 262144 particles,
Ax = 21/128 and a smoothing length a = 2Ax.

One can apply the Hamiltonian particle-mesh method to the shallow-water
equations on the sphere which provides a simple model for global atmospheric
circulation [65]. Furthermore, the Hamiltonian particle-mesh method can be ex-
tended to fully three-dimensional flows. The basic approach and its relation to

R(t) :
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02 ratio of ageostrophic to geostrophic velocity

1 X 1070 relative error in total energy

time

Figure 12.2 Ratio R(t) of ageostrophic to geostrophic velocity contribu-
tions and relative error in energy.

geostrophic and hydrostatic balance have been outlined by COTTER AND REICH
[47].

12.3 Multi-symplectic PDEs

When we derived the Hamiltonian formulation of the wave equation (12.1), the
PDE (12.1) was rewritten as a system of equations with only first-order deriva-
tives in time. Let us now rewrite (12.1) as a system of equations containing only
first-order derivatives in space and time. We obtain, for example,

—ve — px = f'(v),
ug = v,
Uy = W,
0=p+a(w).

As first noted by BRIDGES [31, 30], this system is of the general from

Kz + Lz, = V,5(2), (12.33)
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where z € R? is the state variable, K, L € RY*? are two (constant) skew-
symmetric matrices, S : R? — R is a smooth function, and V, is the standard
gradient in RY.

Example 3 In case of the nonlinear wave equation (12.1), we can take z =
(u,v,p,w)" er?

S(2) = 22 wp + o(w) + f(u),

2
and
0 -1 0 O 0O 0 -1 0
1 0 0 0 0O 0 0 O
K= 0O 0 0 O L= 1 0 0 O
0O 0 0 O 0O 0 0 O

O

According to BRIDGES [31, 30], a PDE of the form (12.33) is now called a multi-
symplectic PDE for the following reason. With each of the two skew-symmetric
matrices we identify a pre-symplectic form;® i.e.

w:%dz/\Kdz, ﬂ:%dz/\Ldz.
These pre-symplectic forms satisfy a conservation law of symplecticness

wt + kx = 0. (12.34)
Indeed, the variational equation

Kdz: + Ldz, = A(x, t)dz, A(x, t) = Sz (z(x, t)),
implies

dzNKdzy +dz A\ Ldz, = dz N A(x, t)dz,

and, since dz A A(x, t)dz=10

1 1
Eﬁt(dz VAN KdZ) + EGX(dZ AN LC/Z) =0.

Note that
d _ d L L L
Y= E/o de:/O wrdx = — [k]x—5 =0,

5The skew-symmetric matrices K and L are, in general, singular and, hence, do not define a
symplectic structure on RY. This situation is somewhat similar to the Lie—Poisson formulation
of rigid bodies.
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and conservation of the total symplectic form (12.2) is a consequence of the
conservation law of symplecticness (12.34).

The Lagrangian formulation (12.20)—(12.21) of the shallow-water equations
can also be rewritten as a multi-symplectic PDE of the form

Kzt + L1z, + Loz, = V,5(2),

where K, L1, L, are again constant skew-symmetric matrices associated with the
independent variables time t and labels a = (a, b)". The details can be found
in [32]. As shown above for the nonlinear wave equation, the associated multi-
symplectic conservation law is of the form

Otw + 03Kk1 + Opko = 0, (12.35)

where

hofo
2

1
wzidz/\Kdz: dX ANdhdX +dpAdX

is the density of the symplectic form (12.22).

12.3.1 Conservation laws

Every multi-symplectic formulation (12.33) implies conservation laws of energy,
momentum, and symplecticness [31, 30]. To derive those explicitly, let us intro-
duce a decomposition of the two skew-symmetric matrices K and L such that

K=K, +K_. and L=L,+1L_,
with
Kl =-K_ and L] =-L_.
A decomposition of this form immediately implies that
dzANKydz=dzNK_dz and dzALidz=dzAL_dz,
hence, the conservation law (12.34) holds with
w=dzANKidz and kK=dzALidz.

An energy conservation law (12.26) is obtained by taking the inner product of
(12.33) and z;. Since (z;, Kz;) = 0, we obtain

<Zty LZX> = <zt- VZS(Z)> = atS(Z).
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Note that

<Ztv sz> <Ztv L+Zx> <Ztv L—ZX>

=(zt, L1 z) — (2, Ly zt)
= 6X<Zt, L+Z> — 8t<ZX, L+Z>,

and the energy conservation law (12.26) is satisfied by
E=5(z)+(z«,.L+z) and F = —(z:, L;2z). (12.36)
Similarly, taking the inner product with z,, the momentum conservation law
O+tM + 0«1 =0, (12.37)
is satisfied by

M=—(z., Kyz) and [=5(z)+ (z:, Kiz).

Example 4 In case of the multi-symplectic formulation of the nonlinear wave equa-
tion (12.1), we can take a decomposition of the matrices K and L defined by

0 -1 0 0 00 -1 0
0 0 0 0 00 0 0
Ki=1lo 0 o0 o @ Li=1g 0 0o o
0 0 0 0 00 0 0

The conservation law of symplecticness becomes
O¢[du A dv] + Ox[du A dp] = 0.

It is also easy to show that (12.26) is satisfied with

1 1
E= 2v +o(w)+f(u) = —ut +o(uy) + f(u) and F=vp=—uo'(uy).

Similarly, the momentum conservation law (12.37) is satisfied for
M= wv = usu;

and

1
—uf + f(u).

3v2+f(U):0(ux)*U/(ux)”X* 2 D

/:U(W)+DW*2

An additional conservation law is obtained from the restriction of the multi-
symplectic conservation law (12.34) to the space of solutions z(x, t) via

dz =z dt + z, dx.
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Hence
w), =dzANKdz=2(z;, Kz)dt Ndx, Kk, =dzALdz=2(z, Lz)dt A dx,
and (12.34) reduces to
0t(zt, Kzy) + Ox(zt, Lzy) = 0.
If one applies a similar restriction
dz=2z,da+ z,db

to the multi-symplectic conservation law (12.35) of the shallow-water equations,
then one finds that

— 1 _ 2 _
W, =q, Ki; = Kj; =0,

and the restricted multi-symplectic conservation law is equivalent to conservation
of potential vorticity, i.e. g¢ = 0 in the Lagrangian setting [32].

12.3.2 Traveling waves and dispersion

Traveling wave or soliton solutions are very easy to characterize once a multi-
symplectic formulation has been found. We make the ansatz

z(x, t) = ¢(x — ct) = @(¢).
Then the equation (12.33) becomes

—cKoe + Lp: = VS(9).

If we assume that the skew-symmetric matrix L — cK is invertible, then we obtain
the Hamiltonian ODE

d
dé

in the state variable ¢ € R" and with Hamiltonian S. It should be noted that
the symplectic structure matrix J. is a superposition of the temporal and spatial
pre-symplectic structures w and k, respectively.

As an example, let us consider the KdV equation (12.23). We introduce the
velocity potential ¥ with 1, = u and obtain

&= J-VpS(P), Je=[L—cK]?,

1
,let + Eax('lpx)2 + 'lpxxxx = 0
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It should be kept in mind that 4 is only uniquely determined up to a constant. To
remove this ambiguity we apply the normalization [ 9 dx = 0. A multi-symplectic
formulation of type (12.33) is provided by

Us 4 px = 0, (12.38)
—Pr — 2wy = —p + U, (12.39)
2uy = 2w, (12.40)

— Py = —u, (12.41)

z= (¢, u,w,p) and

1
S=_u*+w?—pu.
3
If we look for soliton solutions with wave speed ¢, then the associated structure
matrix J. is given by

0O —-c 0 1

yi_|c 0 =20
c 1o 2 0 0
-1 0 0 0

The equilibrium solutions are given by V,S(z) = 0 and, hence, u = w = p =
0. Since the value of ¥ does not enter the equations, we set it to ¥ = 0 in
accordance with our normalization condition [ 9 dx = 0. Hence there is only one
equilibrium and a soliton solution must correspond to a homoclinic connection.
Indeed, such a homoclinic orbit exists for any ¢ > 0 and the soliton solutions
with wave speed ¢ > 0 are of the form

u(x, t) = 3c sech? (%\/E(x - Ct)) .

As in the analysis of Section 5.1.1, for linear PDEs we can make the (har-
monic) wave ansatz
z(x, t) = p(x — ct) = ae/x—wt),

where a € C? is a constant vector, k > 0 is the wave number, w is the frequency®
of the wave with wave speed ¢ = w/k, and j = v/—1. Upon substituting this into
a linear multi-symplectic PDE

Kz + Lz, = Az,
one obtains the linear system of equations
JwK — jkL + Ala=0.

50ne should not confuse the frequency w with the two form w defined earlier.
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For a nontrivial solution a # 0, we must require that
det jwK — jkL + A] = 0. (12.42)

The resulting polynomial expression in w and k is called the dispersion relation
[201]. Consider, for example, the linear KdV equation

Ur + Uy + Uxxx = 0,

which possesses a multi-symplectic structure identical to the nonlinear KdV equa-
tion (12.23), but with the Hamiltonian S replaced by

S=u’+w?—pu.
The associated linear system of equations is
0 Jw 0 —Jjk ay
—jw 2 2jk -1 ay
0 —2jk 2 0 aw
Jk -1 0 0 ap
which gives rise to the dispersion relation
0 Jw 0 —Jjk
—jw 2 2jk  —1
0 —2jk 2 0
Jk -1 0 0

det = dwk — 4k®> + 4k* = 0.

The more common form of this relation is w = k — k3.

12.3.3 Multi-symplectic integrators

In this section, we discuss numerical schemes that preserve a discrete version of
the conservation law of symplecticness. Such schemes are called multi-symplectic.
The idea is to apply symplectic discretization methods in space and in time. This
is in contrast to the numerical approach outlined in Section 12.2 where only the
time discretization was explicitly treated by a symplectic method. In other words,
multi-symplectic methods treat space and time on equal footing.

Here and throughout the remainder of the chapter, we use the notation z/
to denote a numerical approximation of z(x;, t,), where x; makes reference to a
particular point on the spatial mesh and t, refers to a specific point in time. We
also define Ax = xjy1 — X; and At = t,4+1 — t, and assume that both quanti-
ties are constant throughout the mesh. Then using both forward and backward
differences, we define discrete approximations to z, by

n n n n
+.on._Zit1 74 —n._ 4 —Z_1
oz =4 T gnd gy z = SimL

Ax Ax
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and discrete approximations to z; by

7M1 _ on zh — zn—1

oz = L — Y L oand 07z =L —l— Atl

We have seen that the multi-symplectic formulation (12.33) provides a pre-
symplectic form for each of the independent variables x and t. BRIDGES AND REICH
[33] suggested to apply a symplectic discretization to each of the independent
variables. We now give two specific examples for this approach.

Euler box scheme
Given a Hamiltonian ODE, written as
Kz: =V,H(z), K=J1
consider the scheme
K 0 z"+ K_8; 2" = V,H(z"), (12.43)

where K = K4 4+ K_ is an appropriate decomposition in the sense discussed in
Section 12.3.1.

As suggested by MOORE AND REICH [137], the discretization (12.43) can also
be applied to the spatial part of a multi-symplectic PDE (12.33). This yields the
semi-discretization

KO:zi + L+a;_2,' +L_ 0,z = V,5(z). (12.44)
We next discretize in time to obtain the fully discrete equations
K0z + K 87z + L 8z + L 8,z =V,S(z").

In order to show that this discretization satisfies a discrete conservation law
of symplecticness, consider the discrete variational equation

K. 0fdz"+ K_0;dz" + L 8}dz"+ L_8,dz" = S,,(z")dz".
Now take the wedge product of this equation with dz’, and notice that we have
dzj' A S;;(z)dz]' =0,

because S,,(z") is a symmetric matrix. Then, for the terms containing 8;'[, we
obtain

dz! N K Bf dzf + dzf A K_0; dzf = 0] (dz/ ' A K. dzl).
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Doing the same for the terms containing 8, we derive a discrete conservation
law

O wl+ 8kl =0, (12.45)
for

w'=dz" ' ANKydz! and K] =dz" ALidz.

Example 5 The sine-Gordon equation can be rewritten as a multi-symplectic PDE
—ve —px=sin(u), ur=v, Ux=—p.
Spatial discretization by a method (12.43) yields

. d Ui — Uj—1
=sin(y;), —ui=v, ———=-—p;

d L PP
dt Ax

S dt! Ax
or, equivalently

d U1 — 2u; + Uj—1
_EV/ + AX

The same spatial truncation is obtained from the truncated Hamiltonian

_ 1o 1 us1—u 2 _
H—z[:l2(v,)+2< Ax >+(1 cos u;)

and the Hamiltonian equations of motion

d
dt
Another application of the discretization (12.43) in time yields the method
(12.28). O

. d
= sin(u;), Eu/ = .

Ax

d
—Uu = AX*IVV, H.

v = fAX*IVu, H, a7

Let us now go back to the spatially discretized PDE (12.44). Taking the inner
product with 0;z; yields

(8r2;, L 8} z}) + (8r2;, L_08 zi) = 8:S(z),
because (0:zj, V;5(z;)) = 0:S(z;). Next we note that
OtE; = 0:S(z;) + 0¢(05 zi, L+ 2))
= (8tz;, L 8} z) + (Brz, L_0Oy zj) + 8 (05 z;, L. z;)
= (0¢z;, L4 8} z}) + (0:05 zi, L1 Z,)
= a;r (0rzi—1, LyZz).
Hence, the spatially discrete energy conservation law
OtEi + 05 Fipr1o=0 (12.46)
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is obtained for the discrete energy density
Ei = S(Z,‘) + <8;Z,‘, L+Z,'>,

and the energy flux
Fiy1/2 = —(0¢zi, Ly ziy1).

Now consider the momentum conservation law (12.37). A semi-discretized
version of this law can be obtained in the same manner as the spatially discretized
version of the energy conservation law by simply exchanging the roles of space
and time. Hence, we formally discretized (12.33) in time using (12.43) and take
the inner product with 0,z" to get the semi-discretized momentum conservation
law

af M2 1 5,0" =0, (12.47)
where
M2 = —(8,2" K 2™ and 1" = S(2") + (872", K, Z2").

See [137] for further details on the energy-momentum conservation of the fully
discretized equations using modified equation analysis.

Example 6 The semi-discretized energy conservation law for the Euler box scheme
applied to the sine-Gordon equation is given by (12.29). Let us also derive the semi-
discretized momentum conservation law. We formally introduce a symplectic Euler
time-discretization of the multi-symplectic sine-Gordon equation

—8fv" —pf =sin(u"), G u"=Vv", ul=-p"
Taking the appropriate inner product and rearranging terms we obtain

—ulOF v+ v u" = (1 —cos(u™) 4+ (V1) /2 — (p")?/2) .
The left-hand side is equivalent to
—ufOF V" + v e U = =8 (ufv") + (v U = =67 (ulv™) + Bk (VT2
Hence the semi-discretized momentum conservation law is given by

8 (p"v") — 8 (1 — cos(u") — (v"*1)?/2 — (p")?/2) = 0. (12.48)
O

Preissman box scheme

The Preissman box scheme can be viewed as the space-time version of the implicit
midpoint scheme for ODEs and is widely used in hydraulics [1]. The scheme,
applied to a multi-symplectic PDE, is given by

KO 200 + LG 27 = V,S(20 1), (12.49)
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where we use the notation

1 1
+1/2 _
zZ"Y =5 (z + z”+1> Zhp =75 (2" +2\1),
and
1
+1/2 1 1
= L (e )

Example 7 The implicit midpoint method in space applied to the sine-Gordon equa-
tion results in

_dVvintVvi pia—pi .in (Ui+1 + U/>

dt 2 Ax 2
d Ui+ U Vip t
dt 2 2
Ul — Ui Pitr + P
Ax 2 '

Note that this discretization is different from a midpoint discretization of the Hamil-
tonian

Vigr + Vi 1 Uiy —u; 2 Uig1 + Uj
1 ! 1 1 1 1
H= E [ < ) +§(—Ax ) +<1—cos<72 >> Ax
and associated Hamiltonian equations of motion
d _ d _
Vi = —bx 'V, H, Tt = Dx 'V, H. .

It was shown by BRIDGES AND REICH [33] that the scheme (12.49) satisfies a
discrete conservation law of symplecticness (12.45) with

1 1
w! = Edzﬂrl/z ANKdzl,,, and K] = —dz,”H/2 A Ldzf+1/2_

Similar to the Euler box scheme, a semi-discretized energy conservation law
of type (12.46) can be derived for the spatially discretized system

Ko:zii10 + LOS 2 = V,5(2i41)2). (12.50)
In particular, taking the inner product with 8;z;, />, we obtain
<3t2/+1/2, Laj2i> = at5(2/+1/2)-

which, after a few formal manipulations, leads to the spatially discrete energy
conservation law

8tE,'+1/2 —I—é‘jl—_, =0
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with

Eiv1o = S(zit10) + (0521 Liziy1)0),
and

Fi=—(6tzi, L+z;).

Upon applying the implicit midpoint method to (12.50) in time, the Preissman box
scheme is obtained and one can consider the fully discretized energy conservation
law

8#E{’+1/2 + 6X+/_—I_n+1/2 _ Rn+1/2

i+1/2 "
The residual R?:ll/f will be non-zero, in general. However, for a linear multi-
symplectic PDE
Kz + Lz, = Az, (12.51)

A a (constant) symmetric matrix, the residual is identically equal to zero and
O Elyfp+OFFT2 =0,

along numerical solutions {z}, where
El1yo = (210 AZliy o) + (0020 L2l g o),

and

/_—I_n+1/2 _ —@EFZ/nv L+z,-"+1/2).

A semi-discretized momentum conservation law is derived in a similar manner
by switching the roles of space and time. Thus the semi-discrete conservation
law

BF MM + 8,1m1/2 = g
is obtained, where
M" = —(8,2", K+ z"),
and
1412 = 522 4 (aF 2", Ky 2L/,

Again, the Preissman box scheme applied to a linear PDE (12.51) yields a fully
discretized momentum conservation law

Of M\ 10 + 3j/?+1/2 =0,

that is exactly satisfied by the numerical solutions {z}.
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See [33, 138] for more details on the energy and momentum conservation
properties of the Preissman box scheme. The Preissman box scheme has been
successfully applied to the KdV equation and the nonlinear Schrodinger equation
(see, for example [209, 92]). A generalization to higher-order Gauss—Legendre
RK methods has been given by REICH in [162].

Example 8 A Preissman box scheme discretization of the multi-symplectic formula-
tion (12.38)—(12.41) of the KdV equation results in

O ufy 1+ o p™H2 = 0,

+1/2 +1/2 +1/2
_6?¢7+1/2 — 205w} /2= _p7+1//2 + (Uf+1//2 )2,
+ n+1/2 n+1/2
207 u; =2W 1 /5
+1/2 +1/2
—05 ¢} = _“fn+1/2 :

We assume that initially 87 u? = Wg_l/2 and 87 ¢° = U,Q+1/2- Upon collecting all

approximations u?” at time-level t, into a vector u” = {u} etc. and upon introducing
two appropriate matrices A and D, we can rewrite the scheme as

a:—Aun + Dpr7+l/2 _ 0’
_6?—A¢n _ 2DWH+1/2 — _Apn+l/2 + (Al.ln+1/2) " (Au”+1/2),
Du" = Aw",
D¢" = Au",
where ¢ = a* b denotes the component-wise vector product. Note that the averaging
operator A and the differentiation operator D commute. We also assume that A is
invertible. Hence we can eliminate ¢”, p” and w” from the system and obtain the
timestepping scheme
Aun+1 — Au"
At

Finally, introduce the variable " = Au”", then

1
+5A7D [(Au™172) 5 (Au"+1/2)] + (A D) A2 0,

Ijn+l _ ljn

At %A_ID [(L—In+1/2) “ (ﬁn+1/2)} +(ATIDRaE"Y? = 0,

See [161] for a similar approach to the shallow-water Boussinesq equation. o

Discrete variational methods

The nonlinear wave equation (12.1) can also be derived from a Lagrangian vari-
ational principle. Consider the Lagrangian functional

T L
Llu] = / L(ue, uy, u) dxdt,
t=0 Jx=0



348 HAMILTONIAN PDEs

with the Lagrangian density
1
L(ut. th u) = S0F = 0(ux) = F(u).

Then, using the Lagrangian variational principle, we derive the Euler—Lagrange
equation

BeLy, + OxLy, — Ly = 0. (12.52)

For the particular Lagrangian density given above, the Euler—Lagrange equation
reduces to the nonlinear wave equation (12.1).

The concept of multi-symplectic integration was first proposed in the context
of the Euler—Lagrange equation (12.52) by MARSDEN, PATRICK, AND SHKOLLER
[123] as a generalization of the discrete variational principle to first-order field
theories.

Introduce, for example, the discrete density

L7 = L(&{ uf. 8 uf uf)
and the associated discrete Lagrangian functional

Lluf]=>"> L7 AxAt.
i n

Minimization of this functional along sequences {u} yields the discrete Euler—
Lagrange equations

a;Lajun + a;Lai-un - Luln = 0

See MARSDEN, PATRICK, AND SHKOLLER [123] for details on the underlying discrete
multi-symplectic form formula and a proper differential geometric treatment.

For the nonlinear wave equation (12.1) and the above discrete Lagrangian
density, the discrete variational principle yields the discretization

e T (%) —c (%) "
At? Ax "
which is equivalent to Euler box scheme discretization applied to the nonlinear
wave equation. In fact, the Euler—Lagrange equation (12.52) can be rewritten as
a multi-symplectic PDE

—qt — px = Ly,
ug =V,
Uy = W,
O=qg+Ly,

:P+LW,
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and, hence, the variational and the multi-symplectic approach are complementary
for first-order field theories, i.e. for Lagrangian densities of the form L(u¢, ux, u) =
L(v, w,u).

The discrete variational approach can be generalized to second-order field
theories such as the KdV equation. See, for example, [209].

12.3.4 Numerical dispersion and soliton solutions

We have seen in Section 12.3.2 that linear multi-symplectic PDEs can be dis-
cussed in terms of their dispersion relation. Following the idea of von Neumann
stability analysis [140], a numerical dispersion relation can be defined by making
the ansatz

2 = 2e/(Kxi—Qtn)

where x; = i Ax, t, = nAt, and j = +/—1. It is easy to derive that, for example,
e JQDL/2 _ (JUDE/2 ojKDX/2 4 o—iKAX/2 12
At 5 Zit1/2

2j

= sin(QAt/2) cos(KAx/2) ZI.T'II/;

where we used the “exact” midpoint approximation

+_n —
oN Ziz1/2 =

sn+1/2 [(KXit1/2—=tn11/2)
Ay e

tht12 = (n+1/2) At, X112 = (i+1/2) Ax, which should not be confused with

the approximation z™"%/2

i4+1/2 used in the numerical scheme, i.e.

zl.'fll/; = cos(QAt/2) cos(KAx/2) 2,.':31/22.

If one substitutes these formulas and the corresponding expression for 8 into
the Preissman box scheme, then the following linear system appears

2j 2j B
[A—t tan(QAt/2)K — A tan(KAx/2)L + A} a=0.

This equation leads to the numerical dispersion relation via

2j 2j _
det {A_t tan(QAt/2)K — = tan(KAx/2)L + A] =0.
Upon defining
2
w = —tan(QAt/2) (12.53)

At
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and
k = itan(KAx/Q) (12.54)
- Ax ' '

the numerical dispersion relation turns into the analytic relation (12.42) for k
and w.
The important point is that only wave numbers K with

—T<KAx<T
and frequencies 2 with
—mT<QAt<T

are distinguishable in terms of the associated numerical solution z. Hence
(12.53)—(12.54) can be uniquely solved for (K, Q) in terms of Atw and Axk,
respectively. In other words, the numerical discretization does not introduce any
spurious modes. This is a desirable property of the multi-symplectic Preissman
box scheme [9, 136].

One should, however, keep in mind that multi-symplectic methods can be
subject to resonance instabilities very much like those discussed for large time
step (LTS) methods in Chapter 10. The concept of a Krein signature has been
generalized to multi-symplectic PDEs by BRIDGES in [30] and has been used to
classify instabilities. The same concept could be used to study numerical-induced
resonance instabilities similar to what has been outlined in Chapter 10.

We finally conduct a numerical experiment for the sine-Gordon equation over
a periodic domain x € (—L/2,L/2], L =60, and initial data

Uo(x) = 4tan™! (e(xL/4)/ 1c2> 1 4tan—! (e(xL/4)/m> |

and
( ) —4c elx=L/4)/y/1-c? al=x=L/4)/\/1=c?
Vol X) = —
© VI—C? |14 e20-L/9/V/1- 1 1 e2-x—L/4)/\/1-c? |

¢ = 0.5. The solution consists of a pair of kink solitons moving with speed
¢ = 0.5 in opposite directions which, due to the periodicity of the domain, meet
at x=0and x =L/2.

We use the Euler box scheme and set the spatial mesh-size to Ax = 0.0187
and the timestep to At = 0.01. In Figs. 12.3 and 12.4, we plot the numeri-
cal errors in the local energy and momentum conservation laws under a soliton
collision near t = 100 and x = 0. These errors are defined in terms of fully dis-
cretized formulations of the semi-discrete conservation laws (12.29) and (12.48),
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Figure 12.3 Numerical residual in the energy conservation law.

for example we use formula (12.27) for the energy conservation law. One can
clearly see that the errors are concentrated along the moving fronts of the two
solitons. The error in energy increases locally whenever the two solitons collide.
Interestingly enough this is not the case for the momentum conservation law.
This indicates that the larger energy error near collisions is due to numerical
timestepping errors in the “pendulum part”

ugr = —sin(u).

12.3.5 Summary

At present the range of applicability and the advantages of classical symplectic
methods, as described in Section 12.2, and multi-symplectic methods is an open
question. A careful comparison of several methods has been carried out by As-
CHER AND McLACHLAN [9] for the KdV equation. One should keep in mind that a
large number of “classical” symplectic methods are in fact multi-symplectic. Fur-
thermore, whatever method is chosen, it should correctly reflect the important
physical quantities on a local discretization level. This is clearly the point of view
taken with the multi-symplectic approach with regard to energy and momentum
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Figure 12.4 Numerical residual in the momentum conservation law.

conservation. Other applications might lead to other relevant quantities such as
potential vorticity (PV) and hence to other preferable discretization methods. In
some cases, such as turbulent fluid flows, one also has to address the problem of
numerically unresolved motion on sub-grid length scales. These issues are clearly
beyond this exposition. But they would lead into the area of stochastic sub-grid
modeling and averaging.

12.4 Exercises

1. Symplectic Euler scheme. Apply the scheme (12.43) to the canonical Hamiltonian

d d
P = ~VaH(a.p). ;9= 1tVoH(a.p).

with z = (g, p)", and

ke (g)
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Show that the scheme preserves the symplectic form
dq" TP Adp" = dq" A dp"t.

How can the scheme be related to a standard symplectic Euler method?

2. Nonlinear Schrédinger equation, Preissman box scheme. Consider complex-
valued functions ¥(x, t) which satisfy the nonlinear Schrédinger equation

f’l/Jt = 'lpxx + |'¢|27~/Jv

over the spatial domain x € [0, L) subject to periodic boundary conditions.
We introduce the real part a(x, t) and the imaginary part b(x, t) of the wave
function, i.e.

Y(x, t) = a(x, t) +J b(x, t),
and rewrite the nonlinear Schrodinger equation as

—bt = axx + (a° + b?)a, (12.55)
ar = bux + (a° + b?)b. (12.56)

a. Write (12.55)—(12.56) in multi-symplectic form.
b. Apply the Preissman box scheme to the multi-symplectic formulation
derived under (a).

c. The norm of the wave function is a conserved quantity for the nonlinear
Schrodinger equation, i.e.

d [t 2
— b<) dx = 0.
dt/o (a4 b7) dx
A discrete analog of this conservation law is

> {(37+1/2)2 + (b7+1/2)2} =) {(37f11/2)2 + (b?j11/2)2] :

i i
Does this identity hold for the multi-symplectic scheme derived under

(b)?

3. Sine-Gordon equation, energy-momentum conservation. Implement the
Euler box scheme for the sine-Gordon equation over a periodic domain x €
(=L/2,L/2], L =60, and initial data

Uo(x) = 4tan! (e(XL/4)/ 162) +4tan?! (e(XL/4)/V 152)
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and

(x) —4c o(x—L/4)/y/1-C o(—x—L/8)/\/1-c2
Vo(X) = o '
° V1—c2 |14 e2x—L/8)/\/1-c2 1 4 e2(—x—L/4)/y/1-c?

with wave speed ¢ = 0.5.

a. Compute the numerical solution over a time-interval [0,200] using a
stepsize of At = 0.01 and a spatial mesh-size of Ax = L /3200.

b. Implement formula (12.27) into your scheme to monitor the residual
in the energy conservation law. You should reproduce the results from
Fig. 12.3.

c. Find the analog of (12.27) for the momentum conservation law. Im-
plement the formula into your scheme and monitor the residual in the
discrete momentum conservation law.

4. Dispersion relation. Consider the linear advection equation
ur + uy = 0.

We introduce the velocity potential u = ¢, and write the advection equation
in the multi-symplectic form

Ur+wy =0, —¢r=—-w+2u —¢d=—u. (12.57)

Find the linear dispersion relation for the formulation (12.57).

b. Apply the Preissman box scheme to the multi-symplectic formulation
(12.57). Discuss the associated numerical dispersion relations. Verify the
result from Fig. 12.5.

c. Compare the results from (b) with a direct application of the box scheme
to the linear advection equation.

d. The advection equation is an example of a noncanonical Hamiltonian
system with Poisson operator J = —0x and Hamiltonian H = [ u2/2dx.
Does the direct application of the box scheme to the linear wave equation
lead to a “classical” symplectic method?

5. KdV and Schrédinger equation, mixed multi-symplectic discretization. Be-
sides the two box schemes discussed in this chapter so far, another useful
class of multi-symplectic methods can be obtained by applying the symplectic
Euler scheme (12.43) in space and the implicit midpoint method in time.
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Figure 12.5 Numerical dispersion relation for Preissman box scheme applied
to (12.57) and a Courant number ¢ = At/Ax = 10. We also plot the exact
dispersion relation ('0") for comparison.

a. What scheme do you obtain when applying this discretization to the
multi-symplectic KdV formulation (12.38)—(12.41)? Show that, in terms
of the variable u, the scheme is equivalent to

1 +1/242 7 +1/2
OF ufy 10 + 507 (u] e RGN e MTHART |
b. Discuss the dispersion relation of the linear KdV scheme
Of ulyyp + 05U v ofo o U = 0.

c. Apply the same space-time discretization to the nonlinear Schrodinger
equations (12.55)—(12.56). Compare the scheme with the Preissman box
scheme discretization of the same equations in terms of conservation
properties and computational complexity.

6. Modified equation analysis. Application of the Euler box scheme to a multi-

symplectic PDE results in the discrete formula
K 8z + K0y z] + L 8}z + L_8; 2 = V,S(2]").

Performing standard Taylor expansions, we find that
At
07 2(xi, tn) = ze(xi, tn) + — 22t (, ta) + O(BE?)
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and similar terms for the other discrete derivative approximations.

a.

Let us drop all terms of order O(At?, Ax?) and higher in the Taylor
expansions for the discrete derivatives. Verify that, following standard

local error analysis, the Euler box scheme becomes formally equivalent
to the modified PDE

At A
Kz + 7Aztt + Lz, + 7XBZXX = vZS(Z)' (1258)
where
A=K, -K., B=L,-L

are both symmetric matrices.

Write (12.58) as a multi-symplectic PDE over some enlarged phase
space.

Use the multi-symplectic formulation, derived under (b), to find modified
energy and momentum conservation laws. Note that these conservation
laws can also be obtained by direct manipulation of the modified equation
(12.58).

Show that (12.58) is the Euler-Lagrange equation arising from a
Lagrangian functional £ with density L(z, z¢, zx, Ztt, Zxx). Find the spe-
cific form of L.

The modified conservation laws, derived under (c), are satisfied by the
Euler box scheme to second-order accuracy. What needs to be done to
derive modified conservation laws that are satisfied to third-order by the
Euler box scheme?

See [137, 138] for more details.
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accuracy, 12, 105
action integral, Euler—Lagrange equation,
43

adaptive integration, 234

Adaptive Verlet method, 245

adiabatic invariant, 106, 126, 264

adjoint method, 84

AKMA, 291

AMBER, 291

angular momentum, 46, 47, 66, 68, 88
conservation of for an n-body system, 48

angular velocity, 211

anharmonic oscillator, 40

arclength parameterization, 246

Arenstorf orbit, 161, 166

Argon, 288

asymptotic expansion, 118

asymptotic stability, 27, 28

autonomous Hamiltonian system, 39

averaging, 126, 257, 264, 269, 272, 277

backward error analysis, 106, 235, 260
non-autonomous, 260, 280

backward error analysis, for Adaptive Ver-
let, 249

Baker—Campbell-Hausdorff formula, 134, 146

bead-on-wire, 8, 10

Blanes and Moan, higher-order methods of,
146

body angular momentum, 211

Boltzmann constant, 298

canonical ensemble, 297

canonical Hamiltonian system, 38

canonical lift transformation, 65

canonical point transformation, 54

canonical property (see also symplectic
property), 53

canonical structure matrix, 38
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canonical transformation, 68
canonical transformation (see also
symplectic transformation), 67
Cayley—Klein parameters, 200
celestial mechanics, 3, 4, 257
central forces, 42, 43, 47, 67, 68
chaotic dynamics, ix, 4, 12, 124
CHARMM, 291
charts of a manifold, 58, 191
commutator of vector fields, 135
commuting flow maps, 100
composition methods, 76, 144, 166
for rigid body motion, 217
symmetric, 147
configuration manifold, 170
conjugate momenta, 43
conservation of volume, 36
of a Hamiltonian flow map, 55
symplecticness vs., 55
conservative systems, 3
conserved quantity, see first integral
constant of motion, see first integral
constant pressure, 297
constrained dynamics, 6, 169
constrained formulation of rigid body mo-
tion, 201
constrained Hamiltonian system, 39
constrained numerical methods, 173
constraint chain, 198
constraint force, 7
coordinate charts, 58
Coulomb systems, 247
critical point, 3, 41
cross product, xiv

D’Alembert’s Principle, 7, 170
degree of freedom, 3
diagonalizable matrix, 31
diffeomorphism, 50
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differential, 61

differential one-form, 61
diffusion coefficient, 298

Dirac theory of constraints, 186
directional derivative, 61

discrete variational methods, 168
Diva, 142

dot product, xiv

double well potential, 303

eccentric orbits, 234
eigenvalues, 28, 282
of a linear Hamiltonian system, 40
of a numerical method, 30, 258
electron motion, 42
energy
conservation of, 3, 120, 141
of a Hamiltonian system, 37
of a mechanical system, 3
potential, 2
energy drift, 24, 268
energy functional, 5
equilibration, 289
equilibrium point, 3, 41, 67
ergodicity, 293, 297

error
global, 17
local, 15

local propagation formula, 18
error analysis, 15
error bound, 21
for Euler's method, 17
error bounds for one-step methods, 18
error estimate, 235, 242
Euler, 12
Euler angles, 199
Euler equations, 200, 213
symplectic discretization of, 217
Euler's method, 14, 15, 27, 28, 32, 35
local error of, 16
Euler-A, 26, 33, 35
for a general Hamiltonian system, 74
symplecticness of, 74, 99
Euler-B, 26, 32, 33, 35, 70, 72, 100
as a splitting method, 80
for a general canonical Hamiltonian sys-
tem, 74
symplecticness of, 74
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Euler—Lagrange equations, 8
exponential growth, 28

fast modes, 32, 257, 261
fast multipole method, 290
Fermi—Pasta—Ulam problem, 99, 100
first integrals, 38, 44, 106
conservation by numerical methods, 87
conservation of by numerical methods,
157
preservation of, 91
usefulness of, 48
fixed-point iteration for Runge—Kutta meth-
ods, 155
Floquet theory, 52
flow map, 11, 36, 48, 50, 52
existence of for smooth Hamiltonians, 50
group property of, 34
operation on sets of points, 50
fourth-order Runge—Kutta method, 23

Gauss—Legendre Runge—Kutta methods, 151
generalized baths, 308
generalized ensembles, 311
generalized Hamiltonian system, 38
generalized leapfrog method, 156, 243
generating functions, 126, 159, 167
and backward error analysis, 160, 168
and symplectic methods, 167
geometric integrators, ix
modified equations and, 129
accuracy v. efficiency of, 142
properties of, 105
geometric property, 36, 45
geophysical fluids, 320, 335
global circulation, 335
particle methods, 332
global error, 17
gradient, xv
gravitational dynamics, 3, 4, 42, 98, 161,
236
GROMACS, 291
group property of the flow map, 34, 49
growth factor, 106

Hénon map, 53
symplecticness of, 53
Hamilton—Jacobi equation, 160, 167
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Hamiltonian matrix, 39
Hamiltonian PDEs, 316
KdV equation, 325
sine-Gordon equation, 320, 353
noncanonical formulation, 324
Schrédinger equation, 353
Hamiltonian system, 1, 36—-38
with constraints, 184
hard sphere model, 288
harmonic oscillator, 27, 39, 49, 70
flow map of, 50
Hessian matrix, 244
high-frequency components, 32, 257, 261
higher-order methods, 20, 142, 144
by composition, 144
for constrained dynamics, 190
holonomic constraint, 169
hyperbolic differential equation, 124

identity map, 48
impact oscillator, 239, 246
implicit Euler method, 14
local error of, 16
Implicit midpoint method, 14, 75, 151
local error of, 16
preserves quadratic first integrals, 91
symplecticness of, 76
inertia tensor, 211
inner product, xiv
integrable Hamiltonian system, 47
integral invariants, 55
integral preservation
symplecticness v., 73
integrator, ix
isothermal potential, 302

J, canonical structure matrix, 38
Jacobian matrix, xiv

Kahan and Li, high-order method of, 148
KAM theorem, 2
Kepler problem, 42, 47, 67, 99, 234, 247
backward error analysis for, 140
conserved quantities of, 46
kinetic energy
of rigid body rotation, 202
of rigid body translation, 202

INDEX

Lagrangian function, 168
Lagrangian top, 219
Langevin dynamics, 299
large timestep methods, 257, 276, 271,
280
leapfrog method, 26
generalized, 156
Legendre transformation, 185
Lennard—Jones oscillator, 18, 40, 41, 70
fourth-order Runge—Kutta method applied
to, 23, 24
Euler's method applied to, 19
Lennard—Jones potential, 4, 91, 288
Lie derivative, 141
Lie group, 200
Lie—Poisson bracket, 214
Lie—Poisson system, 214
linear Hamiltonian system, 39, 49, 52
eigenvalues of, 40
linear momentum, 37, 48, 88
linear system, 30, 33, 49
with constraints, 196
linear/nonlinear splitting, 99
Liouville’s Theorem, 55
Lipschitz condition, 17
for a numerical method, 21
Lobatto Runge—Kutta methods, 151
Lobatto-I1IA-IIIB methods, 157
for constrained dynamics, 190
local charts, 191
local error, 15
long-range force, 4
Lorenz, 105

magnetic field
angular momentum and, 67
canonical Hamiltonian for, 104
motion in, 42
motion in a, 94
reversing symmetry and, 103
symplectic method for, 95
magnetic momentum, 96
Maple, xiii
mass tensor, 203
Mathematica, xiii
MATLAB, xiii
matrix exponential, 49
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McLachlan's symmetric composition
methods, 148
MD, 287
mechanical system, 169
Methane model, 313
microcanonical ensemble, 296
modified equations, 108, 129, 355
for symmetric methods, 139
modified Hamiltonians, for higher-order meth-
ods, 168
molecular dynamics, 4—6, 23, 48, 91, 105,
257, 287
software for, 291
molecular dynamics potentials, 292
momentum constraint, 186
Monte-Carlo, 287
Morse oscillator, 9, 35
multi—symplectic discretizations
Preissman box scheme, 344
multi-symplectic discretizations, 341
discrete conservation laws, 342, 345
discrete variational methods, 347
Euler box scheme, 342
numerical dispersion, 349
multi-symplectic PDEs, 335
discretization, 341
solitons, 339
conservation laws, 337
multiple pendulum, 171
multiple timestepping, 257, 261
Equilibrium, 280, 285
impulse method, 263
mollified impulse method (MOLLY), 276,
283
reversible averaging (RA), 271
multistep methods, 13, 142

N-body problem, 2, 3, 287
angular momentum of, 88
applications of, 3
Hamiltonian for, 44
linear momentum of, 88
momentum conservation for, 67
on the sphere, 178

NAMD, 291

near-earth objects, 143

neighbor list, 289

Newton iteration, 244
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Newton's equations, 2, 37, 52
discretization of, 15
Hamiltonian form of, 37
non-autonomous Hamiltonian system, 39,
102
non-separable Hamiltonian systems, 150, 157
nonlinear oscillator, 8, 9, 40, 72
norm, Xiv
Nosé dynamics, 299, 314, 315
generalization of, 308-310
separated form of, 302
Nosé—Hoover method, 303
Nosé—Poincaré method, 305, 307
Notation, xiv
NPT ensemble, 297
numerical dispersion, 349, 354
NVE ensemble, 296
NVT ensemble, 297

Octave, xiii
one-form, 61
one-step method, 13, 14
order conditions, 145, 146
order of a numerical method, 15, 20, 22
order parameter, 92
ordinary differential equations
existence and uniqueness of solutions, 1
orthogonal matrix, 200

pair correlation function, 298
parameterization, 191

of rigid body motion, 200
partial differential equations, 5
partitioned Runge—Kutta methods, 25, 26,

144, 155

symplecticness condition, 156
pendulum, 8, 9, 33, 41, 176

multiple, 171
periodic boundary conditions, 48, 288
perturbed Hamiltonian, 235
phase portrait, 41
phase space, 3, 39

of a constrained system, 186
Poincaré transformation, 235, 236, 253, 306
Poisson bracket, 45

properties of, 45
polar coordinates, 54, 67
post-processing methods, 164



378

post-processing schemes, 148
potential cut-off, 4
potential cutoff, 313
potential energy, 2, 5, 37
programming, xiii
projection methods, 195
propagator

for Euler's method, 28

for Stormer—Verlet method, 28

quadratic first integrals, 90
quantum mechanics, 101
quaternion, 200

Radau Runge—Kutta methods, 151
radial distribution function, 298
rank-one updates, 243
RATTLE (see also SHAKE), 169, 173, 175
reflection symmetry, 81
resonance instability, 281, 282, 350
Krein index, 284, 350
numerical, 257, 258, 265
restricted three-body problem, 161
reversible method, 238, 271
reweighting, 311, 312
rigid body dynamics, 6, 199
linear or planar, 206
angular momentum of, 211
definition of, 201
Hamiltonian formulation for, 204
in molecular dynamics, 6
RKSUITE, 142
Rodrigues’ Formula, 95
Runge—Kutta methods, 22, 35, 142, 144,
149, 150, 164
fourth-order, 23
symplecticness condition for, 152
implicitness of, 150
partitioned (see partitioned Runge—Kutta
method), 25
Runge—Kutta—Nystrom method, 25
Runge—Lenz vector, 47, 67

satellite orbits, 142

scalar product, xiv

Schrédinger Equation, 101
Scovel's method, 95, 162
separable Hamiltonian, 144, 145

INDEX

shadowing, 124
SHAKE discretization, 169, 173, 313
application to a constraint chain, 181
error growth in, 177
implementation of, 178
symplecticness of, 174
shallow-water equations, 320
geostrophic balance, 322
Lagrangian particle formulation, 323
particle discretizations, 330
short range force, 4
singular potential, 50
SO(3), 200
solar system, 143, 163
soliton, 319, 350
spatial discretization, 6
grid-based methods, 326
Hamiltonian Particle-Mesh (HPM) method,
332
particle-based methods, 330
particle-mesh methods, 332
Smoothed Particle Hydrodynamics (SPH),
330
specific heat, 298
sphere
shallow-water equations on, 334
N-body problem on, 178
splitting methods, 76, 78, 91, 144, 166,
217, 257, 263, 276
first-order, 77
for a separable Hamiltonian system, 79
for dynamics in a magnetic field, 94
for weakly coupled systems, 97
linear/nonlinear, 99, 100
spring-mass system, 30, 33
Stormer—Verlet method, 26, 35, 70, 71, 91
as a splitting method, 80
relationship to Euler-A and Euler-B, 81
symplecticness of, 80
stability, 33, 70
for nonlinear systems, 33
of a numerical method, 27
stability region, 33
statistical mechanics, 296
stepsize bounds, 248
Strang splitting, 135
Sundman transformation, 235
symmetric adaptive composition, 251
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symmetric composition, 85
table of methods, 148
symmetric methods
modified equations for, 139
even order of, 86
symmetric top, 209
symmetry, 241
Symplectic Euler, 26, 32, 33, 75, 84
symplectic maps
closure under composition, 99
symplectic matrix, 53
symplectic numerical method, 72
for constrained dynamics, 189
for rigid body motion, 207
symplectic property, 52, 59, 60, 63
definition of a symplectic map, 53
of a Hamiltonian flow map, 54
same as area conservation for planar maps,
56
symplectic structure, 38
symplectic transformation, 67, 68
symplectic two-form, 57, 61, 63
symplectic variable stepsize, 253
symplecticness
conservation of volume vs., 55
integral preservation vs., 73

temperature, 297
temperature bath, 299
thermalization, 289
three-body problem, 4, 161, 166
time reparameterization, 238
time-dependent Hamiltonian system, 102
time-reversal symmetry, 73, 236
and SHAKE/RAT TLE discretization, 196
eigenvalues and, 83
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flow map and, 83
for a Hamiltonian system, 82
linear systems, 83
vector fields and, 83
timestepping schemes, 13
torque, 214
trajectory, 3, 11
discrete, 12
trapezoidal rule, 14, 239
local error of, 16
trees, 146
Trotter factorization, 134
two-form, 56, 60, 63
geometric interpretation of, 57
symplectic, 57, 63

variable stepsize, 234, 235
variational derivative, 5
as a gradient, 5
variational equations, 51, 52, 67
velocity autocorrelation function,
298
volume preservation, 68
Von Neumann, John, x

wave equation, 316
conservation laws, 316
Hamiltonian formulation, 317

weakly coupled systems, 97

weather prediction, 105

wedge product, 63, 64
properties, 69

Wilkinson, 106

Yoshida
method of, 148



